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Page  277. 

Chapter  XII. 

HETHOD  OF  THE  CALCULATION  OF  APPARENT  ADDITIONAL  HASSES  OF  BINGS  OF 
ARBITRARY  PLANFOBH. 

§1.  Basic  concepts  of  the  nuaerical  calculation  method.  Voctex/eddy 
model  of  wing.  Selection  of  the  position  of  bound  vortexes  and 
control  points. 

For  calculation  with  the  aid  of  the  Dufaaael  integral  of 
aerodynamic  wing  characteristics  under  the  arbitrary  laws  of  notion 
or  during  oscillations  with  finite  Strouhal  numbers  p * in  the 
incompressible  medium,  besides  transient  functions,  it  is  necessary 

to  know  the  aerodynamic  characteristics,  which  appear  during 
noncirculating  flow  (see  §§7-9  of  chapter  VI).  Recall  that  the 
aerodynamic  forces  and  moments  which  act  on  rigid  body  during 
noncirculating  flow  in  the  ideal  incompressible  medium,  are  expressed 
with  the  aid  of  apparent  additional  masses  (see  §9  of  chapter  II) > 
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The  noncicculating  diagraa  of  flow  can  be  applied  in  the 
exaaination  of  the  erolutions  of  wing  on  site,  or  for  the  approxiaate 
deteraination  of  aerodynanic  forces  and  torgue/noaents  with  unsteady 
action  and  the  during  strains  of  the  strongly  elongated  bodies, 
including  wings,  in  water  or  at  snail  flight  speeds  in  air. 


For  the  calculation  of  noncirculatory  flow  about  a wing  as  in 
the  case  of  deternining  characteristics  in  the  presence  of  i 

j 

4 

circulation,  let  us  replace  wing  with  the  vortex/eddy  surface,  which 
let  us  siaulate  further  the  systea  of  discrete  eddy/vortices  [ 1.71  ]. 

Thus,  the  solution  of  this  problen  will  be  very  sinilar  to  presented  ^ 

in  chapter  X.  However,  there  are  very  essential  differences.  First 
with  noncirculating  streaalining,  it  is  logical,  there  will  not  be 
free  vortices  after  wing.  This  leads,  in  particular,  to  the  fact  that 
instead  of  Chaplygina  - JoukowsKi's  hypothesis  here  we  will  have  a 
condition  about  equality  zero  of  total  vorticity  in  each  wing 

1 

section.  Due  to  this  will  change  the  method  of  the  location  of  bound 
vortexes  and  control  points  on  wing,  i.e.,  the  vortex/eddy  aodel  of 
wing. 

Page  278. 

And  finally,  for  a noncirculating  flow  another  fora  takes  Joukowski*s 


theorem  "in  small" 
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Let  as  exaaine  at  first  the  rigid  wing  of  arbitrary  planfora, 
the  accoaplishing  unsteady  aotion.  The  kinematic  parameters  of  motion 
let  us  present  in  the  form  (2.45),  namely  (Fig.  12.1): 

U = iUt+iU.,  + kU3.  Q = iU^  + jUs  + kU,.  (12.1) 

As  before  let  us  simulate  wing  the  system  of  the  obligue  bound 
vortexes.  However,  during  noncirculating  flow  all  wing  edges 
(front/leading,  rear  and  lateral)  in  a qualitative  respect  will  be 
equal.  Specifically,  on  all  these  edges  the  disturbed  velocities, 
generally  speaking,  will  go  to  infinity.  Therefore  the  discrete  bound 
vortexes  must  be  arrange/located  at  certain  distance  from  edges. 

Taking  into  account  this  observation,  let  us  accept  the  following  , 

method  of  the  separation  of  wing  along  axis  Oz.  The  semirange  of  the 
wing  is  divided  into  2N  ♦ 1 equal  parts,  corresponding  cut  let  us 
designate  M = 1/2  (2V  ♦ 1).  At  a distance  A/  from  end  chord,  we  rise  I 

from  of  the  first  band  (k  = 1,  p = 1),  width  of  each  band  between 
sections  k (p)  and  k «■  1 (p  ♦ 1)  will  be  2A/.  Then  the 

spread/scope  of  each  bound  vortex  is  equal  to  2A/,  therefore  | 

1 

“^=672^=?*-?*+.  fe=1.2.  ....  /V.  (12.2)  I 


Let  us  divide  now  yeachyn  into  n of  equal  parts,  middle  of 

adjacent  cuts  bjn  and  bk-^-Jn  let  us  accept  for  the  points,  through  which 
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it  passes  bound  ▼ortex.  B^nce  easily  we  obtain  focaulas  for 
detereining  niddles  *,»**+i  eddy/wortices  and  the  angles  of  their 
sweepback  in  the  axes  of  the  coordinates  of  Fig<.  12.2: 


C*  + l + “ 2 ^ ^1**+ 


Clifc  Cnik  + 1 


l^*  + l = Uk  + t + ^ 


2n 


^J4ik  + l £ofc  + l* 


n=  1,2 «:  *=1,2 -V. 


(12.3) 


' \ 
1 


Fig.  12.1.  Systea  of  th«  axes. 

Page  279. 

Here  loh,  Sod  — coordinates  of  leading  wing  edge  in  the  k section. 

Indices  )i  and  k - positive  integer  nunbers,  the  reading  m going  froa 
leading  edge  to  rear#  but  k - froa  right  to  left. 

Figure  12.2  in  the  fora  of  an  exaaple  depicts  the  vortex/eddy 
aodel  of  aing  with  direct/straight  edges  during  noncirculating  flow. 
In  it  it  is  undertaked  by  H = 4 and  n = 4. 
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For  a wing  with  the  direct/straightedges  of  foraula  (12.3)  they 
will  be  written  in  the  fora 


feti*+i 


2n 


•-|-[tgXu  - 


- 2)  r,  - I 
n X (t)  + 1) 


J '’nlf+l' 


Ci!  + i ~ 2 ^nt  + i)’ 


*gx[;^^.|  = tgx^- 


4n  — 2 Ti  — I 


X(il+lJ  ’ 

11=1,2 /i;  A = 1,2 /V. 


(12.4) 


For  the  sane  reasons  and  for  a circulation  flow,  control  points  one 
should  arrange/locate  so  that  they  would  lie/rest  in  the  aiddle 
between  eddy/wortices  (crosses  in  Fig.  12.2).  Let  us  arrange/locate 
thea  at  the  end  of  each  cut  bMh+\ln,  except  the  latter  (count  is 
conducted  froa  leading  edge  to  rear) . 
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Pig.  12.2.  Tortez/eddj  aodel  of  ziDg  doting  noncitculating  flow. 

Page  280. 

For  deternining  the  coordinates  of  control  points  (indices  v end 
they  nake  the  sane  sense,  that  p and  k)  ii;  the  case  of  the  ving  of 
arbitrary  planforn  we  have  the  fornolas 


.vp 

®vp+l 


' 2 (^vp  ^vp  + l)*  ^vp  + i 2 (^vp  tvp+l)' 


Ivp  + I 


lop  + l "t" 


hlL  — 

b n ’ 


(12.5) 


For  wings  with  the  direct/straight  edges  of  the  coordinate  of  control 
points  they  are  located  fron  the  fornulas 


^vp  + i 2 Svp  + l)> 

t'"’  =Z4-rtgY  _4iL_JlzJ_lt''P 
fevp  + l ■*  „ A(ti+  I)  J^vp  + 1' 

v=l,  2 /i— 1;  p = \,  2,  . . N. 


02.6) 


§2«  Calculation  of  the  circulations  of  bound  vortexes  during  the 
notion  of  rigid  wing. 


On  the  basis  of  the  described  vortex/eddy  nodel  of  wing,  let  us 
compose  systens  of  eguations  for  deternining  the  intensity/strength 
of  discrete  eddy/vortices.  During  the  ceilculation  of  the  velocities 
in  the  control  points  of  wing  fron  voctex/eddy  systen  we  utilize  the 
studied  into  §2  of  chapter  IX  stationary  oblique  eddy/vortex  with 


■■  ►'T --'^.Vcr4^*  T-  .-•- w^.'<-Ar-’^f'rT~''^^r*'’.  **^»'<,^ 
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free  seBi-inflnite  vortices.  Let  us  note  that  ving  vortex  systea  (see 
Fig.  12.2)  it  is  possible  to  present  in  the  fora  of  the  locked  vortex 
filaaents,  as  this  is  shown  in  Fig.  12. Ja,  b in  an  exaaple  of  one 
band.  As  earlier  (see  §3  of  chapter  XI) f each  locked  vortex  filament 
we  consider  as  sun  of  two  horseshoe  vortices  with  equally 
contrasted/opposed  circulations  (Fig.  12.3c). 
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Pig.  12.3.  To  the  detecaination  of  ▼elocities  froa  bognd 
eddy/vortices. 


Page  281. 

Tf  throogh  one  and  the  sane  points  of  wing  they  pass  two  bound 
vortexes,  we  unite  then  into  one  (Fig.  12.3d)  with  the  circulation, 
equal  to  the  sub  of  the  circulations  of  the  united  eddy/wortices. 
Since  during  noncirculatory  flow  in  each  section  the  sub  of  the 
circulations  of  all  bound  vortexes  is  equal  to  zero,  this  leads  to 
the  fact  that  all  free  vortices  to  the  rear  of  wing  average  out  and 
vortex/eddy  captivities  after  wing  will  not  be. 
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Let  us  ezaaiae  the  aotion  of  the  wing,  with  which  03  - 0^  = 0, 
i.e. , when  notion  it  occurs  without  the  angle  of  slip  ^ and  of 
angular  yaw  rate  %■'  le  will  represent  the  circulation  of 
eddy/wortices  in  the  fori 

l\n**+i  = Uib^  + (12-7) 

where  - diaensionless  functions,  the  tine-independent,  on 

which  depend  the  only  paraneters  The  disturbed  velocity,  induced 
in  control  point  C,p+i>  taking  into  account  the  parity  of  functions 

p|2)  p{G) 

i HfctH  U ^ 1 } 

^ and  the  odd  parity  of  functions  r;,uH  on  z will  be  written  in 
the  forn 


W^vvpp  + l = ^ ^ fpit+l  (u'Hvpp+l  + CJwjJiip+i)  + 

*-l  ll-l 

+-%r2  2 

*-l  M“l 

+ -^22  (12.8) 

»-l  H-l 


Oinensionless  velocities  at®  calculated  fro«  fornulas 

(9.6)  - (9.8)  taking  into  account  a change  of  the  direction  of  the 


Hissing  N of  equations  for  each  systen  ue  will  obtain  froa  the 
condition  of  noncirculatocy  flow  outside  wing,  for  which  they  lust  be 
■ade  the  relationship/ratio 

5:  = < = 2.  4.  6;  *=1.  2 N.  ( 2.11) 

u-i 

Thus,  in  the  case  of  the  forward  notion  of  wing  along  axis  Oy  we 


have  a systea  of  equations 


The  second  system  corresponds  to  the  rotation  of  wing  relative  to 
axis  Ox: 


in  2j  ^ ^ H**  + l V^vvpp  + l *^^yvpp  + \)  fevp  + l* 

*-l  p-l 

p=  1,  2 Aif;  v=  1,  2 n-  1, 

i:C*+,  = 0.  /e=l.  2 IV. 

n-i 


(12.13) 


And  the  third  - to  rotation  around  axis  Oz: 


A/  n 

J_V  V !'<«' 

4n  ^ 

*-i  n-i 


uvpp+l  yvpp  + i)  »vp  + l» 


/3=  1,  2 N-,  v=  1,  2 n-\, 

0.  fe=  1.  2 N. 


V r<«> 

Zi  ' pM-t-l 
n-l 


(12.14) 


PAGE 


§3.  Calculation  of  aecodynaaic  loadings,  forces  and  torque /Boaents 


during  non circulating  flow 


On  the  basis  of  the  circulations,  obtained  froa  the  solution  of 


the  systeas  of  equations  indicated,  let  us  find  the  aerodynaaic 


loadings  of  wing,  i.e. , pressure  difference  on  of  its  lower  and  upper 


surface.  For  this  we  will  use  Joukowski's  theorea  ’'in  saall 


during  noncirculating  flow 
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wheceupoo  I's  (Pi9>  ^2.4),  in  accordance  with  §4  of  chapter  II»  it  is 


deterained  b;  the  relationship/ratio 


I’xU,  2)=  J Yz(-«.  2)dx. 


(12.16) 


Here  Xq  is  a coordinate  of  the  leading  wing  edge,  x - the  coordinate 
of  the  point,  at  which  is  deterained  the  unknown  load. 


Analogous  to  (with  12.7)  let  us  present  Vi  and  Ti  in  the  fora 

I 

Pj  = + uyrV  + Ueh^rf.  1 

(12.17) 

How  expression  (12.15)  for  a pressure  difference  can  be  written  in 


the  following  fora: 


£-  = + UM'  + U,byf)  + 

' + ^ bYi\ 


(12.18) 


Let  us  consider  that  on  cuts  hkh+Jn  the  intensity/strength  of 
circulation  Yi  is  constant.  Then 


v'"  ft:;., ■ Tsbc... } 

ifte::.,.  s:;.i)  - S c..,  1 

J 


(12.19) 


and  for  a pressure  difference  at  point  with  coordinates  C'Im 
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we  obtain 

Poo  °k*  + l 

+‘^S  c..».+»’-^S  c...+»’^|;  c!.*..  (12,20) 


Loads  at  other  points  of  wing  are  obtained  by  interpolation. 
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Pig.  12.4.  To  the  deteceination  of  function 


Page  284. 


If  wing  planfocB  is  synaetrical  relative  to  plane  Oxy,  then, 

f 

I * obviously,  flow  pattern  during  aotion  at  velocities  Ox  and  0«  Mill  be 

j 

I syBBetrical,  and  therefore 

I (x,  - 2)  - vi’’  (x,  z),  vf  (x,  - 2)  = yf  (x,  2),  I 

i It'u. -2)-r',”u.2).  r'I'u. -2)  = r'|'(x,2).  J 

I During  eotion  at  velocity  O4,  the  picture  will  be  antisyuuetric, 

[ therefore. 


v<’’(x.  — 2)  2).  riJ'fjf.  — 2^  = — 
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ierodynaaic  loadings  vill  possess  by  the  sane  properties,  i.e. , will 
be  syaaetrical  relative  to  plane  Ozy  during  notions  at  velocities  U2 
and  0*  and  are  ant isynnetric  during  notion  at  velocity  U4. 


Let  us  find  forces  and  the  torque/nonents,  which  act  on  wing, 
after  deconposing  then  along  the  axes  of  body  coordinate  systen  (see 
Fig.  12.1).  For  their  deter nination  in  chapter  II  are  given  fornulas 
(2.2).  Let  us  substitute  into  the  right  sides  of  these  fornulas 
expression  (12.18)  for  Ap.  Considering  that  the  wing  has  synnetrical 
planforn,  talcing  into  account  relationshi p/rat ics  (12.21)  and  (12.11) 
we  will  obtain 


1 
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ill  X,  iri  X| 

-h  “ I I ~ ^0^6*  I J yf  dx  dz  + 

-in  X,  -in  X, 

in  jt,  in  X, 

j J ri^dxdz  + ^b^  J J rf  dxdz, 

-"in  xt  -in  X, 

in  X,  in  X, 

-■^^-U,U,b  J j yi^^)2dxdz  + ^b^  I jr^^^zdxdz,  (12.23) 
-in  xt  -in  xt 

in  *,  in  X, 

^ = UiP,  J lyfxdxdz  + U,U,b  J \yfxdxdz  + 

°°  -M  xo  -in  X, 

in  X,  in  X, 

+^b  J J rq\dxdz  + ^b^  J J rfxdxdz. 


-in  XI 
in  X, 


Coaparing  expressions  (12.23)  with  (2.50)  « we  find 


J"  J dx  dz  ==  0,  /■  = 2,  4,  6. 


(12.24) 


Page  285. 


This  relationship/ratio  escape/ensues  directly  froa  the  condition  of 
noncircalatory  flow  about  a wing*  as  a result  of  which  in  each 


F 
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section  z = const  the  total  circulation  of  all  eddy/vortices  aust  be 
equal  to  zero,  i.e.. 


<*1 

j = / = 2,  4. 


6. 


(12.25) 


Poe  apparent  additional  aasses  ^22.  ^44.  ^ and  Xog  we  have  the 
following  expressions  through  the  circulations: 


112  X, 


1/2  X, 


-1/2  XI 


f [vfdxdz,  f f y»>xdxdz,  (12.26) 

Poo  Poo  V J 

-in 

in  X, 

l*L^-l,2  r r r'^^zdxdz,  (12.27) 

Poo  * j 

-in  xt 
in  X, 

J^=-b2  I J r'ixdxdz.  (12.28) 

” -)n  xq 

in  X,  ) 

f ( rfdxdz,  ^=-5  f [ r^'xdxdz, 

Poo  JJ'  Poo  •»» 


in  X, 


-in  xt 
in  x^ 


-in  xo 


hi-^-b  J J yfxdxdz. 


(12.29) 


-m  X, 


During  the  calculation  of  the  apparent  additional  nasses  of  wing  it 
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is  aore  convenient  than  the  wing  are  aost  conveniently  utilized  the 
following  expressions: 


in  X, 

J J ^'i'dxdz. 

-in  X, 
in  X, 

- Poo*^  J J dx  dz, 

-//2  JK. 


1/2  Xi 

■«=~P»*'“  J f '^'i^zdxdz, 

-in  x\ 
in  X, 

-S6=-Poo**  f { t'fdxdz. 

-in  X, 

(12.30) 


Let  us  introduce  in  foraulas  (2.55)  the  coefficients  of  apparent 
additional  aasses,  then 


- Sb 


in  X, 

J J r's'  dx  dz, 

-in  X, 
in  X, 

J J r'j’z  dx  dz, 

-in  X, 


in  X, 


= “T  I I 

-in  X, 
in  X, 


-in  X, 


(12.31) 


Page  286. 

tie  convert  these  foraulas  for  the  case,  when  continuous  vorticity 
layer  on  wing  is  siaulated  by  discrete  eddy/vortices  aad  integrals 
are  replaced  appropriate  by  suns.  For  circulations  let  us  be 
relationship/ratio  (12.19),  naaely: 

c.,.. 

U*l 
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In  this  case  the  index  tt  with  Tz  neans  that  the  addition  is 
conducted  according  to  p in  section  £*^,  = const.  Let  us  note  that  as 
a result  of  (12.25) 


^thkk  (■1=2  ^liW  + l ~ 0- 


(12.32) 


n-l 


Let  us  introduce  the  designations 


ft- 1 M 


Rkk  + l 


-ly  y r--' 


n-l  H-l 


= - 

/I  I 


\kk  + \ 


+ (r'liWi  + r'2A+ 1)  + . . . 


...  + (rlfc/i+i  + r2«+i  + ...  + rJ/Lm+i)],' 


!-kk+\ 


L y y r*'*  — 


i (12.33) 


4-1  4-1 


— Lffio  £1*  4-('rf'i  4-r<''  Its*  4. 

n I l**+l»l*+l  ~ t l*»  + l ~ 2**  + !./  s>2*  H ' • • ' 


•••  + (^Iw+I  +C*  + 1+  •••  +^!!!.,kk  + l)^n-'^ 


Ik+I  I 


Where  the  coordinate  a subsequently  and  Cj+i  they  are 

deternined  by  relationship/ratios  (12.3).  Then  for  the  coefficients 
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of  apparent  additional  nasses  we  obtain  the  forinlas 


n 

b — 2/ft  VI  „(2)  bkk+t  . 

(2JV  + 1)  S ^ ^**+'  ft  ' 


2/ft 


;S<V 


(6)  bkk+i 


(2A/  + 1)S^  ft 


N 


k = 2/ft  ^ p(4)  bkk^i  fk  b — 2/ft  ^ . (g,  bkk  + t 
« (2A/+ 1)  ft  ^*+i>  '‘66  (2Ar+ 1)  S ^**+1  ft  • 

t-i 

(12.34) 


ik-l 


Forces  and  the  torgue/nonects,  which  act  in  wing  sections  during 
noncirculating  flow,  we  will  obtain,  by  integrating  chordwise 
aerodynanic  loadings  and  the  corresponding  torgue/aonents. 
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Fron  (12.18)  we  find 


5^»w-?*aii^gi»'«i^l! 


1 


h > 

ft  I 
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i *'  J'  ?' 

^ = U^U,  f yfdx+U^U^b  | dx+ U^^U,b  J yfdx  + 

.x,  *: 

■ + ^b  j r<|>  d.v  + ^ ft’*  J dx  + ^b^  { rf  c/x. 

Xj 

r'  r' 

jiM^=U.U^  f yfzdx-[-UJJ^b  j y['>z  d x + U ^U ^b  ( y®2 '/•>■•  + 

Poo  ^ 

X^  X*  Xi 

J Pi>^dx  + d^b^-  I V^^zdx  + d^^b^  j Itzdx, 

Xo  Xt  Xt 

r'  r'  r' 

"k  = (/  /y^  I yfxdx  + U^U^b  | yfxdx+UJJJ)  J yfxdx  + 

Poo 

X»  X*  Xi 

+^b\  r'lx  dx  + ^b^  I rl^’.  dx  + ^b^  j r'I’x  dx. 

X,  *t  X, 

(12.35) 


Let  as  characterize  the  unsteady  notion  of  wing  by  di nensionless 
kinenatic  paraneters  (2.19),  which  are  connected  at  velocities  U,  by 


the  relationships 


L% 


_ _ d{U,IU,)  b _ . 

U,  ^ dt  U,  ~ “■ 

d (U,blUa)  b _ . Utb 

dt  t/o  t/o 


U^b 


Uo 

d(UtblUo)  b 

dt  t/j 


= 0), 


(12.36) 


Let  us  introduce  the  coefficients  of  aerodynaeic  derivatives  during 
noncirculatory  flow.  For  a difference  fro*  the  analogous  coefficients 
during  circulation  flow,  let  us  recocd/write  thee  with  index  h before 
the  coefficient: 


f 


2dY 


2t/Af.r 
Poo^0*L  + l 


= Ac'  = Ac'“a  + Ac'^d  + Ac'“-»(o^  + 

+ Ac'"-»(o^  + Ac'“^(i)^  + 

= Am'  = Am'“a  + Am'^d  + 

+ Am^“-fo)j^  + Am'^“''(i)^  + Am'“^a)^  + Ain'J’^tji^, 


2dMz 

P«>^o*L+i 


— Am'  = Am'“a  + Am''‘d  + Am'“-f(i)^  H- 

+ Am'“-f(bj,  + Am'“*(o^  + Arti'“*(o^. 


(12.37) 
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By  coeparing  (12.35)  and  (12.37),  we  will  obtain  taking  into  account 
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I 


ii 


(12.36) 


Ac'"-* 


AC- 


^**  + 1 J 

X9 


yfdx. 


bkk  + i J 

Xt 


yf  dx. 


Ac;*- 


Ac'"  = - 


***  + ! 


bkk-n 


tt 

J ^Tdx. 


'“’.r  = 


Ac';v 


Am'"  = - 


b—  J 

xo 

Xi 

J y'^^zdx, 


AC- 


Xi 

I 


*7iT7  J 

X| 


1 


Am;“- 


^ J y^^dx, 

f>kk+t 

*1 

A/riC  = f Vf  2 Am;*  = - J Ff^^'z  dx, 

bkk+i  •' 


''**+1 


A^n'.v  = - 


•*  I 


Am'>  ^ 


"**+1 


Am'"  = - f Y'"*^  dx.  Am;"--  - 


‘'«+l 


**t+l 


Am'"' 


A/;i;*-'  = 


"**+1 


X, 

J dx, 

X, 

X, 

j rwjcrfx, 


Am'"=- 


^**  + 1 


Xi 

J r*|*z  dx, 

<„ 

Xi 

J Y*^xdx, 

Ct 


Am;"' 


‘'Afc+I 


X| 


(12.38) 


Daring  nancircalating  floa  in  any  s«ction  s « coast  is  satisflad 
condition  (12.25);  therefore 


Ac: 


/« 


■Ac;*'  “Ac^*  -0, 


Am;"  - Am;*'  - Am;*'  - 0. 


(12.39) 
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For  resainiag  conversion  factors  fron  integrals  to  sons  gives 
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A<  = 

— 

Am;"  = 

A<>-  = 

- 2 

h 

bkk  + t 

Jfe  D(4) 

A//if  ^ = 

- 2 - 

b 

bkk-t-t 

rk  /?(ro 

> 

P 

II 

26= 

n . 

-V  I 

-(2) 

ii-i 

ts.nx 


'®r 2/)*  'V  |i(t)  fiife 


„-i 


. '“z 2A’  V r"" 

A/?tz  2 + 

<’kk>-\  ,j.| 

26 


Am.  ^ « — 


•z.'A» 


»»+!> 


A '* 

Amz  = 


26  , (2t 

i-'ftft  + 1 » 


* 6**  + i 


/ (6) 


64.  Soae  relationship/ratios,  utilized  for  testing 


(12.40) 


the  calculations 
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As  can  be  seen  fron  (12.26)  - (12.29),  the  sane  apparent 
additional  nasses  can  be  deternined  through  circulations  by  different 
fornulas.  This  fact  nakes  it  possible  to  produce  nutual  testing  the 
results  of  the  calculations.  UoweTer,  let  us  point  out  that  the  group 
of  fornulas  (12.26)  even  two  fornulas  (12.29)  are  identities  and 
during  nunerical  calcalations  cannot  serve  as  the  neans  of  control. 
Let  ns  show  that 


n 

f>  V r('>  _ n(<) 

I + l — A*lk+1 


(12.41) 


Actually,  coordinate  discrete  eddy/vortex  can  be  written 


in  the  fora 


where  xi  is  a coordinate  of  trailing  edge. 
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The  left  side  of  expression  (12.41)  let  us  write  as  follows: 


l>  V r«) 

4-1 


- w ('■  - -t)  ^ c... , - i s (» - ri  c.*,. 


1 
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i! 


\ : 

\\ 

I T The  first  tera  on  the  right  side  of  this  equality  equal  to  zero  as  a 

[ result  of  condition  (12.11)*  and  second  tern  equally 


„ ^ ('*  P)  ^ ~ ~ [('*  “ 1 ) I IW+ 1 + (w  ” 2)  1 2**+i  + . . » 

• • • + 2r^‘i2»t+i  + rJ/L  + = 

= ~ ~ i«+i  + (l'i**+i  + I'a/k+i)  + . . . 

...  + (1  + r'2«+i+  ...  + r{/!.|**+i)]  = 


that  also  proves  affirnation  (12.41). 

On  the  basis  (12.41)  and  (12.40)  we  consist  that  daring 
noncirculating  flow  for  the  coefficients  aerodynanic  derivative 
distributed  and  of  composite  force  and  torgue/nonents  they  occur  of 
the  relationship/ratio 

Ac*<  = Am’‘  (12.42) 

o**+i  y * ¥ 

(<7i  “ a,  <72  = ®ji.  <7i  “•  <“*)• 


Pron  (12.29)  we  have 

w »i  in  *, 

b (■  jltdxdZ’-  J jr^xdxdz. 
-in  X,  -mi. 
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By  transfer/convecting  in  this  equality  to  suas  and  by  utilizing 
designations  (12.33),  we  will  obtain 

^ /?»**+!  — ^ i-S+1*  (12.43) 

»-l  k-l 

This  relationship/ratio  aalces  it  possible  tc  produce  autual  testing 
the  calculations,  produced  respectively  during  the  notion  of  wing  at 
velocities  O2  and  U«. 

§5.  Calculation  of  aerodynaaic  loadings,  caused  by  the  strain  of  wing 
surface,  during  noncirculating  flow. 

Let  us  exaaine  now  the  extra  loads,  caused  by  the  strain  of  wing 
surface.  To  each  law  of  strain  correspond  their  aerodynaaic  loadings; 
therefore  to  here  inexpediently  introduce  the  coefficients  of 
apparent  additional  aasses,  but  siapler  directly  to  deteraine 

iacreaant  loads  and  the  corresponding  to  then  values  of  coefficients 

Af„,  Am,,  Am,. 
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Boundary  condition  about  nonpassage  (3.56)  during  the  strains  of 
wing  takes  the  fora  in  coordinate  systen  of  Fig.  12.2 


^ = (12.44) 


iet  us  break  boundary  condition  and  entire  task  for  two,  solved 
fornally  independently: 


ir„ 

ly. 

Oo  ' 

IK/ 

» wi 

(1  C) 

4(t), 

iy<, 

<?! 

-Ff--U(L  OMt). 


(12.45) 


As  for  a rigid  wing,  we  utilize  the  wortez/eddy  nodel,  described  in 
§1  this  chapter,  but  boundary  conditions  let  us  satisfy  at  the  sane 
control  points.  The  unknown  circulation  of  the  discrete  bound 
▼ortezes  let  us  present  in  the  forn 

£/nA[r*»»+,6(T)  +r*»»+,MT)l.  (12.46) 


For  the  deterninntion  of  unknown  valuos  und  r*. 


by  thw 


aethod,  conpletely  analogous  described  for  a rigid  wing,  we  coapose 
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and  solve  the  independently  following  two  systews  of  the  algebraic 
equations; 


rTi  uTi  's-svp+i 

^ ^vp  + 1 

V = 1 , 2 n - 1 ; p=\,  2 N, 


(12.47) 


S rU+1  = 0, 

u-i 

*=1.  2.  . 

...  A^: 

W n 

SSrl..*.! 

' iifek+l  . HH+1\  { f.vp  .vp 

k pvpp  + 1 — ^^yvpp+]J  'ft\.»vp+l’  »vp  + l 

*-l  H-I 

V=l.  2, 

....  n-l; 

/3=  1,  2,  . . .,  A', 

I (12.48) 


il'*«+i  = 0.  *=1.2 Af. 
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Here  sign  "in  brackets  it  is  taken  with  defornations  sywnetrical 
on  spread/scope,  and  with  antisy metric. 


PUCE 
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analogous  to  (vith  12.46),  in  the  dependences 


Y,  (t)  = U,  [y56  (t)  + y*6  (t)J,  r,  (t)  = U,b  ir»6  (t)  + r*i  (t)]. 


Taking  into  account  that  d/dt  = CUo/b)<^d/dTl  and  by  utilizing  (12.19), 
we  will  obtain  from  (12.15) 


Ap  = — ^ = 2 — ^***+16  + 2 I ^**+i6  + 


Poo^^O  **»  + ! 


+-^2^  (12.49) 


For  a dinensionless  load  Ap  we  can,  on  the  basis  of  (12.49),  write 


Ap  “ APi  +Ap2, 

Ap,  =Ap^6  + Apf6,  Apj  = Ap*i  + A/9*6, 


(12.50) 


where 


^ A**  + | *"***  + >’  + 


} (12.51) 


The  relationship/ratios,  analogous  (12.50),  can  be  written  for  any 
total  and  distributed  aerodynanic  characteristics: 


ac  = aci  + ac2,  r 

Ac.  = Ac*A + AcfA,  Ac,  = AcJA  + Ac*d.  (12.52) 


■I 
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Let  us  introduce  the  force  coefficients  and  torque/nonents  of 
sections  wing  to  the  fornulas 


2A1''  , 2AA<'  , 

Ac'  5 , A/n'  = 5-5 , Am'  = — . ( 1 2.53) 

* Poo^0***+l  P*^u***  + i P-^c/’m+i 
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Analogous  to  (with  12.33)  let  us  designate 


- ' V V I’* 

n 24  2d  ' 


U-l 

n-1  U 


u*l  u-i 
n — I 


.6  _ ^ V V ^ ^ V t***  V 

i^kk  + \ ^ §4fe  + l ^ + 1 ^ ^ I 


(1254) 


then  for  the  characteristics  of  wing  sections  taking  into  account 
(12.41)  we  will  have 


Ac;*=  Am;*  = 

= Am;*  = 0, 

Ki- 

^^kk  + \' 

, Ac'*  «=  - 2/?* 

' ift  ^''kk+ 

Am;t- 

^*4 

II 

■5 

n 

r*  _ 

* (lHi4l|ut4l  = ■ 

°«t+J 

U-l 

Am;*  = 

n 

S 

®**+l 

i 

(12.55) 


Am,5,  - -2-j-^L«  Am'*  - - 2 / * 

0**  + i *»+'’  *2  6**  + , ** 
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Coaposita  fore*  and  torqaa/aoBants  aa  aill  obtain,  bj 
integrating  the  characteristics  of  sections  by  the  wingspan. 

1 
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By  accepting  as  significant  diaensions  the  root  chord  b of  wing  and 
its  area  S,  we  will  obtain  for  the  aerodynaaic  coefficients  of  entire 
wing  the  following  foraulas: 

during  the  syaaatrical  strains 

- 


AeJ,  = AeJ,  = AmJ,  = AmJj  = = Am*j  = 0, 


“ (2A:+  1)S 


Alb 


= ... 

(2Ar  + 1)5 


(2Af+l)5 


V d4  ^kk+i 

^‘^kk  + l I,  • 
k-f 


fr—i  u-»i 


{2N 


y Dfl  ^**  + 1 » Arb 


(12.56) 


DOC  = 7715*312 


PAGE  Jtr 


Am^,  = 


Alb 


/V  n 


y V r* 


(2N  + I)  5 ^ jL  * H«  + ||[!^  + | = 

*-l  4=1 


4/6 


N 


(2iV+  05  ^4  -'W  + i ~ 

;^~i 


i/2> 


A/n*,  = 


”^2  = - 


4/6 


A" 


, - + i 

(2/V+1)5  6 — 

ft=l 


4/6 


Z,* 


(2A^+  i)S  ^ + 

ft-l 


with  the  antisyaaetric  deforaations 


Ac«,=Ac45  = A/n;,  =A/n»,  = 0. 

= Am‘,  = A/n*^  = A///»^  = 0, 

N 

y ftfl  6**+i 


1 


An/*,  

*'  {2N+\)S 


k = \ 
H 


fe«  + l h 


A/7I*„= — 1-^  V A>A  ***  + ! 

(2A'+ 1)5  ^ + + i — ^• 

♦-I 


(12.56) 


(12.57) 


§6.  Special  featare/peculiarities  of  the  applicatioa/use  of  a Duhaael 
integral  in  the  tasks  of  the  strains  of  wing  with  M » 0. 

I. 

I The  transient  functions  of  aerodynamic  loadings,  which 

I 

I correspond  to  deformations  of  wing  surface  in  the  incompressible 

medium,  have  with  r = 0 special  feature/peculiarity.  If  we  for  the 
calculation  aerody namically  of  characteristics  with  the  arbitrary 
dependences  of  strains  on  time  or  for  determining  the  coefficients  of 
aerodynamic  derivatives  utilize  Duhamel  integral,  these  special 

feature/peculiarities  must  be  isolated.  In  chapter  II  was  done  the 
isolation/liberation  of  special  feature/peculiarities  in  the  case  of 
the  motion  of  rigid  wing.  Let  us  show  now,  as  this  is  made  during 
I strains. 
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The  reaction  of  wing  c«(t)  under  the  arbitrary  law  of  strain 
/j(|,  t)  let  us  present  in  the  form  of  two  reactions: 

^■4(5.  = S.  T)  + cf(|,  S.  t),  (12.58) 


where  it  corresponds  to  member 


— — 6(t)  under  boundary 
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conditions,  an<i  cj,-'-  to  nenber  Tkea  according  to  (6.6), 

(6.33)  , (6.34)  for  deternining  thea  we  have 


4'’(I,S,t)  = 6(0)[-^]  + J 

0 

T-e 


(12.59) 


r ci  (T)  1 

fj  (t) 

L 6* 

y 

Here  ^ and  yj  are  the  transient  functions,  found  at  the  stepped 
law  of  a change  in  6(t)/6*  and  i(T)/i*  by  the  aethods,  presented  in 
chapter  XI.  As  earlier  (see  §5  of  chapter  VI) , the  step  function  of 
change  d(T)/d*,  6(t)/6*  ae  consider  as  liait  with  e->0  of  law  (see  Fig. 
6.3) 


i 
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( 0 npH  T < 0, 

-^  = 4^=  r/e  nfiH  0<T<e, 
6*  6*  1 (T, 


I 1 nifH  T > e. 


(12.60) 


Key:  (1).  with. 


In  time  interval  0 r < c we  consider  flow  around  of  the  wing 
noncirculating.  Then  in  accordance  with  (12.52)  and  (12.60)  transient 
functions  V 0<t  — t, <e  are  equal  to 


L 6’  J e e 


(12.61) 
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By  substituting  (12.61)  in  (12.59)  and  by  taking  into  account  (6.36), 
we  will  obtain 
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Thus,  finally  we  have 


\ 
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I 

i 


In  these  fornulas  is  integrated  the  only  regular  part  of  the 
transient  functions. 

Let  ns  derive  fornulas  for  the  calculation  of  the  coefficients 
of  aerodynanic  derivatives  in  the  inconpressible  aediua  with  the 
harnonic  dependences  of  the  defornation  of  wing  on  tine. 


Let  us  present  according  to  (7.27)  the  coefficients  of 
aerodynanic  derivatives  in  the  forn 


c = c,  + Cj,  c,  = c*6  + cf6, 
- c*6  + c*6,  c*  = c*  - 


c 


(12.64) 


DOC  » 77154312 


pacE  -4^  5'57 


Page  297. 


For  deteraining  the  coefficients  of  aecodynaaic  derivatives  we 
have  foraulas  (6.54),  which  in  this  case  will  be  written  in  the  fora 


oo  f 

c?(p‘)  = P*  J P'Trft  + p'  lim  J sin  p'l  dx, 

» C I 

cf  (p‘)  = J cos  p'x  dx  + lini  J cos  p*x  dx, 

“ e 

<^2^P')  P’  J [~^]  sinp’t  (/t  + p*lim  J sinp’xdT, 

“ e 

Cj  (p*)  = J COS  p' X dx  + lim  f f cos  p'x  dx. 

g l i e-»o  J 6*  J 


(12.65) 


In  this  case  we  consider  that  in  the  first  aeabers  of  right  sides 
(12.65)  of  special  feature/pecoliarit j of  of  subintegral  functions 
are  excluded,  and  in  the  second  aeabers  the  transient  functions 
correspond  to  noncirculating  flow.  Then  on  section  0<T<e  we  have 
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r C|  (t)  1 Ac?  Ac? 

[— J =— ^+-r' 

' Cii-c) 


'C2(t)  _ Acj 

. V J~“r 


Ac?  Ac? 

T + — 

e e 


(12.66) 


By  sabstitating  the  value  (12.66)  in  the  appropriate  integrals  of 
right  sides  (12.65),  we  will  obtain  talcing  into  account  (6.38) 


lim  — 
e-»0  ® 


lim  ■ 


I TSin  p’t  rfT  = 0,  lim ( sin  = 0, 

J e J 

f * e 

^ r Ac*  ** 

- TCosp’TrfT  = 0,  lim — - I cos  p't  rft  = Ac?, 
J • e-»0  ® J 


lim 
e->0  ® 


A ' 

Ac?  '• 


0 

i r 


• r 

Tsin  p't  </t  = 0,  lim — - sinp*xdx  = 0, 

y e -» 0 * y 


0 

« r 


Ac5  f Acj  r , 

lim T cos  p*T  c/t  = 0,  lim cos  p'x  c/t  = Ac®. 

e-»o  * V t-*o  * J 


(12.67) 
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In  suaaation,  for  the  coefficients  aerodynaaic  derivative  total 
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Characteristic#  by  taking  into  account  (12.56)#  let  us  have:  during 
the  synnetrical  strains  of  the  wing 


c%{p')  = 


cJi  (P*) ' 


d(p’)^ 


cIAp')- 


<ip)  = 


< (p')  = 


<(P')  = 


<(p)  = 


P’ J[-^^^]sinp’rfT. 

0 

I cos  p’tf/T  + AcJ,, 

D 

. f r ‘^y2  (■')!.  . J 

P I — - sinpxd-c, 

(I  *•  ■* 

oo 

J p’T'^t+Acjj. 

oo 

p-  I [ '--^!-]sinp‘T  d-c, 

0 

oo 

J [-^^^^^jcos  P’t  t/x  + Am*,, 

0 

oo 

I sin  p'x  dx, 

oo 


(12.68) 
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Chapter  XIII, 


Sf/lte,  P(0',/ft  ^clut/e/iS. 

51.  Infinite-span  winq.  Coefficients  of  aerodynainic  ieciva  fives. 


Solution  of  the  problem  of  the  harmonic  oscillations  of  the 
plate  of  infinite  elongation  (A,  = oo)  in  the  incom pressibltt  medium  is 
given  in  works  [1.7],  [2.5],  Is  represented,  however,  it  is  advisable 
to  give  the  detailed  derivation  of  fundamental  principles,  after 
examining  this  question  from  the  positions  of  the  method,  used  in 
chapter  X.  For  integral  e<|uations  are  obtained  the  exact  solutions  in 
the  locked  form  for  two  limiting  values  of  Strouhal  number  (/>* -^  0 
and  p*-»oo).  For  tse  irhitrary  values  of  p ♦ are  given  the  results  of 
the  numerical  calculations  of  the  aerodynamic  derivatives  of  the 
intensity  of  bound  vorticity  lay«»r  y“,  y“',  y“*- 


Let  us  determine  the  disturbed  speed,  induced  by  carrying  layer 
in  the  arbitrary  point  of  infinite-span  wing.  Let  us  place  plate  in 
plane  Oxz  the  rectangular  coordinate  system  whose  beginning  is 
located  in  the  middle  of  wing  chord.  The  positive  axis  Ox  coincides 
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with  the  direction  of  speed  Uq  13.1).  Wing  let  us  replace  with 

the  connected  carrying  vorticity  layer  whose  intensity  changes  in 
time  according  to  the  harmonic  law 


V+ (jc, /)  = f/uY  (.v)  sin  (13.1) 


where  y(-’^)  is  dimensionless  intensity  of  layer,  Uq  is  the  average 
speed  of  flow,  p - angular  frequency. 


\Uo 


Pig.  13.1.  Determination  of  the  disturbed  speed 


Pa.«j*  300. 

The  elementary 
(Xq)  ihe  speed 


strip  of  vorticity  layer  AA  induces  in  point 


dUy  = 


y_^_  {x,  t)  dx 
2n  (jto  — x) 


(13.2) 


P 


Prou  this  strip  of  the  vortex/eddy  connected  layer  due  to  its 
transiency  flows  the  take'n  away  by  flow  vortex  sheet,  linear 
Intensity  of  which  at  a distance  xi  (calculated  off  this  strip)  at 
torque/moment  t is  equal  to 


Y(-fi.  0 


(13.3) 
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where  <:,  = t - Xj/Uq. 


The  eleinentiry  strip  of  vortex  sheet  9B  at  point  P (Xq) 

t^e. 

W,,  _ y(x\,U)dxt 

" ■ (13.4) 


(O’*,'*  sin  p/  + u;®  cos  pt). 

Dimensionless  soeeds  te»®  tahing  into  account 
relat ionsh 3 p/ratios  (13.1)  - (13.4)  will  be  equal  to 


<"  = «^  + t'^,.  <’  = ",,2- 


where 


00 

J v(i).<iP-J 

•1/2  0 
1/2  oo 

i v(S)«lp-I 
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Tf  the  intensity  of  the  connected  vorticity  layer  changes  in  tine 
according  to  the  law 

Y+  (•>^1  0 “ Y W i/o  cos  pt. 


(13.7) 


that  total  velocity  (in  the  adopted  designations)  will  be  expressed 
by  the  formula 


W ^ (t4;0>  cos  pi  - wf  sin  pt).  (13.8) 


Let  us  compose  integral  equations  for  the  flow-field  analysis  of 
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infinite-span  wing.  The  plane- parallel  unsteady  motion  of  this  wing 
is  characterized  by  the  following  by  the  d imensionless  kinematic 
parameters : 


a = a(/),  = 


(/)  h 


In  this  case  the  condition  of  even  flow  will  be  written  ia  the  form 


= - a - u^lo, 


(13.10) 


where  |o  = " fie  relative  coordinate  of  the  point  at  which  is 

satisfied  boun'dary  condition. 


With  th»  harmonic  dependence  of  the  kinematic  parameters  on  the 

time: 


a = a*cosp*T,  cD^  = (o^cosp  T, 


(13.11) 


boundary  condition  (3.56)  assumes  the  form 


y 


- a*  cos  p'x  - cos  p'x. 


(13  12) 


Let  us  pras^at  the  dimensionless  intensity  of  the  connected 


vorticity  layer  in  the  form 


Y (^)  “ y”“  + Y*<i  + Y“^“i  + Y*'Wi 


(13.13) 


and  suhs<-itute  hare  the  values  of  kinematic  parameters  (13.9)  and 
(13.11):, 
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Y (jc)  = a’  (y“  cos  p'x  — p'y*  sin  p'x)  + 

+ (0*  (y“*  cos  p't  — p'v'^’^sin  p'x).  (13.14) 


ThP  total  velocity,  induced  in  point  P(^o)  by  coaponents  v“,  v*.  v**'. 
y“*  the  connected  vorticity  layer,  taking  into  account  (13.5)  and 
(13.8)  we  will  obtain  in  the  form 


^ = -L  a*  [lu(J>y“  cos  p'x  - sin  p'x  - p' sin  P*t  - 
- p’w^^^  cos  p'x]  + cos  p'x  - sin  p'x  - 

— p*a)*''Y“*sin  p'x  — p'w^‘\'^^  cos  p’t].  (13.  i5) 
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Th^  comparison  of  the  obtained  expression  with  boundary 
condition  (13.12)  gives  two  systems  of  integral  equations. 


In  a-probleii  they  take  the  form 


1/2 


1/2 


-1/2 


-1/2 


1/2 


1/2 


-1/2 

1/2 


-1/2 


-1/2  0 
1/2  00 

+'’■  J v‘''sp-J'iE?TrTr‘'2.-='»- 


■1/2 


(13.16) 


1 
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I’/t  0),-  prtfl'rm 


I v‘‘ p'  J 

dh  = 0, 


-1/2 


1/2 


^ J 

1 

1 

O 

0 

V 1/2 

& 

+ p‘ 

J y'^^dip 

-1/2 

1/2 

(* 

dl- 

-1/2 
Sin  p% 


do  - 5)  - 

sin  p’li 


^^^1  + 


-1/2 


do -6) -5. 

+ P-  I 


-1/2 

1/2 


■1/2 


(13.17) 


I 


'is 

limiting 


given  below  the  exact  solution  of  these  systems  for  two 
cases; 


\ 

1.  Vary  low  values  of  Strouhal  number  (p*-»0). 


With  p*-*0  the  first  equations  of  systems  (13.16)  and  (13.17) 
become  identical,  but  the  second  substantially  are  simplified,  taking 
the  following  form; 


lo-S 


dl  = 2n, 


(13.18) 


i 
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The  solu^'ion  to  these  equations  are  the  functions 


(13.19) 


that  it  is  checked  direct  foraulation; 


v“  f 'xf  ~ ^ _ 9_ 

J y ‘I-i  + l la -5 


Set/assuminq  | ='1/2')cos  0 and  considering  that 

n 

\ cos  «0  sin  «q)  / « 

J ^^-coTo  {/!  = 0.  1.  2.  ...).  (13.20) 

u 

let  us  have  yS  = 2-  Analogously  we  will  obtain  y"* = 23i|„  or  Yo'“2. 

Thus,  with  p*-»o  the  solution  to  integral  equations  (13»16)  and 


(13.17)  are  the  functions 


(13.21) 


It  is  easy  to  ascertain  that  the  functions  y*  and  will  be  equal 

minus  of  infinity. 
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For  thp  section  of  tho  winq  of  unit  length  front  (3.39)  we  have 


Mi 

Cy^2  j Y(l)rf|.  "».  = 2 f v(l)l</|.  (13.22) 

- 1/2  - 1/2 

Taking  into  account  (13.13)  and  representing  the  lift  coafficients 
and  pitching  mon^nt  c„  and  m,  in  the  form 


= //j“a  + m<\a  + + //t'j’-'u . , | 


we  will  obtain 


(13.23) 


c“  = 2n.  .“.  = 1-. 


(13.24) 


Corresponding  coefficients  in  by  points  in  the  case  p»-^Q  wound 
minus  of  infinity. 


2.  Very  large  values  of  Strouhai  number  (p»_oo). 
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Wp  convert  some  integrals  in  systems  (13.16)  and  (13.17).  If 
function  V‘*(|)  turns  into  zero  on  leading  wing  edge,  then,  by 
following  Ye.  M.  loiseyev,  it  is  possible  to  demonstrate  that 
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Let  us  divide  first  equation  (13.16)  into  parameter  p *.  Since 
(13.25)  it  is  related  also  to  the  third  integral  of  first  equation 
(13.16),  the  system  of  integral  equations  is  converted  to  the  form 


I p'  (^0  + y)  ( - y)  - 

- T/j  0 * 

_l'/2  -1/2  (E.-E) 

-I-  fy^dl  I cosp>[(lo-l)t2Lj,  = o, 


Jisinp*[|o-h'y)Y“(- t) +"  J P' Ho  - 1)  ■%- dl - 

-1/2 

-psinp-(|.+  l)[i^]  + I'v-rfl  J 


-1/2  -(Sa-S) 


xi/4  oo  ay 

- f v-<f|  f f 


-(S.-D. 


«•  I//  00 

-1/2  ° -1/2  “ 

1/2  .oo 

+ |^rf|  J i2i£ail-ll±lL,/^  = 2„, 


(13.261 


If  one  considers  that  on  the  basis  of  riemann's  lemma  fl.93] 


lim  f g(T)sinp'T//T  = 0, 

p*-^0O  d 

m 

oo 

lim  f 4' (t)  cos  p*T  rft  = 0, 

n*  .A  am 


(13.271 
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whero  g (t)  - the  continuous  integrated  function,  the  first  equation 
of  system  (13.26)  during  passage  to  the  liBit/J*-*oowill  becone 
identity,  and  the  second  it  will  take  the  form 


1/2 

>.slnp-(l.+|)[v"-^]  + J (13.28) 

-1/2 


Since  the  ob^aine’  expression  is  identity,  are  obvious  the 

conditions,  superimposed  for  the  existence  of  exact  solution  with 
P*-*oo: 


(13.29) 
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The  solution  to  first  equation  (13.29)  is  the  function 


(13.30) 


that  it  is  proven  by  substitution.  Is  really/actually 


1/2 


set/assuminq  £ = ycos0  and  taking  into  account  (13.23),  we  will 
obtain  yJ  = 2. 

Second  equation  (13.29)  satisfies  the  function 


'-Y?/ 


i.+  S ■ 


Y' 


(13.31) 
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Reprpsentinq  thi^  expression  in  the  form 


and  ronsid^ring  the  equality  of  the  denominators  of  functions  ya 
from  second  equation  (13.24)  we  will  obtain 

whence  Yj  = 1. 

Thus,  the  solution  of  the  system  of  integral  equalizations 
(13.16)  with  p*—*oo  are  the  functions 

= y‘  = 2|/|-S».  (13.32) 

Analogously  is  obtained  the  solution  of  system  (13.17): 

= (13.33) 

The  coefficients  of  aerodynamic  derivatives,  obtained  by  the 

appropriate  intejcation  of  loads  (13.22),  will  he 

I 

^ I (13.34) 

64  • I 


C“  = Jl. 


c<^  = - 
V 2 ■ 


nz“-=|. 


c"i  = - c“*  = 0 /n“^  = - ^ 

‘-1/  A • y 16  ■ 


Prom  (13.24)  and  (13.34)  it  is  evident  that  for  the  plate  of  the 
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final  elongation  are  fulfilled  the  consequences  of  reciprocity 
theorem,  namely; 


V+ = "**-• 


The  given  results  it  is  possible,  in  particular,  to  give  this 
interpreta'*‘ion.  In  the  case  of  the  motion,  characterized  by  the 
parameters  a = const  and  = const  (i.e.  with  p ♦ = 0)  for 

cen'^’oring  Xf  = 0.50,  the  effect  of  flow  to  infinite-span  wing  is 
reduced  to  two  forces. 

Page  307. 


One  of  them,  Yj,  pronortional  or,  is  applied  at  a distance  x,  = 0.25b 

from  leading  wing  edge,  and  the  second,  Yj,  proportional  to  (o„  is  ' 

applied  at  a distance  x«^  = 0.50b  from  leading  edge.  One  should  note 

that  the  amount  of  force  Yj  and  coordinate  Xu  depend  on  centering  j,-. 

* 

At  the  same  time  force  Yj  and  coordinate  j,,,  characterizing  the 
position  of  aerodynamic  center  of  profile  relative  to  leading 
edge/none  during  the  forward/progressive  steady  motion,  from  xt  do 
not  depend. 

< 

i 


For  an  inf init«-span  wing  are  given  the  coefficients  aerodynamic 
derivatives  in  all  range  of  a change  in  Strouhal  number  p *.  Some 
materials  of  these  calculations  for  xr  = 0.50  are  given  in  Pig. 


DOC  = 771S4313 


PAGE 


13.2-13.4  ri.71.  Table  13.1  gives  the  numerical  values  of  the 
coefficient’s  ot  aerodynamic  force  derivative  depending  on  Strouhal 
number  for  a plate  with  X = - and  by  centering  = 0.25.  This 

cen^-ering  is  selected  because  for  it  the  coefficients  of  aerodynamic 
moment  df^rivativo  do  not  depend  on  the  number  of  Strouhal.  Are  given 
below  precise  values  of  coefficients  of  aerodynamic  moment  derivative 
for  this  same  centering  {xt  = 0.25)  with  any  Strouhal  numbers; 


m“  = 0, 


n 

J' 


8 ’ 


m. 


if-  (13.35) 


Passage  from  one  centering  to  another  is  conducted  on  the  basis  of 
the  formulas  of  recalculation  (2.73). 


/c£  6/e  i5.\  , 


p* 

c“‘ 

x ! 

P* 

1 

0 

2n 

“ oo 

n 

— OO 

0,72 

4,015 

+ 0,0791 

2,008 

1 

0,04 

6,055 

- 10,232 

3,028 

-5,514  li  0,70 

3,969 

0,1828 

1,985 

-0,3013  ! 

0,03 

5,823 

-7,540 

2,911 

—1,163  ll  0,80 

3,927 

0,2749 

1,964 

-0,’25.63 

0,12 

5,593 

-5,896 

2,797 

-3,341  i 0,84 

3,887 

0,3583 

1,944 

-0,21.36  1 

0,16 

5,406 

-4,728 

2,703 

-2,757  1 0,88 

3,852 

0,4341 

1,926 

-0,17.66  1 

0,20 

5,228 

-3,842 

2,614 

-2,314  H 0,92 

3,818 

0,5033 

1,909 

-0,1410 

0,24 

5.066 

-3,144 

2,533 

-1,965  l|  0,96 

3,786 

. 0,5661 

1,893 

-0,1096 

0,28 

4,922 

-2,578 

2,461 

- 1,682 

1,00 

3,757 

0,6239 

1,878 

- 0,0807 

0,32 

4,793 

-2,111 

2,396 

-1,448 

1,20 

3,637 

0,8493 

1,818 

0,0319 

0,36 

4,676 

- 1,723 

2,338 

-1,254 

1,40 

3,549 

1,004 

1,774 

0,1091 

0,40 

4,572 

-1,392 

2,286 

-1,089 

1,60 

3,482 

1,113 

1,741 

0,16.39 

0,44 

4,477 

-1,110 

2,238 

-0,9475 

1,80 

3,430 

1,195 

1,715 

0,2016 

0,48 

4,391 

-0,8066 

2,196 

-0,8260 

2,0 

3,389 

1,256 

1,695 

0,2352 

0,52 

4,313 

-0,6.549 

2,157 

-0,7202 1 

3,0 

3,274 

1,417 

1,637 

0,3156 

0.56 

4,242 

-0,4701 

2,121 

-0,6278, 

4,0 

3,223 

1,480 

1,012 

0,3174 

0,60 

4,178 

-0,3068 

2,089 

-0,5461 

5,0 

3,196 

1,511 

1,598 

0,3650 

0,64 

4,119 

-0,1030 

2,060 

-0,4742 

10 

3,157 

1,.5,55 

1,578 

0,38,60 

0,68 

4.005 

-0,0351 

2,032 

-0,4103 

OO 

n 

n/2 

n/2 

n/8 
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Fiq.  13.2.  Comparison  of  precise  (curves)  ani  numerical 
(point)  calculations  of  wing  X = •.  White  points  are  the  calculation 
with  the  aid  of  Duharael  integral,  black  points  are  numerical 
calculations. 


Fig.  13.3.  Comparison  of  precise  (curves)  and  numerical  (point) 
calculations  of  wing  X = -.  White  points  are  the  calculation  with  the 
aid  of  Duharael  integral,  black  points  are  numerical  calculations. 


Fig,  1 3. 4„  Comparison  of  precise  (curves)  and  numerical  (point) 
calculations  of  wing  X - White  points  are  the  calculation  with  the 


aid  of  Duham^i  integral,  black  points  are  numerical  calculations. 
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52.  Infinite-span  wing.  Coefficients  of  apparent  additional  masses. 

During  noncirculating  flow  around  of  the  wing  of  the  ideal 
incompressible  fluid  the  aerodynamic  influence  of  flow  to  this  wing 
can  be  determine!  with  the  aid  of  the  so-called  coefficients  of 
apparent  additional  masses  (see  59  of  chapter  II).  The  coefficients 
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indicated  arp  nesassary,  in  particular,  for  the  calculation  of 
aerodynamic  wing  characteristics  with  the  aid  of  Duhamel  integral. 

The  numerical  solution  of  the  problem  of  the  determination  of  the 
coefficients  of  the  apparent  additional  masses  of  the  rigid  and  wings 
of  arbitrary  planform  being  deformed  can  be  realized  by  methods, 
presented  in  chapter  XII.  For  a finc/thin  infinite-span  wing  (plate) 
it  is  possible  to  indicate  precise  values  of  coefficients  of  the 
apparent  additional  masses,  designed  relative  to  the  middle  of  wing 
chord  (xt  = 0,50) : 

k,,  = 0,  = 

The  coefficients  of  apparent  additional  masses  for  other  centering 
are  recounted  by  formulas  (2.93). 

«3.  Tnf inite-span  wings.  Effect  of  harmonic  gust. 
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Seures  [ 2- P ] obtainpj  the  following  exact  expressions  for  lift  of  Y 
and  pitching  moment  AI,,  per  unit  of  the  length  of  the  wingspan  with 
elongation  X = -,  the  boina  subject  to  the  influence  harmonic  gust: 

^ = = (13.39) 

Here  (f(p*)  is  the  function  of  Seures,  which  corresponds  to  the 
case,  when  the  beginning  of  the  connected  with  wing  system  is  located 
on  the  middle  of  wing  (xr  = 0,50). 

Page  310. 

Introducing  ^he  kinematic  parameters  of  the  gust 

A = AV^  A=^-^=.,yA.  (13.40) 

and  the  coefficients  of  aerodynamic  derivatives,  caused  by  the  gust; 

Ci^  = c^A  + cjA,  m^  = iif^A  + m}A,  (13.41) 


we  will  obtain  expressions  for  derivatives  through  the  teal  and 
imaginary  part  of  the  function  of  Seures; 
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= 2ji  Re  (p  (p‘).  Im  q)(/j*), 

. / I . ( ('3.42) 

= (^0  - 1)  «*,'  =,  (>.'0  - 7)  c,'  ■ 

These  relationship/ratios  are  obtained  with  centering  xt  - 0. SO; 
recalculation  for  other  centering  is  conducted  cn  the  basis  of 
formulas  (2.82).  Hence  it  follows  that  the  position  of  foci  = 

0.  25,  X:  = 0.25  do  not  deoend  on  .Strouhal  number. 

Figure  13.5  gives  the  obtained  by  formulas  (13.42)  coefficients 
of  aerodynamic  derivatives  of  lift  and  with  harmonic  gust 

depending  on  Strouhal  number  for  the  position  of  the  beginning  of  the 
axes  in  the  leading  edge/nose  of  wing  = O).  The  numerical  values  of 
thesey^'^l  m^vable^system  of  axes  with  beginning  in  the  wing  leading 
edge  are  given  in  table  13.2.  Countdown  is  conducted  so  that  with  t = 
0 beginning  of  movable  and  fixed  coordinate  systems  they  coincide. 

The  coefficients  of  aerodynamic  moment  derivatives  and 

are  determined  from  relationship/ratios  (11.42).  The  corresponding 
net  force  is  applied  at  point,  which  is  located  at  a distance  of  1/4 
chords  from  leading  wing  edge. 
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Fig.  13.*^.  Coef f i;:ipnts  of  aerodynamic  derivatives  under  the 
influence  of  harmonic  gust  on  wing  X = ».  Curves  are  exact  solution 
points  are  the  calculation  with  the  aid  of  Duhanel  integral. 
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With  p*-»o,  as  it  was  shown  earlier  [see  formulas  (5.S6)],  the 
coefficients  of  aarodynamic  derivatives  with  harmonic  gust  are 
connected  with  the  coefficients  of  the  aerodynamic  derivatives  of  the 
harmonically  oscillating  wing  by  the  relationship/ratios 

V K’  y y y • 

therefore  with  /?*— >0  also  we  have  for  centering  xr  = 0 


"y  = C;'  = - OO. 


f4.  Infinite-span  wing.  Instantaneous  change  in  the  angle  of  attack. 


In  [1.71  are  brought  the  results  of  precise  calculations  of  the 
lift  coefficient’s  and  pitching  moment,  carried  out  by  Wagner  for  an 
infinite-span  wing,  the  angle  of  attack  of  which  changes  instantly. 
In  this  rase  the  law  of  a change  in  the  angle  of  attack  in 


dimensionless  time  will  take  the  form 
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Ke y:  ( 1)  . with. 


T<0. 

T>0 


{a  * - the  ainplitudp  value  of  angle  of  attack).  Belationsh  ip/ratios 
for  aerodynamic  coefficients  (transient  functions)  in  this  case  are 
represented  in  the  form 


^]  = 2n<I)(T). 


(13.43) 


where  <1>(t)  - the  function  of  Wagner. 


7sbi€  (3-;^, 


p* 

4 

P* 

0 

' 2n 

— oo 

2.8 

1,6020 

-0,4819 

0,04 

6.0401 

- 14,8039 

3,2 

1,4835 

-0,4085 

O.OH 

5.7734 

- 1 1 ,8492 

3,6 

1.3932 

-0,3375 

0,12 

.5,5089 

- 10,3129 

4,0 

1,3169 

-0,2923 

0,16 

5,2889 

-8,7015 

5.0 

1,1705 

-0,2126 

0,20 

5.0299 

-7,7005 

6,0 

1.0,595 

-0,1627 

0.40 

4.1233 

■ -4,6544 

7.0 

1,0198 

-0.1303 

0,00 

3,5115 

-3,1914 

8,0 

0,9118 

-0.1283 

0,80 

3,0793 

-2,3517 

9.0 

0,8519 

-0,1213 

1,0 

2,7624 

-1,8240 

10 

0 8135 

-0,0771 

1.2 

2,5130 

- 1 ,4639 

12 

0,7350 

-0,9588  1 

1.1 

2,3204 

-1,2088 

14 

0,6757 

-0,0571 

1.6 

2,1619 

-1,0197 

16 

0,6310 

-0,0383 

1,8 

2,0281 

-0,8749 

18 

0,6017 

-0,0314 

2.0 

1,9188 

-0,7617 

20 

0,5772 

-0,0217 

2.1 

1,7404 

-0,5943 

OO 

6 
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Eiqurps  13.6,  13.7  qive  dependences  on  dimensionless  time  r the 

lift  coefficients  and  the  pitching  moment  of  the  plate  of  infinite 
elongation  during  instantaneous  stepped  variation  in  the  angle  of 
attack.  Lift  coefficient  in  the  first  torque/moment  reachas  infinite 
value,  instantly  it  falls  to  value  [cja*]  =n  then  gradually 

with  t -*  oo  it  approaches  its  stationary  value  equal  to  [cju*]  = 2n. 
Position  of  initial  small  time  interval  in  this  case  is  changed  from 
to  xp  = 0.25  (counting  from  leading  wing  edge).  Numerical 
values  \Cyla.*]  tha  dependence  that  t are  given  in  table  13.3. 


§5.  Infinite-span  wing.  Gradual  entrance  Into  gust. 


In  [1.7]  ar?  carried  out  the  results  of  precise  calculations  of 
the  aerodynamic  coefficients  of  the  plate  of  infinite  elongation,  by 
the  entering  gradual  the  step  gust.  Formulas  for  the  lift 


coefficients  and  pitching  moment  take  the  form 


<^1/  ■ _ 


2nF(x). 


Ill,  n 

— ‘=~F(x), 

“-i/A  J 2 


(13.44) 
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’'iq.  13-P.  Wing  \ Gradual  entrance  into  step  gust.  Curve  is 

exact  solution,  points  are  a numerical  calculation. 


Page  314. 


Figure  13.0  gives  the  dependence  cf  the  transient  function  of 
lift  coefficient  of  dimensionless  time,  whereupon  = 0 and 

The  dependence  of  the  transient  function  of  the 
coefficient  of  pitching  moment  of  t is  given  in  Fig.  13.9. 

The  position  of  focus  in  this  case  will  be  constant  “ ®>25).  The 
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nuB^rical  valups  of  thG  transient  function  of  lift  coefficient 
for  entire  range  0 t are  given  in  table  13.4. 


Fig.  13.9,  «ing  X = -.  Gradual  entrance  into  step  gust  (^r-o.s) 
is  exact  solution,  points  are  a nunerical  calculation. 


Curve 


/ 3Lk>  t /3 ' 
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§ 6.  Infinite-span  wing  with  control.  Coefficients  of  aerodynamic 
derivatives . 


For  an  inf init«-span  wing  (X  = -)  with  the  oscillating  according 
to  hariTonic  law  control  there  is  exact  solution  of  d-problem, 
obtained  by  Theoiors^^n  [2.5]  and  Cussner  [2.12], 


If  we  the  angle  of  deflection  of  control  present  in  the  form 

6 = 6’ cos  p/,  (13.45) 


that  as  a result  of  data  processing  of  Theodorsen  and  Cussner  it  is 


oossiMe  to  write  the  following  expressions  for  the  coefficients  of 

....  4 ...... .^11  — ^it  ..^11  ...  P 


aerodynamic  der  ivat  ivesc**;,  c®'’,  c*';,  c^!,’,  mji,  m.;', 
th<=*  effectiveness  of  wing  high-lift  device: 


dateraining 


II 

20, F. 

"1?  = 

<h: 

2 

M- 

2iP| 

P* 

■G. 

C*P  = 
‘■p-’ 

(P. 

8 

-+ 

ii>, 

2p‘ 

G, 

m®P  - 

'■^5 

2 ' 

- 

IG  ’ 

'Pe 

ip, 

- 

IG  ’ 

= 

32 

• 

(13.46) 


The  total  coefficients  of  aerodynamic  der  ivati  ves  c®p,  j,*|. 
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accordinq  to  (7.27)  are  deteriined  the  following  relationships: 


c*p  = c*i>  — d’’c*p>  c^p  = c*p  + r*i‘ 

y ‘■yi  P ‘•*2’  ‘-y  ‘"i/i  ^‘ya* 

m*p  = m*'>  - p'’m% 


(ISM?) 


Recall  ’■hat  the  coefficients  with  index  1 in  expressions  (13.46) 
are  related  to  6-problera  1,  and  with  index  2 - to  d-problam  2 (see  §2 
of  chapter  7).  Th?  moment  derivative  coefficients  ni,  are  undertaked 
for  centering  xr  - 0.25.  Fu  net  ions  ci)i((p)  are  tabulated  by  Cussner,  ♦ - 
certain  parameter,  connected  with  the  relative  chord  of  control  5p  = 6p/6 
by  relationship/ratio  cos (p  = 1 — 26,,.  Va lues  F and  G depending  only  that 
-Strouhal  number  form  the  function  of  Theodotsen 


C(p)  = F(p*)  + /G(p')  = 


nd.<i8) 


Page  316. 


In  the  last/latter  oxpression  of  value  //*,*’  they  are  the  functions  of 
Hankel  and  are  also  tabulated. 


By  formulas  (1J.46)  were  calculated  the  values  of  tha 
corresponding  derivatives  depending  on  Strouhal  number  ( p*  = 0 - •) 


and  of  relative  chord  of  control  (6,,  = 0,1  a-  1,0).  The  results  of  these 
ca  Iculat ion.s  with  ^ 0.25  are  represented  in  Fig.  13.13-13.14. 


Pig.  13-  11.  wing  K 


with  control 
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Fiq.  1-1.12.  Winy  X.  = » wi*-h  control  (*2— 

Pxy.  11.13.  Wing  \ = - with  control 

Pa  qp  3 18. 

In  Fiq.  13.14  for  Dp  = 1 are  plotted  the  points,  obtained  fro® 
exact  Golu  + ion  for  an  airfoil/profile  (see  these  tables  13.1).  As  one 
would  expect,  equalities  (7.97)  and  (7.98)  here  are  satisfied. 

87.  The  rectangular  wing  of  very  small  elongation.  Coefficients  of 
aerodynamic  derivatives. 

The  prohlera  of  th®  harmonic  oscillations  of  the  rectangular  wing 

of  very  small  elongation  (X > 0)  with  very  small  Strouhal  number 

>n^an  he  solved  accurately.  Here,  along  with  continuous  vorticity 
layer,  one  should  introduce  the  discrete  connected  vortex  lines. 

Let  us  examine  the  cut  of  d ir ect/str a ight  vortex  line  (— (/2,  112), 
int»nsity/strenot h of  which  1V(^,  to).  The  origin  of  coordinates  is 
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arranged  to  the  middle  of  the  spread/scope  of  eddy/vortex,  then  the 
induced  with  this  vorticity  by  §io  - Savart's  fcrmula  is  equal  in  the 
axes  of  Fig.  9.2  ‘ 1.29'] 


Uy(X(j,  2q,  /())  — 


JCo_ 

An 


in 

j- 


r + {z,  /o)  dz 


-i/2  f*0+(2o-< 


i|3/2 


(13.49) 


’'iq.  13.14.  Wing  X = - with  control  (ir-o.ss)  Points  are  exact  solution 
with  5'p-i. 


Page  119. 


fro.  basic  vactox  line  a change  in  its 
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in'*’en sit.y/strength  in  time  will  move  away  the  film  of  free  vortices 
with  the  axes,  parallel  to  axes  Oz  and  Ox«  Velocity  from  transverse 


free  vortices  will  he 


in  » 

L f r (X' 

" ''n  J J ((.  _ 


ip)  (jfp  - x) 


;jdxdz,  (13.50) 


# from  longitudinal  free  vortices 


'’-iU 


f V.r  (x,  2.  Ip)  (Zq  - 2) 
J ((JCO  - .V)*+ (2o -2)’)' 


jj^dxdz.  (13.51) 


For  a total  velocity  we  have  the  expression 


Wy=Uy  + V',  + V'y. 


Tn  the  case  of  harmonic  time  dependence 


r'+{z,  /o)  = r'^(2)sinp/o 


(13.52) 


for  transverse  free  eddy/vortex  can  be  written 


SI  nee 


V*+  (^.  2.  /o)  = - (2)  P cos  P (/o  - = 

+ (13.53) 


(x,  z.  ^o)  “ - 7^  ] 

^0  L dU 


For  transverse  free  vortex  we  have 


Y*+  ix,  z,  Q ■ 


■^^^(sinp/oCos-^-c 


(sinp/ocos-|i-cosp/osin-g^).  (13.54) 
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Giihst  ituti  ng  expressions  (13.52)  - (13.54)  respectively  in  (13.49) 
(13.51)  an'l  bearing  in  mind  that  the  total  velocity 

Wy,  •<  Uf'J,',’sin  pta  + IP'Jf.’cos  pta, 

we  will  obtain 
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II  • 

'=  _£o.  f 
4n  J 


r + (z)  dz 


-112  [*0  + (^0  J 


T r P+  W (jTo  ~ x)  sin  p dx  dz 


I(.ro- 


+ (^„  - 


//2  00  f/r 

f f-^ 

J J fix 


(?0  — z)  cos  dx  dz 


— -/,+/2  + /3.  (13.55) 


-;/2  0 K-'”  - + <^o  - ^ ^ '3. 

p F r ~ 

//2  OO  i/r^.  nj; 

J/J  l(^<.-.t)’  + (^o-z)*)^^ 


If  r+ (z,  0 = r'+ (2)  cos  pto,  then 


r„.  -=  cos  p/o  - 'X'f-  sin  pto. 


Tt  is  possible  to  show  that  with  X 


0 1,,  Ig,  I4  vanish,  I3  - f 


• V'  ' 

value  (13.57),  aod 

fl iinensionless  coordinates 


(13.57),  a<i<3  r x.^  (13.50).  After  introducing  the 

’ t/, 
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1 


I 

t 


ii 
/ ' 


(13.56) 


we  will  obtain  for  the  direct/straight  discrete  eddy/wortices 


H^ti) 

y%  

i/o  “ 

mm 

y _ 

U,  ~ 


0 


^ 0 

npH  |o>0, 
npH  |o<0, 


p'%t>  I*  dz 

2n  J zo-z 

-1 

0 


a; 

npH  |o>0, 

(Jy 

npn  |o<0. 


(13.57) 


(13.58) 


Cl). 
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Let  us  examine  the  now  continuous  vorticity  layer  on  wing 
surface.  Intensity  of  this  layer 

Y*+  (^.  2.  to)  = Y*+  ( t.  2)  sin  pto, 

whereupon  yi*(x,  z) -*0  with  X — > 0.  The  solution  of  problem  with  X-» 
0 le*:  us  search  for,  by  representing  Yit(J>J.2)  in  the  for*  of  the 
product  of  two  functions,  one  of  which  depends  on  the  second  - 

on  7; 


1 

\ 


k 

] 

i. 


1 


Yjx.  z)’‘U,{r(z)X(l)-l. 


(13.59)  ' 


I 


Tn  order  to  find  velocities  from  continuous  eddy/vortices,  let  us 
examine  in  section  x = const  the  vortex/eddy  band  dx  with  circulation 
T (X,  2)  corresponding  free  vortices.  The  velocities  from  this 

vortex/eddy  systea  in  the  point  So.  fo 

will  be 

= iu). 

dWf  = X{l)^KAlo-l.  Zo). 

whence 

1/2  1 

n'’(^o.  2o)=  f ^o)dh 

-1/2 
1/2 

2o)=  J 

-Ml 

In  these  formulas  are  used  designations  (13-56). 

With  X -►0  in  expressions  (13.57),  (13.58)  it  is  necessacylo 

to  estimate  on  So  — t Since  with  gj  — |<o, 


(13.60) 
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with  X— >0  integration  in  formulas  (13«60)  will  be  conducted  not 

from  — 1/2  to  1/2,  but  from  — 1/2  to  |o-  As  a result  for  the 
distributed  vorticity  layer  let  us  have 


I dr  .. 

• —rr  dz 


1 r r 

--  ^(1) 

2n  *- 


(13.61) 


-1/2  -I 


p*  j*“  p — ^ dz 

= — J J^(E)Uo-l)  J (13.62) 

^0  2n  J J zo-z 


Let  us  replace  wing  with  the  system  of  discrete  vortex  lines 
with  coordinates  and  continuous  bound  vorticity  layer. 


Pace  322. 


The  intensity/strength  of  the  circulations  of  direct/straight  vortex 
line  r und  of  the  connected  vorticity  layer  y let  us  write  in  the 
form 


= Uo-J  (^*0  + 1^0  + . 

Y.  “ t/o  (Y“a  + Y*d  + + y**®*  + y"'®x  + Y*^-'®*). 


(13.63) 


whereupon 


y"'  (I.  5)  = y r*'  (i)  X^i  (I),  Y^'  a.  z)~j  P/  (i)  X^>  (I).  ( 1 3.64) 
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It  is  not  difficult  to  show  that  the  bound  vortexes  have  the 
elliptical  law  of  circulation  distribution  according  to  spread/scope. 
Therefore  for  discrete  eddy/vortices  we  can  write: 


in  the  symmetrical  case 


r"'  = / 1 - 


(13.65) 


in  antisymmetric 


V\-z\ 


(13.66) 


For  the  distributed  vorticity  layer  in  the  symmetrical  case 


r’i (2)=  Vl 


(13.67) 


in  antisymmetric 


(13.68) 


Let  us  calculate  the  values  of  velocities  Vf'y/Uo  under  the  law  of 

circulation  distribution  indicated  for  ffo|  < I.  Set/assuminq  z =-cos0, 
20  = —cos  00  ) 

^Tahd  keeping  in  mind  formula  (13.20),  we  will  obtain  for  the 
arranged/located  on  the  axis  Oz  discrete  eddy/vortex  in  the 
symmetrical  case 

IF*'*  r D*f 

—Ml Ll  — fwr 


(13.69) 


DOC 


771S4313 


PAGE 


and  in  a ntisytsmetr ic 

-£^=pW..  (13.70) 

For  tho  distributad  vorticity  layer  in  the  sy ametr ical  case 

IF*'*  I y r***  p*  r* 

X{l)dl,  X(l)(lo-l)dl  (13.71) 

-l«  -1/2 

and  in  antisymmetric 

if"*  ^ IF***  r* 

^(I)d6.  l^  = 2oP*J  Xih-Ddl  (13.72) 

—1/2  -1/2 

Page  323. 

Let  us  note  th.at  the  discrete  bound  vortex  cannot  be  located 
anywhere,  besides  leading  edge.  If  it  was  arrange/located  somewhere 
on  the  wing  between  leading  and  trailing  edges,  then  the  induced 
velocities  in  this  place  would  have  a d iscontinuity/interr uption, 
what  probably  then  since  boundary  conditions  (3.56)  were  continuous. 
On  the  strength  of  Chaplygina  - Joukowski*s  hypothesis  there  cannot 
be  discrete  eddy/vortex,  also,  on  trailing  wing  edge  because  during 
any  finite  wing  aspect  ratio  X here  the  intensity  of  vorticity  layer 
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must  be  equal  to  zero. 

Higher  vortor/eddy  system  indicated  will  induce  on  wing  the 
velocity 


where  they  are  determined  from  formulas  (13.57)  and 

(13.58)  with  after  exchange  in  them  r on  r“,  r“*,  1^'.  • • •> 

tt)"’  nu"’ 

formulas  (13.51)  and  (13.62)  during  the  corresponding 
replacement  of  X on  X“,  X“*,  will  write  condition  (3.56)  in 

♦•he  form 

t/o  “ ~ P^o  ~ *^0®  P^o  - •Zo  y “x  cos  pl^.  ( 1 3.74) 

Then  systems  (13.73)  we  obtain  in  the  following  form; 


for  the  ot-problem  ! 

1 


for  the  (Oj- problem 

(“'I'i,.  + ' P'  + le-®  J = - ) 

+ + j (’3.76) 

for  the  Ux- problem 


Page  324. 


W,.  + »SJ+/>-W^.  + »;y-o- 


(13.77) 
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Fer  C4e  Ci  Sifitcjn  <.I3  ft)  Ue.  hauc  u,  .th  p* . 

r*+  J rM^  = 2io. 


'■  i' 

r^(y  + ^)-rf^+  J x'^^iu-Ddi-  J x^^di’-o. 


(13.81) 


Solution  of  this  system: 


r-  = 2,  r^=-l.  .^'**  = 210,  rfz  = o.  (13.82) 


Tt  is  analogous  for  thp  equations  of  system  (13.77)  with  p’-»0 


r..+  I r-di=4- 

-1/2 

l»  i* 

(y  + io)rr--rf-+  J rM^-i)d|-  J = 


) (13.83) 


Solution  of  this  system: 


r-'-o,  rfx.o. 


(13.84) 


Paqe  3 25. 


/ 

let  US  present  the/^Joukowski  theorum  "in  small"  for  unsteady 
motion  in  the  following  form: 

2 1 

Ap  - p_  - p^  = P.(/oY,,  = 4 X + r-'/^r-'/p,). 


Fearing  in  mind  that  from  vorticity  layer  and  the  discrete 


WOl 

I,  - the  coordinates  of  discrete  eddy/vortex,  9,  = a,  92  = 0)*.  93  = 0),. 
Substituting  in  (13.85)  values  X and  r,  fro*  (13.80),  (13.82),  (13.  84) 
and  taking  into  account  that  S,  = -1/2,  we  will  obtain  formulas  for 
the  coefficients  of  the  aerodynamic  derivatives,  designed  relative  to 
the  rotational  axis,  passing  through  the  middle  of  wing  ch  ord  (-fr  = 0,50) : 

4 . u, 


2 


2 


Q (l  f\ 

>n,  = -r,  m^  = 0, 


tny  = - 


24 


0)  . nA. 

m A‘i  5=  — 

^x\  32 


(1)  nA 

m/-=  - -J-. 


Te- 


ds.86) 


the 


Coefficients  are  obtained  when  (o^i  =•  q i/2Ua,  = 

* ’ di  AUq 

moment  of  roll  is  referred  to  the  spin  of  wing  /.  Fro*  the  given 


formulas  it  is  evident  that  and  for  the  rectangular  wing  is  extremely 
small  elongation  (x^.  = 0,50)  are  valid  the  consequences  of  reciprocity 
theorem: 


c“*  -=  = ni°-  0“^  = 


58.  The  rectangular  wing  of  very  small  elongation.  Transient 
functions. 


Is  interesting  to  find  transient  functions  \c(x)lq',]  for  the 
rectangular  wing  of  extremely  small  elongation.  Let  us  point  out  the 
indirect  way  of  the  determination  of  the  transient  function  of  this 


t/o  1/a 


F 
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wing.  Lot  us  write  for  a lift  coefficient  comaunication/connection  of 
transient  function  ICy(T)/o*]  and  the  coefficient  of  aerodynamic 
derivative  with  point  c'*'  with  p* 0 (theorem  of  momentua,  chapter 
VT)  ; 


p*-»0 


-2*22-  (13-87) 


For  the  wing  of  very  small  elongation  (A,->0)  the  coefficient 


coefficient  of  bound  mass  in  the  range  of 


small  wing  aspect  ratios  linearly  deoends  on  X,  so  that  (Cj^  = AX. 


Page  327. 


Therefor*’  in  the  case  of  the  passage  to  the  limit  to  of  wing  A,— ►O 

and,  therefore. 


Thus,  for  the  wing  in  question  the  regular  part  of  the  transient 
function  of  lift  coefficient  [cy{z)/a*]  during  an  instantaneous  change 
in  the  angle  of  attack  will  be 


1“ J"*  2 


nX 

T 


(13.88) 
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Analogously  it  is  possible  to  demonstrate  that 
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f unction s[Cj^(t)/(o’],  [m^(T)/a‘],  [m^(T)/a)’]ar e extracted  here  for 
ir  = 0.50.  For  the  gradual  entrance  of  this  wing  into  gust 
same  centering  to  analogously  pr eceding/previous  let  us  have 
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nX 
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Chapter  XIV. 


CALCULATION  OF  THE  UNSTEADY  WING  CH  A R ACTE  R I ICS  OF  ARBITRARY 
PLANFORH. 


51.  Special  featucG/peculiarit ies  of  calculation  procedure. 


During  the  calculation  of  aerodynamic  King  characteristics  by 
the  methods,  presented  in  chapters  of  X-XII,  it  is  necessary  to 
observe  a series  of  conditions.  Specifically,  this  is  related  to 
Chaplygin  - Joukowski's  hypothesis  about  the  finiteness  of  velocities 
on  trailing  wing  edge.  Since  the  last/latter  point  on  the  wing,  where 
is  satisfied  boundary  condition  about  the  evenness  of  flow,  is 
located  nearer  to  tail  than  any  eddy/vortex,  during  the  unlimited 
increase  in  the  number  of  eddy/vortices  (n  — -)  the  designed 
disturbed  velocities  on  tail  they  will  vanish.  The  sums,  which 
replaced  integrals,  within  limit  will  give  the  principal  values  of 


f 
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integrals  in  Cauchy's  sense,  since  all  the  calculation  points 
lie/rest  in  the  middle  between  adjacent  eddy/vortices.  The  numerical 
values  of  circulation  and  loads  make  it  possible  to  answer  the 
question,  is  provided  the  execution  by  the  taken  diagram  of 

6h  aplygina  - Joukowski's  hypothesis.  If  circulation  turns  into  zero 
on  trailing  wing  edge,  then  by  this  most  the  hypothesis  indicated  is 
satisfied,  whereupon  this  must  be  fulfilled  with  the  arbitrary 
dependence  of  the  kinematic  parameters  on  time,  including  harmonic 
oscillations. 


For  a noncirculating  flow,  as  is  known,  instead  of  Chaplygin  - 
Joukowski's  hypothesis  must  been  satisfied  the  condition  about 
equality  zero  of  the  total  intensity  of  eddy/vortices  in  each  wing 
section.  This  gives,  in  particular,  to  conclusicn  about  the  absence 
of  free  vortices  after  wing,  in  consequence  of  which  changes  the 
method  of  the  location  of  bound  vortexes  and  calculation  points  on 
wing.  It  is  known  that  on  leading  wing  edge  is  a special 
feature/peculiarity.  Furthermore,  if  along  wing  chord  are  fractures, 
for  example,  for  a wing  with  flap  or  aileron,  then  in  point  of 
rupture  some  of  the  distributed  loads  also  have  a special 
feature/peculiarity.  It  is  interesting  to  check,  how  numerical  a 
calculation  method  for  a wing  with  flap  reflects  the  picture 
indicated. 


Page  329. 


The  large  role  in  the  final  adjustnent  of  the  numerical 
calculation  methods  play  the  investigations  of  procedural  nature.  It 

is  very  important  to  ensure  this  identification  of  the  parameters, 
which  determine  the  accuracy  of  the  calculation  in  order  to  obtain 
the  results  of  the  calculations  with  the  necessary  for  a practice 
accuracy.  There  are  different  methods  of  the  control  of  the  numerical 
data,  obtained  from  the  calculation,  that  make  it  possible  with  the 
aid  of  special  systematic  investigations  to  establish/install  the 

reliability  of  these  data  and  to  provide  the  necessary  i :curacy. 

Before  enumerating  some  methods  of  this  control,  let  us  note 
that  as  a result  of  the  analysis  of  numerical  calculations  in  digital 
computers  it  was  establish/installed  that  the  systems  of  the 
algebraic  eguations,  determining  the  circulaticns  of  bound  vortexes, 
are  very  stable.  This  is  explained  by  the  facts  that  the 
cell/elements  of  the  principal  diagonal  of  matrix/dies  in  terms  of 
absolute  value  considerably  more  remaining  elements,  since  maximum 
velocity  produces  the  eddy/vortex,  directly  beyond  which  is  located 
the  calculation  point. 

The  results  of  nume 
the  existing  exact  solut 
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(V  = -)  and  for  the  rectangular  wing  of  very  snail  elongation  (X—^ 

0)  . In  this  case  is  examined  the  circulation  flew  about  the  wings 
indicated  with  the  arbitrary  dependences  of  the  Icinematic  parameters 
on  time,  including  harmonic  dependences,  and  also  the  noncirculation 
flow.  Thus  is  conducted  the  comparison  of  precise  and  numerical  data 

for  transient  functions,  coefficients  of  aerodynamic  derivative  and 
apparent  additional  masses  in  connection  with  tc  rigid  wing  and  the 
deforming  wing,  for  example  to  airfoil  with  flap. 


Another  method  of  control  is  it  is  the  systematic  investigation 
cf  the  practical  convergence  of  numerical  solution  with  an  increase 
in  the  number  of  eddy/vortices  n chordwise  of  wing  and  N along 
semirange  on  each  connected  vortex  line.  The  greater  the  value  of  n 
and  by  N,  the  higher  the  accuracy  of  the  conducted  numerical 
calculations.  In  order  to  virtually  determine  the  necessary  values  of 
n and  N,  one  should  establish/install,  from  which  values  of  n and  N 
the  results  of  the  calculations  practically  cease  to  depend  on  the 
number  of  eddy/vortices. 


As  is  known  (see  Chapter  VIT)  , reciprocity  theorem 

♦ 

establish/installs  communication/connection  between  aerodynamic  j 

characteristics  in  straight  line  and  that  which  was  turned  the  flows,  I 

when  forward  velocity  is  replaced  by  reverse/inverse,  flithin  the  I 

framework  of  the  linear  theory  of  the  consequence  of  reciprocity  | 
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thporem  i-h«»y  are  precise.  By  utilizing  known  corollaries  of  this,  it 
is  possible  to  conduct  the  control  of  data,  obtained  from  numerical 
calculations. 


Page  3 30. 

For  this  is  made  the  calculation  of  the  aerodynamic  characteristics 
of  the  direct/stra iqht  and  reverse/inve tse  wings  of  any  planforra  and 
compare  the  appropriate  characteristics. 


Everything  said  is  related  to 
coefficients  of  aerodynamic  deriva 
There  is  broad  a class  of  the  virt 
which  it  is  necessary  to  know,  whi 
one  strain  or  the  other  of  wing,  f 
or  aileron.  The  direct  method  of  t 
aerodynamic  loa,, dings  in  this  case 
highly  simplified,  if  them  are  con 
consequences  of  reciprocity  theore 
the  calculation  makes  it  possible 
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folloifs  that  during  an  infinite  increase  in  dinensionless  time  (t  ^ 

•)  , when  concludes  transient  process,  we  come  to  the  steady-state 
values  of  the  corresponding  derivatives  without  points,  in  the 
problem  oi  harmonic  oscillations  they  are  obtained  with  p ♦ 0; 

therefore  the  numerical  values  of  transient  functions  at  large  values 
tr can  be  monitored  those  which  were  obtained  from  another  numerical 
calculation  by  the  coefficients  of  aerodynamic  derivatives  with  very 
small  Strouhal  number  (p  * 0).  For  an  infinite-span  wing  are 

exact  solutions  with  p * ^ 0;  therefore  with  them  it  is  possible 

to  make  a comparison  of  the  value  of  the  transient  function, 
determined  at  large  r of  numerical  calculation,  since  occurs  the 
equality 


where 


is  a transient  function  of  the  coefficient  of 
aerodynamic  force  or  torque/moment.  Earlier  it  was  shown  (chapter 
VI),  that  there  is  communication/connection  between 


momentum/i mpulse/pulse  I 


-Ti  of  transient  function  and  the 

[Oi] 

coefficients  of  aerodynamic  derivatives  with  points  (c'^O  with  p 
0.  ilornen  tu  m/impul  se/pulse  from  transient  function  /[-4-]  can  be 
written  in  the  form 


'[t]=i  im-mi 


dx. 


Page  3.31. 


Th«  values  of  the  coefficients  of  aerodynairic  derivatives  with 
points  with  very  small  Strouhal  number  (p  * 0)  are  obtained 

independent  of  the  calculation  of  transient  functions,  whereupon  the 
last/latter  calculations  are  more  complex.  The  application/use  of  a 
theorem  of  momentum  permits  irplemention  of  a cross  check  of  each 
numerical  data,  numerical  calculations  of  aerodynamic  wing 
characteristics  with  arbitrary  Strouhal  numbers  it  is  possible  to 
control  with  the  aid  of  the  dependence,  obtained  by  the  calculation 
of  Duhamel  integral  and  which  relates  the  coefficient  of  aerodynamic 
derivative  with  the  appropriate  transient  function  ^^-^1 

J 

and  the  coefficient  of  apparent  additional  mass  (chapter  VI).  The 


indicated  communication/connection  has  important  practical  value. 
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way  to  obtain  the  coefficients  of 
e range  of  Strouhal  nunbers. 
ine  transient  functions  than  the 
tives  depending  on  Strouhal  number. 

numerical  calculations  regarding 
od  . 

Iculations  with  the  aid  of  Duhamel 
out  according  to  this  diagram: 


1.  Direct/straight  calculation  of  transient  functions.  Here  the 
kinematic  parameters  are  changed  on  stepped  chaconne. 

2-  Direct/straight  calculation  for  any  law  of  change  qi,  in 
particular  harmonic. 

3.  Calculation  of  aerodynamic  wing  characteristics  under  the 
same  law,  as  in  point/item  2,  but  with  the  aid  cf  transient  function 
and  the  integral  of  Duhamel.  Comparison  of  these  results  with  those 
which  were  obtained  in  point/itea  2- 

Aftor  above  reception/procedures  indicated  is  provided  the 


necessary  accuracy  of  numerical  calculations,  can  be  considered  as 
them  virtually  precise  data  of  linear  theory. 
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Page  332. 

The  comparison  of  these  data  with  reliable  data  of  experiment  makes 
it  possible  to  reveal/detect/expose  the  correctness  of  the  diagram  of 
phenomenon,  placed  as  the  basis  of  linear  theory,  and  also  to  explain 
the  ways  of  its  refinement. 

As  can  be  seen  from  chapter  VIII,  monitoring  of  the  reliability 
of  the  obtained  from  experiment  results  for  unsteady  characteristics 
represents  also  very  complex  problem.  Therefore  the  systematic 
comparison  of  experimental  and  calculated  data  is  good  means  of  cross 
check.  Comparison  is  done  for  stationary  and  unsteady  characteristics 
during  harmonic  oscillations  and  with  arbitrary  time  dependences.  The 
study  of  the  structure  of  the  flow  about  the  model  makes  it  possible 
to  rate/estimate  the  field  of  application  of  a linear  theory.  In 
connection  with  this  it  is  necessary  to  keep  in  mind  that  during  the 
unsteady  motion  of  wing  the  separating  mode/conditions  of  flow  can  be 
observed,  also,  at  such  angles  of  attack,  with  which  in  the  case  of 
steady  motion  is  obtained  the  even  flow.  Experimental  research  on 
separating  phenomena  is  very  complicated,  since  the  character  of 
breakaways  is  determined  by  all  similarity  criteria  and  the 
simulation  of  phenomenon  here  becomes  very  difficult.  Unfortunately, 
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in  experiment  not  it  is  always  easy  to  reveal/detect  a change  of  the 
structure  of  the  flow  about  the  model  in  the  process  of  oscillations, 
as  one  of  the  possible  sign/criteria  of  this  can  serve  the  powerful 
Reynolds  number  effect  on  the  coefficients  of  aerodynamic  derivative. 
Tt  should  be  noted  that  on  the  oscillating  models  of  the  phenomenon 
of  breakaway  frequently  they  do  not  load  to  the  disturbance/breakdown 
of  the  linear  dependence  of  aerodynamic  loadings  on  the  kinematic 
parameters.  This  can  be  explained  by  the  facts  that  during  position 
tests  the  passage,  for  example,  from  one  value  of  angle  of  attack  to 
another  is  completed  during  very  large  time  interval  and  the 
character  of  the  flow  about  the  model  manages  to  be  changed  together 
with  change  a„  on  the  contrary,  during  oscillations  with  sufficiently 
high  frequency  and  small  amplitude  on  model  is  realized  certain 
averaqc/mean  virtually  the  constant/invariable  in  time  structure  of 
flow,  that  also  leads  to  the  linear  dependences  of  aerodynamic  forces 
and  torque/moments  on  the  kinematic  parameters. 


52.  Chaplygin  - Joukowski's  hypothesis.  Distributed  characteristics. 


The  numerical  calculations  of  circulations  conducted  make  it 
possible  to  establish  that  the  taken  calculation  procedure  provides 
the  execution  of  G-haplygina  - Joukowski’s  hypothesis  on  trailing  wing 
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Let  us  examine  the  at  first  harmonically  oscillating  wing  of 
infinite  elongation  (X  = -)  . 

Page  3:^3. 

For  it  there  is  exact  solution,  which  determines  the  circulations  of 
bound  vortexes,  in  particular  their  intensity  7,  caused  by  motions 
with  the  angle  of  attack  a(Y“)  and  of  angular  velocity  \y“^)  with  p 
0,  For  the  wing  indicated  with  .tt  = 0 was  produced  the  numerical 
calculation  of  circulations  with  the  different  number  of  bound 
vortexes  chordwise  of  wing  (n  = 5,  16,  30).  As  show  given  data  (Fig. 
14.1  and  14.2),  there  is  a tendency  of  reduction  to  zero  appropriate 
circulation  on  trailing  wing  edge  (6  = x/b  = 1.0).  This  especially  is 
noticeable  with  a large  quantity  of  undertaken  chordwise  of  wing 
eddy/vortic'ss  (n  = 30).  Numerical  calculation  for  an  infinite-span 
wing  coincides  well  with  exact  solution  virtually  on  an  entire  wing 
chord.  Analogous  curves  for  circulations  y“>  't<  are  given  in 

Fig.  14.3-14.6,  whereupon  circulations  v"'  are  calculated  with 
centering  = 0,5,  therefore  inversion  v"'  into  zero  it  occurs  at  the 
point  F = 0.5,  which  now  corresponds  tc  trailing  edge.  Numerical 
calculations  mak^  it  possible  also  to  judge  how  is  fulfilled  the 
hypothesis  indicated,  also,  for  aperiodic  motion.  Figure  14.7-14.9 
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depicts  the  picture  of  a change  in  the  intensity  of  vorticity  layer 


chordwise  of  delta  wing  (X  = 2.31)  for  the  law  of  a change  in  the 


angle,  depicted  on  Fig.  14.7,  and  the  different  torque/moments  of 


dimensionless  time  and  three  wing  secticns:  z = 0;  0,50;  0^83.  Zdes6 


bezrazmerna4  koordinata  x’/b'  = 0 correspond  to  the  wing  leading 


edge,  x*/b'  = 1 - to  trailing  edge.  The  character  of  the  given  curves 


testifies  to  the  tendency  of  reduction  to  zero  appropriate 


circulation  on  trailing  wing  edge. 


An  abrupt  change  in  the  boundary  condition  on  surface  of  wing 


usually  leads  to  the  appearance  of  special  feature/peculiarities  in 


the  distributed  characteristics.  As  an  example  that  serves  the  case 


of  the  deviation  of  control  surface  of  certain  angle  6 (r)  at  the 


zero  angle  of  attack  of  wing.  Data  given  in  Fig.  14.10  for  the  plate 


of  infinite  span  (6,,  = 0,25),  show  that  the  special  feature/peculiarities. 


which  occur  during  the  deflection  of  control,  automatically  recover 


by  the  taken  calculation  procedure.  In  points  cf  rupture  the 


coefficient  of  aerodynamic  derived  load  without  point  (p*i))  has 


logarithmic  special  feature/peculiarity  [2.52].  These  special 


feature/peculiarities  are  observed  on  the  wings  of  the  final 


elongation,  including  complex  planform.  Figure  14.11  gives  the 


results  of  the  calculations  for  the  wing  of  aircraft  "Concorde"  with 


the  control,  arrange/located  into  parts  of  the  span  of  this  wing.  The 


coefficients  aerodynamic  derivative  loads  with  points  above 
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sppcial  featucp/peculiarity  indicated  do  not  have.  This  is  connected 
with  the  fact  that  the  right  sides  of  boundary  condition  (3.56) 
contain  the  function  1^6(1),  which  is  changed  continuously,  and 
function  suffers  discontinuity/interruption  on  control. 

Page  334. 


Fig.  14.1.  Comparison  of  precise  and  numerical  calculations  of  wing  X 
= -.  Unbroken  curve  is  exact  solution,  points  are  a numerical 
calculation. 
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Fig.  14.3.  Fig.  14.4. 

Fig,  14.3.  Comparison  of  precise  and  numerical  calculations  of  wing  A 
= -.  Curves  are  a numerical  calculation,  pcints  are  exact  solution. 

Fig.  14.4.  Coaparison  of  the  precise  and  numerical  calculations  of 
wing  X = • Curves  are  a numerical  calculation,  points  are  exact 


solut ion. 


DOC  = 771S4314 


PAGE  «L  ^ 


Fig.  14.5 


Fig.  14.6. 


Fig.  14.5.  Comparison  of  precise  and  numerical  calculations  of  wing  \ 
■a  . (iT-o.i).  Curves  are  a numerical  calculation,  points  are  exact 

solution. 


■■Hiini 
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Pig.  14.8.  Circulation  control  chordwise  of  delta  wing  X 


Fig.  14.4.  Circulation  control  chordwise  of  delta  wing  X 


plate  of  infinite  span  with  control  Curve  is  exact  solution 


points  are  numerical  calculation,  n = 60 


Fig.  14.11.  Coefficients  aerodynamic  derivative  loads  of  wing  with 
aircraft  control  surface  "Concorde". 


’ 
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wing  of  aircraft  F-111. 

Fig.  14.15.  Schematic  of  the  wing  of  aircraft  F-111. 

Page  338, 

The  developed  numerical  calculation  method  is  valid  for  the 
wings  of  arbitrary  planform,  including  for  the  wings,  which  have 
fractures  on  leading  and  trailing  edges.  The  law  of  the  load 
distribution  or  circulations  according  to  the  span  of  such  wings  can 
have  a series  of  special  feature/peculiarities.  The  method  of 
discrete  eddy/vortices  makes  it  possible  to  consider  these  special 
feature/peculiarities,  without  being  given  previously  their  form.  In 
this  case  it  is  necessary  only  so  to  arrange/lccate  eddy/vortices,  in 
order  to  section  z = const,  in  which  occur  the  fractures  of  edges, 
they  were  underbaked  beyond  the  boundaries  of  oblique  eddy/vortices. 
Tn  Fig.  14.12-14.14  are  given  results  of  the  numerical  calculations 
of  circulations  r“,  I'"*  and  for  the  wing  of  complex  planform  for 

aircraft  F-111  with  sweep  angles  on  leading  edge  x!,"  = 72°,5,  Xo'’  = 30°  and 
elongation  X * 6.43  {Fig.  14.15). 


' 

: 

'■i 


From  the  presented  materials  it  follows  that  in  the  sections, 
which  correspond  to  the  fracture  of  leading  wing  edge,  is  observed 
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the  (iiscontinuity/interruption  of  the  circulations  of  vortex  lines, 
whereupon  the  total  circulation  of  the  wing  in  question  on  its 
spread/scope  is  changed  continuously.  From  the  common/gene ral/total 
theorems  of  mechanics  it  follows  that  from  wing  cannot  converge  the 
infinite  fine/thin  vortex  lines  of  the  final  intensity,  since  they 
would  cause  in  Trefftz's  plane  the  infinite  in  value  kinetic  energy 
of  liquid.  This  would  lead  to  infinite  wing  drag,  which  is  physically 
impossible. 


Fig.  14.16.  Dimensionless  circulation  i’«  on  the  spread/scope  of 
sweptback  wing  X = 2.5,  / o ~ 60®,  ’i  = 2. 

Fig.  14.17,  Dimensionless  circulation  r“*  on  the  spread/scope  of 
sweptback  wing  X = 2.5,  >Lo  = 60®,  n = 


2. 
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Fig.  14,21.  Dimensionless  circulation  r“-^  on  the  spread/scope  of 
sweptback  wing  \ = 2, 5»  = 60®, -V)  = 2. 

Page  340. 

For  a wing  with  constant  sweepback  (X  = 2,5;  Xo  = 60®,  7)  = 2) 
subsequent  the  dimensionless  quantities  of  circulations 
r“,  r“i,  1“',  I'*,  For  this  wing  the  circulation  of  each  vortex  line 

i»st  as  total  circulation  22''*'.  is  continuous  on  entire  span  of 
wing  and  does  not  have,  as  one  would  expect,  fractures  (Fig. 
14.16-14.2  1)  . Dimensionless  circulations  n*<,  n<),  r<“)  along  the 
spread/srone  of  rectangular  wing  x = 1.0  (Fig.  14.22),  obtained  for  a 
noncirculating  flow,  are  also  continuous  and  do  not  have  fractures 
(Fig.  14.2  3-  14.  25). 


Fig.  14.22.  Fig.  14.23. 

Fig.  14.22,  To  the  determination  of  circulations  of  rectangular  wing 
X = 1. 


Fig.  14.23.  Dimensionless  circulatio  r<’>  rectangular  wing  X = 1.0 
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Fig. 


Fig. 


Pig. 


L. 


14.  24 


Fig.  14.25. 


14.24.  Dimensionlpss  circulation  no  rectangular  wing  \ = 1 


14.25.  Diaens  ion  less  circulation  r«>)  rectangular  wing  X = 1 
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Page  341. 

Attention  is  drawn  to  the  sufficiently  conplex  law  of  a circulation 
control  of  discrete  vortices  in  the  wingspan  in  the  majority  of  the 
given  here  examples.  Therefore  it  is  difficult,  using,  for  example, 
the  method  of  t ho  expansion  of  circulations  in  a series,  to  fit  the 
approaching  law  of  its  change  with  the  limited  number  of  terms  of 
expansion. 


53.  Comparison  of  numerical  calculations  with  exact  solutions. 


During  the  final  adjustment  of  the  rational  procedure  of 
numerical  calculations  the  results  of  the  latter  are  compared  with 
the  available  exact  solutions  for  the  wings  infinite  and  very  small 
elongations.  Let  us  examine  at  first  infinite-span  wing.  Employing 
the  presented  in  the  preceding/previous  chapter  procedure  are 
produced  numerical  calculations  for  different  Strouhal  numbers  p *. 
Higher  Fig.  14.3-14.6  depicts  the  laws  of  a change  in  the  intensities 
of  bound  vortexes  y“,  y*.  y“'.  along  wing  chord  for  determined 
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Strouhal  numbers  (p  ♦ = 0—2).  On  these  diagrams  are  plotted/applied 
the  points  for  two  cases;  p ♦ 0 and  p ♦ — ^ »,  obtained  from 

exact  solu  + ion  (13.21),  (13.32)  and  (13.33).  As  we  see,  numerical 

calculation  in  these  cases  coincides  sufficiently  well  with  exact 
solution.  The  total  coefficients  of  the  aerodynamic  derivatives  of 
plate  \ • depending  on  Strouhal  number  for  harmonic  oscillations 

and  an  harmonic  gust  are  given  in  the  preceding/previous  chapter  in 
Fig.  13. 2- 13.5.  Along  with  exact  solutions  are  plotted/applied  the 
results  of  numerical  calculations.  As  for  distributed  loads,  the 
results  of  the  numerical  calculation  of  the  total  coefficients  will 
agree  well  with  exact  solutions  in  all  range  of  Strouhal  numbers  p *. 


For  the  wings  of  the  final  elongation  numerical  calculations  are 
compared  with  exact  solutions  for  the  rectangular  wings  of  very  small 
elongations  (13.86)  in  the  extreme  case  of  p * 0 (dotted  curves 

in  Fig.  14.26-14.33).  The  carried  out  comparison  it  indicates  the 
completely  satisfactory  coincidence  of  the  coefficients  of 
aerodynamic  derivatives  for  small  wing  aspect  ratios  (A  s 0.25-0.50). 


For  wings  with  an  instantaneous  change  in  the  angle  of  attack  or 
the  upon  gradual  entrance  into  step  gust  also  it  is  possible  to 
conduct  the  control  of  numerical  calculation,  by  comparing  it  with 
exact  solution.  In  this  case  for  an  infinite-span  wing  the  comparison 
produces  for  entire  range  of  a change  in  the  dimensionless  time  r. 
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Fiq.  14. 2R.  Thp  effect  of  Strouhal  nuaber  on  the  derivative  of 

rectangular  wings;  unbroken  curves  are  a nuierical  calculation, 
do^’tod  curve  is  exact  solution,  points  are  the  calculation  according 
to  Duhamel  integral  u^-b). 
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Fiq.  14.29.  The  effect  of  Strouhal  numter  on  the  derivatiire  of 

4 

rectangular  wings;  unbroken  curves  are  a numerical  calculation, 
dotted  CMV'ie  is  exact  solution,  points  are  the  calculation  according 
to  Duhamel  integral. 


f 


Fig.  14.30.  The  effect  of  Strouhal  numter  on  the  derivative  cj  of 
rectangular  wings;  unbrcken  curves  are  a numerical  calculation, 
dotted  curve  is  exact  solution,  points  are  the  calculation  according 
to  Duhamel  integral. 

Fiq.  14.31.  The  effect  of  Strouhal  number  on  the  derivative  m*  of 
rectangular  wings;  unbroken  curves  are  a numerical  calculation, 
dotted  curve  is  exact  solution,  points  are  the  calculation  according 
to  Duhamel  integral 


4 


Page  344. 


I 


As  they  show  data  given  for  a plate  X = - (see  Fig.  13.6-13.9)  , 
numerical  calculations  coincide  well  with  precise  in  all  investigated 
range  •t'.  Furthermore,  is  observed  tendency  toward  the  coincidence  of 
the  numerical  values  of  transient  functions  with  very  large  r with 
the  data  of  asymptotic  equalities. 
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For  an  infinite-span  wing  is  carried  out  the  conparison  of 
nunerical  calculation  with  exact  solution  during  noncirculating  flow. 
As  it  will  be  shown  below  (see  Fig.  14.51),  the  coefficients  of 
apparent  additional  masses  and  k^*,  obtained  from  numerical 

calculations  with  the  large  number  of  bound  vortexes,  will  agree 
sufficiently  well  with  the  appropriate  exact  solution. 

i y 

; Investigation  of  the  practical  convergence  of  solution  with  an 

( 

increase  in  the  number  of  bound  vortexes. 


one  of  the  methods  of  the  control  of  numerical  calculations  is 
the  investigation  of  the  practical  convergence  of  numerical  solution 
with  change  in  the  number  of  bound  vortexes  n along  chord  and  N on 
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rectanquiar  winqs;  unbroken  curves  are  a numerical  calculation, 
dotted  curve  is  exact  solution,  points  are  the  calculation  according 
to  Duhamel  integral 

Fig.  14.33.  The  effect  of  Strouhal  number  on  derivative 
rectangular  wings;  unbroken  curves  are  a numerical  calculation, 
dotted  curve  is  exact  solution,  points  are  the  calculation  according 
to  Duhamel  integral. 

Page  3^5. 


I 


For  an  infinite-span  wing,  designed  on  presented  in  chapter  X to 
procedure,  is  made  a evaluation  of  the  effect  of  the  selected  number 
of  bound  vortexes  on  the  coefficient  of  aerodynamic  derivative  C 
for  each  assigned  value  of  Strouhal  number.  From  the  given  diagram 
(Fig.  14.34)  it  is  evident  that  with  small  Strouhal  numbers  (p  * < 1) 

! 

) ' the  network,  which  consists  of  6-0  bound  vortexes,  already  gives  1 

virtually  sufficiently  precise  characteristics.  However,  the  greater 
Strouhal  number,  the  by  the  large  quantity  of  vertex  lines  necessary 
to  replace  vorticit  y layer  in  order  to  obtain  reliable  results.  So, 

I 

with  p * = 2.0  acceptable  results  gives  the  scheme  which  consists  of 


20  bound  vortexes 


t 
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For  the  winqs  of  the  final  elongation  the  analysis  of  the 
convergence  of  numerical  solution  is  carried  out  by  Ye.  n.  Moiseyev 
with  the  aid  of  the  curves,  arguments  cf  which  are  the  values  of  a 
quanti'^y  of  eddy/vortices  chordwise  n (N  = const)  and  semirange  N (n 
•=  const).  As  already  previously  it  was  indicated,  here  n and  N - 
integers;  therefore  the  given  below  curves  tear  conditional 
character.  Analysis  is  carried  out  in  examples  of  the  wings  of  small 
and  grea^  lengthenings  - two  direct/straight  and  two  swept  (.ry  = 0,5). 

The  geometric  parameters  of  the  investigated  wings  are  given  in  table 

1 

14.1. 

Figure  14.35-14.42  depicts  to  the  dependence  of  unsteady  I 

aerodynamic  characteristics  and  m\>  on  n and  N with  p * — ^ 0, 

which  make  it  possible  to  -judge  +-he  selection  of  the  rational 

vortex/eddy  schematic  of  wing.  As  show  the  given  materials,  and  also 
these  works  ri.24],  for  determining  the  coefficients  of  aerodynamic 
derivatives  usually  it  is  sufficient  tc  take  the  vortex/eddy 
schematic  of  wing  with  the  number  of  eddy/vortices  n = 6-8  and  N = 

12-15, 

During  investigations  in  the  final  adjustment  of  the  nunerical 


methods  of  the  calculation  of  the  different  types  of  aperiodic  motion 
is  used  the  same  approach,  which  was  used  for  harmonic  oscillations. 


J 
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Fiq.  14.35.  Effect  of  the  number  of  vortex  lines  n on  deri  vati  ve  cj. 


Key:  ( 1)  . Winq. 

Fig.  14.36.  Effect  of  the  number  of  vortex  lines  n on  deri  vati  ve 


Key:  ( 1)  . ving. 

Fiq.  14.37.  Effect  of  the  number  of  vortex  lines  n on  derivative 


Key:  (1)  . wing. 

Fig.  14.38.  Effect  of  the  number  of  vortex  lines  n on  derivative  m*-». 


Key:  (1) . Wing. 
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Fiq.  14,39.  Effect  of  the  number  of  bands  N on  derivative  c*. 

Key:  ( 1)  . Wing. 

Fiq.  14,40.  Effect  of  the  number  of  bands  N on  derivative 

Key:  ( 1)  . wi ng. 

Fiq.  14.41.  Effect  of  the  number  of  bands  N on  der ivative m“*- 

Key:  (1).  Wing. 

Fig.  14.42.  Effect  of  the  number  of  bands  N on  derivative 

Key:  (1).  wing. 

Page  348. 

For  an  infinite-span  wing  according  to  the  method,  presented  in 
chapter  XI,  is  made  a evaluation  of  the  effect  of  the  number  of  bound 
vortexes  n on  aerodynamic  wing  characteristics,  in  this  case  were 
undertaked  three  values:  n •=  5,  1C,  20. 
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Above  (see  Fiy.  13.6-13.9)  were  given  the  dependences  of  the 
transient  functions  of  lift  and  pitching  moaient  of  dinensionless  tine 
T with  a stepped  variation  in  a/a  * (Figs.  13.6,  13.7)  and  the  upon 
gradual  entrance  (Figs.  13.8,  13.9)  into  step  gust.  Points  answer 
numerical  calculations;  unbroken  curve  corresponds  to  exact  solution, 
dotted  line  - to  the  limiting  value  of  the  corresponding  transient 
function  with  T: — i«e-»  ^he  corresponding  coefficient  of 

aerodynamic  derivative  with  p ♦ 0.  PrcB  the  preceding 

information  it  is  evident  that  it  suffices  to  simulate  wing  5-10  by 
eddy/vortices  chordwise  in  order  to  obtain  the  reliable  solutions, 
which  coincide  on  all  range  t with  precise.  This  is  correct  for  two 
basic  mode/conditions  of  an  aperiodic  motion:  an  instantaneous  change 
in  the  kinematic  parameters  and  gradual  entrance  of  wing  into  stepped 
gust. 

The  effect  of  the  number  of  the  bound  vortexes,  which  simulate 

! 

finite-span  wing  both  on  the  chord  and  cn  semirange  (N)  to  the  | 

I 

coefficients  of  lift  and  pitching  moment  it  is  shown  in  Fig.  ^ 

14.  43-14.46.  I 


!■ 

I ••  ' 

* • 


‘i 
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Fig-  14.43.  Effpct  of  the  number  of  bound  vortexes  N on  the  lift  of 
reotanqular  wing  >■  = 2.31  with  n = 5. 
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Fig.  14.44.  Effect  of  the  number  of  bound  vortexes  N on  the  pitching 
moment  of  rectangular  wing  ^-2.31  with  n = 5 


Fig.  14.45.  Effect  of  the  number  of  bound  vortexes  N on  the  lift  of 
delta  wing  with  n = 5. 


1 


Page  350. 

Are  here  examined  two  wings  with  lengthening  X = 2.31;  rectangular 
and  triangular,  whereupon  for  constant  value  of  n = 5 it  is 
undertaked  by  N = 2,  5,  9,  11;  during  a change  in  number  n underbaked 
by  N = 6,  These  investigations  are  carried  out  in  an  example  of  the 
smooth  law  of  a change  in  the  kinematic  parameters  in  dimensionless 
time  T (see  Fig.  14.7).  As  can  be  seen  from  the  graphs,  with  a fixed 
number  of  vortices  along  the  chord  n = 5 number  of  eddy/vortices  on 
the  semirange  of  wing  can  be  in  practical  calculations  taken  as  equal 
to  N = 10-12.  The  effect  of  number  n noticeably  manifests  itself  only 
at  low  values  t and  n.  The  number  of  ed dy/vort ices  of  order  n = 6-10 
is  sufficient  for  obtaining  reliable  results. 

Aerodynamic  characteristics  during  a stepped  variation  in  the 
kinematic  parameters  in  time  are  examined  in  an  example  of 


r 
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rectangular  and  delta  wings  with  lengthenings  X = 2.5  (ir  = 0).  Figure 
14.U7-14-50  depicts  to  ^he  dependence  of  transient  functions  of 
dimensionless  time  t for  an  instantaneous  and  gradual  entrance  into 
gust.  For  a rectangular  wing  the  total  number  of  bound  vortexes  is 
undertaked  nN  = 40  (n  — 5,  N = 8)  and  nN  = 56  (n  = 7,  N = 8) ; for 
delta  wing  nN  = 35  and  nN  = 60.  Dotted  line  carried  out  limiting 
cases  T Thus,  independent  of  the  law  cf  a change  in  the 

kinematic  parameters  in  time  the  practical  convergence  of  the  results 
of  numerical  calculation  can  be  reached  by  the  replacement  of  the 
vor^-icity  layer  of  wing  approximately  sixty  by  bound  vortexes. 

Investigations  in  the  development  of  the  rational  circuit  of  the 
calculation  of  the  coefficients  of  apparent  additional  masses  are 
carried  out  by  E.  P.  Kapustina  for  the  wings  of  different  planform  on 
the  basis  of  the  method,  presented  in  chapter  XII.  Let  us  examine  at 
first  infinite-span  wing  (X  = «)  . Figure  14.51  shows  the  effect  of  j 

the  number  of  eddy/vortices  m = nN,  by  which  is  simulated  the  plate,  | 

to  the  coefficients  of  apparent  additional  masses  and  k**  (fr  ■=  0.5).  I 

-i 

From  the  preceding  information  it  is  evident  that  effect  m is  i 

substantial  only  for  the  small  number  of  eddy/vortices,  whereupon  for 
m « numerical  calculations  coincide  with  exact  solution.  For  the  j 

i 

wings  of  the  final  lengthening  the  effect  of  the  total  number  of  ] 

eddy/vortices  nN,  by  which  is  simulated  the  semiranqe  of  wing,  it  is  j 

■j 

1 

shown  for  the  rectangular  and  delta  wings  cf  different  lengthening  in 


Fig.  14.52-14.55. 
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Fiq.  14.47.  Effect  of  the  number  of  bound  vortexes  on  the  lift  of 

^ 1 

rectangular  wing  X = 2. 5. 

Fig-  14.48.  Effect  of  the  number  of  bound  vortexes  on  the  pitching 
Bonient  of  rectangular  wing  X = 2. 5 

Fig.  14.49.  Effect  of  the  number  of  bound  vortexes  on  the  lift  of 
delta  wing  X = 2.5. 

Fig.  14.50.  Effect  of  the  number  of  bound  vortexes  on  the  pitching 
moment  of  delta  wing  X = ?•.  5 

Page  352. 

Centering  was  taken  on  the  middle  of  root  chord  (xr  = 0,5).  The  dot-dash 
straight  line  in  Pig.  14.52,  carried  out  frcm  the  origin  of 
coordinates,  corresponds  to  the  wing  of  very  small  lengthening  (X -> 

0). 

Let  us  note  one  special  feature/peculiarity,  which  must  be  born  ^ 

in  mind  during  vorticity  distribution  on  the  fine/thin  wing,  when  are  j 

calculated  its  apparent  additional  masses.  If  during  the  circulation 
flow  about  the  direction,  parallel  tc  the  spread/scope  and  wing 
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chord,  were  not  equivalent  and  the  character  of  the  flow  about  the 
leadinq,  trailing  and  the  flank  edges  qualitatively  it  was 
distinguished,  then  in  the  case  being  investigated  there  will  be 
different  picture;  all  wing  edges  qualitatively  flow  themselves 
equally,  of  each  of  the  edges,  generally  speaking,  ace  formed 
infinite  evacuation/rarefactions,  etc.  Therefore,  when  are  examined, 
for  example,  forward/progressive  oscillations  (k^j)  of  square  wing 
along  axis  Oy,  perpendicular  to  wing  plane,  all  sides  are  located 
under  identical  conditions  and  logical  to  take  the  identical  number 
of  bound  vortexes  both  cherdwise  and  on  spread/scope.  It  is  possible 
that  during  asymmetric  motions  oven  of  square  wing  will  be 

reveal/detect/exposed  the  need  for  in  one  direction  taking  a larger 
quantity  of  eddy/vortices,  than  on  another.  ; hewever,  even,  here  we 
will  not  obtain  the  qualitative  difference  in  the  flow  about  the  wing 
edges,  as  this  is  observed  during  circulation  flow,  i.e.,  during  the 
calculation  of  the  coefficients  of  aerodynamic  derivatives. 

The  given  materials  show  that  the  total  number  of  eddy/vortices 
60-100  usually  provides  practical  convergence  of  numerical  solution 
and  obtaining  reliable  data  on  the  coefficients  of  apparent 
additional  masses. 


In  conclusion  let  us  give  the  results  of  the  investigation  of 
the  effect  of  the  number  of  separations  n chordwise  of  the  wing  of 
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very  great  lengthening  (X  = -)  with  the  being  deflect/diverted 
control  surface.  The  numerical  calculations  of  transient  functions 
for  the  6-proble’n  were  performed  with  three  numbers:  n = 8,  16,  32 
(fig  14.56,  14.57). 


Fig.  14.51.  The  effect  of  the  total  number  of  eddy/vortices  m on  the 
coefficients  of  the  apparent  additional  masses  of  wing  X * 
unbroken  curves  are  numerical  calculations,  dotted  line  is  exact 
solut ion. 


^N-50\ 


i — 

r 

r“ 

— 

1 — 

r" 

1 

n 

L_ 

— 1 

\ 

•V— 

I 

±. 

r~ 

\ 

i 

f" 

r 

! 

m 

' 

w 

-IL_ 

’ 

J 

— I 

! 

_1_4 

1 

i 

1 

1 

u 

J_ 

_J 

_i 

_J 

r 

n 

] 

p= 

1 

t 

1 

1 

' if 

1 

'' 

! 

§ 

32 

IZ 

3 

DOC 


77154314 


PAGE 


b5(f 


Fiq.  14.52.  The  effect  of  the  numtet  of  edd y/ vort ices  nS  on  the 
coefficient  of  apparent  additional  mass  unbroken  curves  are 

rectangular  wing,  dotted  line  is  triangular. 

Fig.  14.53.  Effect  of  the  number  of  ed dy/ vort ices  nN  on  the 
coefficient  of  apparent  additional  mass  kg*  for  a delta  wing-  For 
rectangular  wing  kg*  = 0. 

Fig.  14.54.  The  effect  of  the  number  of  eddy/vcrtices  nH  on  the 
coefficient  of  apparent  additional  mass  k**;  unbroken  curves  are 
rectangular  wing,  do-^ted  lino  is  triangular. 


14.55.  The  effect  of  the  number  of  eddy/vortices  nN  on  the 
coefficient  of  apparent  additional  mass  k**;  unbroken  curves  are 
rectangular  wing,  dotted  line  is  triangular. 
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Pig.  14.  SS.  Effect  of  the  number  of  edd y/ vortices  n on  the  transient 
function  of  airfoil  lift  X = - with  control  (^p-0.25). 


Fig.  14.57.  Effect  of  the  number  of  edd y/ vertices  nnn  on  the 
transient  function  of  the  pitching  moment  of  wing  X = - by  control 

(lp-0.A 


Page  355. 

On  these  curve/graphs  dotted  line  designated  the  limiting  values  of 
the  corresponding  transient  functions  (t  — ^ , obtained  from  the 

known  solution  of  simpson  [2.44].  From  the  given  materials  it  follows 
that  with ''n  > 30  numerical  calculations  reflect  sufficiently  well  the 
real  picture  of  phenoraenon- 
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55.  Checking  of  numerical  calculations 
theorem. 


with  the  aid  of  reciprocity 


i 


The  reciprocity  theorem  and  all  consequences,  which  escape/ensue 


from  it,  as  is  known,  are  precis®  within  the  framework  of  linear 
theory  (chapter  VII).  Is  carried  cut  below  the  control  of  the 
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aerodynamic  characteristics,  obtained  by  numerical  calculations,  with 
♦•he  aid  of  the  consequences  of  reciprocity  theorem. 


With  centering  xt  = 0,5  for  the  wings  of  any  lengthenings,  in 
particvilar,  they  occur  of  the  equality 


w.  u a 


These  relationship/ratios  for  rectangular  wings  (among  other  things 
for  the  wings  of  very  small  and  infinite  lengthening)  are  fulfilled 
with  any  n and  N accurately;  therefore  they  cannot  serve  as  the 
method  of  the  control  of  numerical  calculations.  Figure  14.58-14.61 
gives  the  results  of  the  numerical  calculations,  made  for  the 
direct/str  aight  ( (^j  = 0)  and  reverse/inverse  ( Xo  = 0)  delta  wings  of 
different  lengthening. 
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Ficj.  14.58. 


Fig.  14.59. 


Fiq.  14.58.  Comparison  of  the  calculations  cj  for  direct/straight 
and  reverse/inverse  delta  wings. 

Fig.  14.59.  Comparison  of  the  calculations  and  for 

direct/straight  and  reverse/inverse  delta  wings 
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Eiq.  14. fO.  Comparison  of  the  calculations  m**  for  direct/stra iqht 
and  rev^erse/inverse  delta  vinqs  (-er”®'’). 


Eiq.  14.61.  Comparison  of  the  calculations  "‘xf'  for 
direct/straight  and  re  verso/in  verse  delta  wings.. 


Fig.  14.62.  Comparison  of  the  calculations  of  the  transient  functions 
of  straight  line  (unbroken  curves)  and  re  verse/inverse  (dotted  line) 
delta  wings  X = 2.  5 (<r“®)- 


Fig.  14.63.  Comparison  of  direct/straight  calculation  (unbroken 
curves)  with  the  calculation  according  to  the  reciprocity  theorem 
(dotted  line)  of  rectangular  wing  X = 2.5  with  control 


Page  357. 


In  all  investigated  cases,  and  also  on  the  basis  of  the  results 
ri-2P1  is  obtained  sufficient  accuracy  of  the  made  calculations.  Let 
us  note  that  all  t h*'  given  coefficients  of  the  aerodynamic 
derivatives  were  calculated  for  the  case,  when  for  significant 
dimension  is  underbaked  root  wing  chord,  and  reference  point  arranged 
on  the  middle  of  this  chord. 
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Rpciprocity  theorem  is  valid  not  only  during  hamonic 

oscillations.  With  thp  arbitrary  dependences  of  the  kineiiatic 

parameters  on  time,  in  particular  upon  the  entrance  of  wing  into  step 

qust,  also  occur  precise  equalities,  which  relate  the  total 

coefficients  of  direct/straight  and  reverse/inverse  wings  with  any  r. 

Figure  14.62  gives  the  materials  of  the  comparison  of  numerical 

calculations  for  a straight  line  and  reverse/inverse  delta  wings  (X  = 

a: , 

2,5)  during  a stepped  variation  in  the  angle  of  attack  -•»  As  we  see, 
the  coefficients  of  transient  functions  [tj,/a’]  for  direct/straight  and 
inverse  wings  are  equal.  Is  fulfilled  also  relationship/ratio 


The  use  of  a reciprocity  theorem  for  wings  with  mechanization 
makes  it  possible  to  simplify  the  numerical  calculations  of  such 


rig-  14.64.  Comparison  of  direct/atr aight  calculation  (continuous 
curve)  with  the  calculation  according  to  the  reciprocity  theorem 
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(dotted  line)  of  rectangular  wing  X = 2.5  with  control 

14.65.  Comparison  of  direct/straight  calculation  (unbroken  curves) 
with  the  calculation  according  to  the  reciprocity  theorem  (dotted 
line)  of  rectangular  wing  x-^sc  with  aileron 

Page  358. 

Having  circulation  distribution  according  to  the  span  of 
reverse/inverse  wing,  it  is  not  difficult  to  obtain  the  total 
coefficients  of  the  aerodynamic  derivatives  of  straight  wing  with 
mechanization  (chapter  VII).  As  an  example  Fig.  14.63-14.65  gives  the 
dependences  of  derivatives  A,  cJp,  m*'’,  m*'',  m**,  given 

spread/scope  of  control  Ip  = 2/,,//  and  aileron 

respectively.  Examined  rectangular  wing  (X  = 2.5)  with  relative  chord 
cf  con+^rol  ii,,  = 0,5  (aileron  6.,  = 0,5)  for  the  case,  when  the  origin  of 
coordinates  is  located  on  the  middle  of  wing  chord.  Foi  above  wing 
indicated  with  mechanization  was  carried  out  direct/st'^aig  ht 
calculation  of  derivatives,  determining  the  effectiveness  of  this 
mechanization,  and  also  the  calculation  according  to  reciprocity 
theorem.  The  agreament  of  two  methods  of  the  calculation  in  question 


turns  out  to  be  completely  satisfactory. 


DOC  = 771S431U  PAGF  4^  Cr  5 

5fi.  cheeking  of  the  calculations  with  the  aid  of  the  theorem  of 
raomentum  and  Duhamel  integral. 

Ar  has  already  been  indicated,  the  application/use  of  a theorem 
of  momentum  makes  it  possible  to  integral  ccntrol  the  behavior  of 
transient  function  in  all  range  of  change  T.  As  an  example  is  carried 
out  the  comparison  of  derivatives  c*,  obtained  from  direct/straight 
numerical  calculation  also  according  to  theorem  of  momentum.  Figure 
14.66  gives  dependence  c'J  = /(X.)  for  the  rectangular  wings  of  different 
lengthening  (X  = O.SrS.O).  The  given  comparison  shows  the  completely 
satisfactory  coincidence  of  each  data.  The  use  of  a Duhamel  integral 
makes  it  possible  mutually  to  control  the  accuracy  of  the  numerical 
calculations  of  transient  functions  ^c(x)lq]\,  and  also  the  coefficients 
of  aerodynamic  derivatives  Therefore  in  many  instances  along 

with  exact  solutions  are  given  the  results  of  the  numerical 
calculations  of  the  coefficients  of  aerodynamic  derivatives  depending 
on  Strouhal  number  for  a plate  (X  = -)  (see  Fig.  13.2-13.5)  and  for 
the  rectangular  wings  of  different  lengthening  (see  Pig. 

14.26-14.3  3).  There  ire  plotted/applied  the  points,  obtained  by  the 
calculation  according  to  Duhamel  integral.  As  initial  data  here 
served  the  corresponding  transient  functions. 
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Fiq.  14.f'6.  The  CD».f,irison  of  numerical  calculation  (is  curve)  with 
t-he  calculation  accoriinq  to  the  thocreir  of  moBentum  (point)  of 
rec+anqular  wingr.. 


r» 


DOC  = 77154314  PAGE  ^ 


Fig.  14.67.  The  comparison  of  numerical  calculation  (is  curve)  with 
the  calculation  according  to  Duhamel  integral  (point)  for  a wing  X = 


Fig.  14.6fi.  The  comparison  of  numerical  calculation  (curves)  with  the 
calculation  according  to  Duhamel  integral  (points:  white  are 
rectangular  wing,  black  are  triangular). 

Fig.  14.69.  Comparison  of  exact  solution  (curves)  with  the 
calculation  according  to  Duhamel  integral  (point)  for  a wing  X = - 
with  control 


Page  360. 

By  knowing  the  reaction  of  wing  to  stepped  perturbation,  with  the  aid 
of  transient  function  and  Duhamel  integral  it  is  possible,  as  was 
indicated  above,  to  pass  to  the  arbitrary  law  of  a change  in  the 
kinematic  parameters.  For  an  example  Fig.  14.67,  14.68  give  the 
results  of  the  direct/straight  numerical  calculation  of  fu  notion  (c,/a*) 
for  the  case,  when  the  angle  of  attack  of  wing  changes  according  to 
linear  law  a = a*r.  On  these  curve/graphs  are  plotted/applied  the 
points,  obtained  from  the  calculation  with  the  use  of  transient 
function  [C|//a*]  and  Duhamel  integral.  Are  examined  three  wings: 


I'-*— j" 
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platp  X = ••  (Fig.  14.67),  rectangular  and  delta  wings  with 
lengthening  X = 2.  S (Fig.  14.6b).  Given  data  show  that  the 
direct/straight  numerical  calculation  of  transient  function  (c^/a*) 
for  the  law  of  the  growth/build-up  of  gust  being  investigated 
completely  satisfactorily  coincides  wi*h  the  calculation  according  to 
Duhamel  integral. 


Exact  solution  of  fi-problem  for  an  airfoil/profile  with  control 
in  ^■he  incom  prorsi  bl*^  medium  is  given  by  Theodorsen  and  Kussner 
[2.6  ■),  r2.  12].  Having  for  this  case  transient  functions  (see  Fig. 
14.66,  14.67),  it  is  possible  with  the  help  of  Euharael  integral  to 
find  numerically  coefficients  of  aerodynamic  derivatives  c*!*,  c*'’,  m*'‘,  /«*<' 
in  all  range  of  Strouhal  numbers  (p  * = 0 - -)  . The  results  of  such  a 
calculation  (6,,  = 0,25)  and  its  comparison  with  the  exact  solution 
indicated  given  in  Fig.  14.69  and  14.70. 


F7.  Comparison  of  experimental  and  calculated  data. 


Experimental  data  on  stationary  wing  characteristics  are 
sufficiently  numerous,  which  creates  knewn  difficulty  in  reasonable 
selection  and  the  analysis  of  this  material. 


Fig.  14.70.  Comparison  of  exact  solution  (curves)  with  the 
calculation  according  to  Duhaael  integral  (point)  for  a wing  X 
with  control 

Page  3f)1. 

Fven  greater  difficulties  from  this  viewpoint  appear  during  the 
comparison  of  experimental  and  theoretical  data  for  unsteady 
characteristics,  since  hardly  ever  known  test  conditions,  the 
complete  data  on  models,  the  accuracy  and  the  recurrence  of  the 
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obtained  results  and  so  forth  / however,  after  taking  the  large 

number  of  the  most  reliable  experimental  data  and  after  comparing 

them  wi^h  calculated,  it  is  possible  to  conduct  the  cross  oheck  of 

those  and  other  materials,  cr  to  derive  conclusion  of  the 

authenticity  of  the  basic  condition/positions  of  theory  and  field  of 
its  application/use. 

The  conparison  of  experimental  and 
theoretical  data  for  small  harmonic  oscillations  rigid  wings 

(amplitude  «*=  3-5°)  was  carried  out  for  the  following  total 

aerodynamic  characteristics:  the  derive  d c-  (Fig.  14.71), 

dimensionless  coordinate  of  the  focus  xj,  (Fig,  14.72),  of  derivati??^ 

determining  roll  damping  of  wing  (Fig-  14.73),  and  also  for  the 

combination  of  derivatives  + by  that  determining  the 

longitudinal  attenuation  of  wing  during  rotary  oscillations  (Fig. 

14.74)  . 

The  procedure  of  the  experimental  determination  of  the 
coefficients  of  aerodynamic  derivatives  is  described  in  chapter 
VIII,,  each  point  on  curve/graphs  (Fig.  1 4.*?  1- 14. 74)  corresponds  to 
the  determined  wing;  therefore  this  diagram  is  related  to  dozens 
wings  of  different  planform.  The  nearer  lie/rest  the  plotted  pcints 
to  straight  line,  the  the  coincidence  of  calculation  and  experimental 
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Fig.  14.71 
different 

Key:  ( 1) - 


. Comparison  of  calculated  and  experimental  data  for 
wings,  oj,  = 0. 

Calculation.  (2).  Kxperiirent. 
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Fig.  14.72.  Fig.  14.73. 

Fig.  14.72.  Cowparison  of  calculation  and  experimental  data  for 
different  wings,  Og  = 0. 

Key:  (1).  Calculation.  (2).  Experiment. 

Fig.  14.73.  Comparison  of  calculated  and  experimental  data  for 
different  wings,  Oq  = 0. 

Key:  11).  Calculation.  (2).  Experiment. 
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different  wings,  oq  0. 

Key:  (1).  Calculation.  (2).  Experiment. 

Page  363. 

Best  of  all  converge  these  data  for  the  lift  effectiveness  of  wing  - 

her#  the  scatter  of  points  smallest.  Larger  scatter  is  observed  for 
moment  characteristics  - they  are  determined  with  smaller  accuracy; 
however,  the  conformity  of  the  calculation  with  experiment  can  be 
considered  sufficiently  satisfactory.  The  given  materials  can  be  used 
for  tho  approximate  determination  of  the  field  of  the  applicability 
of  linear  theory  [169]  and  [1.72]. 

During  harmonic  rolls  the  best  coincidence  of  experimental  and 
calculated  data  is  obtained  for  fine/thin  wings  at  small  mean 
incidences  From  an  increase  in  the  thickness  of  the  wing  profile 

and  mean  incidence  «o  the  experimental  data  all  more  diverge  from 
linear  theory  due  to  the  redistribution  of  loads  in  end  wing 
sections,  of  delta  wings  occur  tho  disruption/separations  and 
incidence/drop  of  the  lift  effectiveness  of  end  sections,  while  of 
rectangular  low-aspect-ratio  wings  - an  increase  in  the  load  at 
end/leads  in  comparison  with  the  data  of  linear  theory.  Better/best 


PAGE  14^ 


coincidence  of  the  calculation  with  experiment  is  observed  for  delta 


occurrin<j  on  the  tips  of  delta  wing,  due  to  the  low  value  of  end 


chords  play  smaller  role  than  of  rectangular  wing  (Fig.  14.75) 
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Fig.  14.75.  Comparison  of  calculated  and  experimental  data  for 
rectangular  (X  = 1.0,  the  upper  curve/graph)  and  triangular  (X  = 

7.31,  lower  curve/qraph)  wings.  Points  are  an  experiment,  dotted  line 
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is  linear  theory. 

Fig.  14.76.  Comparison  of  the  calculated  (curves)  and  experimental 
data  (point)  for  a rectangular  wing  X = 1.0. 

Page  364. 

Of  the  wings  of  very  small  lengthenings  with  the  contractions,  close 
to  unity,  in  actuality  end  wing  sections  are  leaded  more  than  it 
gives  linear  theory,  and  the  experimental  values  of  coefficient 
more  theoretical. 

The  given  in  Fig.  14.76  data  for  combination  + testify  to 

a good  coincidence  of  theory  with  experiment  fer  the  wings  of  the 
average/mean  thickness  in  considerable  range  Oq#  and  also  for 
fine/thin  wings  at  7Gro  angle  of  attack  (ap  = 3).  In  these  cases  the 
wings  flow  themselves  smoothly  in  all  modes  of  oscillations.  The 
greatest  disagreement  of  experimental  and  theoretical  data  is 
observed  for  fine/thin  wings  at  the  large  values  of  mean  incidence 
(do  = I**®)  ; on  stern  heaviness  of  these  wings  are  obtained  even  the 
mode/conditions  of  auto-oscillations.  This  is  connected  with  the  fact 
that  in  the  forward  section  of  the  fineAhin  wing  is  sufficiently 
considerable  flow  separation.  The  studies  of  the  structure  of  flow 
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around  of  the  wing  showed  that  the 


area  of  disruption/separation  on 


suction  side  of  wing  during  oscillations  is  changed  on  angles  of 


attack.  Figure  14.77  shows  greatest  and  smallest  to  the  area  of 
disruption/separat ion  on  fine/thin  and  thick  rectangular  wings  (\  = 

1)  during  the  fluctuations  of  relatively  mean  incidence  olq  = 15°  with 


amplitude  a * - 5°.  The  data  of  experiment  for  very  thick  wings  ( Z. 

- 0.3)  weakly  depend  on  mean  incidence  and  are  sufficiently  close  to 


the  results  of  linear  theory.  The  greatest  disagreement  of  theory 
with  experiment  is  observed  on  bow  heavinesses.  This  is  explained  by 
the  small  area  of  disruption/separation  for  thick  wings;  this  region 
is  arrangp/located  in  trailing  section  of  wing  and  little  is  changed 
on  angles  of  attack. 


Thus,  the  conducted  investigations  of  the  total  coefficients  of 
aerodynamic  derivatives  and  structure  of  the  flew  around  of  the  wing 
of  flow  showed  that  for  the  incompressible  fluid  most  essential  is 
the  hypothesis  of  smoo^-h  flow  about  the  oscillating  wing. 
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Piq.  14.77.  Areas  of  disruption/separation  on  rectangular  wing  X = 


i.n. 


Page  36'i. 

If  it  is  fulfilled,  then  theory  gives  the  results,  close  to 
experimental,  otherwise  (presence  of  flow  separation)  is  observed  the 
disagreement  of  experimental  and  calculated  data. 


fb  the  harmonic  oscillations,  for  which  there  is  a 
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sufficiently  larje  quantity  of  experimental  data,  experiments  for  the 
different  types  of  aperiodic  motion  are  conducted  very  rarely.  This 
is  explained  by  the  serious  technical  difficulties,  connected  from  of 
this  type  by  experiments. 

In  chapter  VIII  is  described  the  method  of  the  measurement  of 
instantaneous  pressures  and  subsequent  determination  of  aerodynamic 
forces  and  torque/moments.  Accordinq  to  the  method  indicated  was 
tested  rigid  rectangular  wing  with  lengthening  X = 1.0  and  fine/thin 
symmetrical  a irf oi 1/prof i les  with  thickness  ratio  ^ i = 0.06.  Figure 
14. 7R  depicts  the  law  of  a change  in  the  angle  of  attack  during  the 
rotation  of  this  wing,  there  are  plotted/applied  experimental  points 
for  the  lift  coef  f icients  (Ci//a*)  and  of  pitching  mcment  ("i^/a’jdepending  on 
dimensionless  time  t.  Calculated  curves  are  obtained  on  the  basis  of 
the  methods  of  linear  theory,  presented  in  chapter  XI.  The  given 
writing  of  the  law  of  motion  a(T)/a*  will  coincide  with  va lue  (c,/a*),the 
designed  in  stability  hypothesis.  Therefore  its  difference  from 
actual  values  {Cy(x}/a*)  gives  error  during  the  calculation  of  this 
characteristic  according  to  stability  hypothesis. 

Let  us  examine  experimental  data  during  noncirculating  flew.  The 
apparent  additional  masses  are  determined  from  experiment  by  the 
different  methods,  which  are  connected  with  the  study  of  the 
oscillations  of  bodies  on  the  spot  in  continuous  medium  (air,  water 
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etc.)  and  in  vacuum.  Description  of  these  methods 
in  chapter  VTIT  and  in  [1.47;|. 

Is  carried  out  below  the  comparison  of  some 
with  the  experimental,  obtained  different  authors 
sufficiently  prolonged  period  of  time  (1930-1950) 
given  data  on  the  apparent  additional  masses  X22 
wings  of  different  lengthenings.  The  values  indie 
the  apparent  additional  mass  of  the  wing  of  very 
= ••)  ; therefore  luring  an  increase  in  the  lengthe 
approaches  unity. 
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Fig.  14.78.  Comparison  of  calculation  (curves) 
(point)  data  for  the  rectangular  wing,  which  a 


relative  to  axis  Oz, 
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apparent  aiiditional  masses  of  rectangular  wings. 

Key:  (1).  Calculation.  (2).  Experiments  of  TsAGI  [ Li/^rn- 

Central 

Institute  of  Aerohy drod y namics  im.  N.  Ye  Zhukovskiy  (1947)  . (3). 

Experiments  of  TsAGI  (1950).  (4).  Nemeqkie  opyty  (1930  and  1937). 

(5).  German  experiments  (1931). 

Fig.  14.80.  Comparison  of  calculated  and  experimental  data  for  the 
apparent  additional  masses  X^^  of  rectangular  wings 

Key:  (1).  Calculation.  (2).  Gorman  experiments.  (3).  Experiments  of 
NASA.  (4).  Experiments  of  NASA.  (5).  Experiments  of  TsAGI.  (6). 
Experiments  of  TsAGI.  (7).  English  experiments. 

Page  387. 

In  [1,47]  are  contained  the  experimental  data,  which  characterize  the 
torgiie/moBent  M,,  which  acts  on  rectangular  plate,  when  it  completes 
rotary  oscillations  relative  to  axis  Oz-  In  Eig.  14.80  are  compared 
experimental  and  calculated  data  on  the  dimensicnless  coefficient, 
examined  [1/47]  and  proportional  to  value,  k**.  For  sweptback  wings 
without  contraction  (g  = t)  with  lengthening  X •=  1 is  carried  out  the 
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coiBpari55on  of  the*  calculaticn  with  experiment  for  the  apparent 
additional  mass  (fig.  14.81).  In  this  case  the  comparison  is 

conducted  for  the  relation  Xez  (l^o) (C)  depending  on  sweep  angle 


As  can  he  seen  from  the  given  materials,  in  spite  of  the 
sufficiently  complex  phenomenon,  which  is  in  actuality,  and  the 
sufficiently  simple  diagram,  which  is  accepted  as  basis  during 
calculations  of  the  coefficients  of  apparent  additional  masses, 

conformity  between  experimental  and  calculated  data  as  a whole 
satisfactory. 


Above  was  carried  out  the  comparison  of  experimental  and 
calculated  data  for  a rigid  wing  with  circulation  and  noncirculation 
flow.  Let  us  examine  the  theoretical  and  experimental  values  of 
aerodynamic  characteristics  for  different  wings  with  control.  Figure 
14.82  schematically  depicts  the  rectangular,  swept  and  delta  wings  of 
the  lengthenings  X =2.1,  for  which  R.  A.  Zasolcv  and  N.  N.  Forainoy 
obtained  experimental  data.  The  geometric  parameters  of  the 
investigated  models  are  given  in  table  14.2. 
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comparison  of  calculation  (is  curve)  and  experimental 


(point)  data  for  apparent  additional  massei^veptback  wings 


Fiq.  14.82.  Diagram  of  the  investigated  wings 
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Eiq.  14.83.  The  comparison  of  calculation  (curves)  and  experimental 
(point)  data  for  winqs  with  control;  unbroken  curves  are 
direct/straiqht  calculation,  dotted  line  - according  to  reciprocity 
theorem. 

Fig.  14.84„  The  comparison  of  calculation  (curves)  and  experimental 
(point)  data  for  wings  with  control;  unbroken  curves  are 
direct/straight  calculation,  dotted  line  - according  to  reciprocity 
i theorem, 

Fiq.  14.85.  The  comparison  of  calculation  (is  curve)  and  experimental 
(point)  data  for  a wing  with  ccntrol. 

Fig.  14.86.  Comparison  of  calculation  (curves) 

(point)  data  for  a rectangular  wing  X = 1. 

Page  369. 

The  results  of  the  comparison  of  experimen 

r 

[ data  for  the  wings  indicated  in  the  form  depend 

given  in  Fiq.  14.8  3,  14.84.  Numerical  calculati 

^ . 

! direct  method  also  according  to  reciprocity  the 

1 the  selected  vortex/eddy  diagram  provides  obtai 

i ; 

L 


and  experimental 


tal  and  calculation 
ences  w,{6p)  ate 

cns  are  carried  out  by 
crem.  As  is  e/ident, 
ning  reliable 
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calculation  data.  In  Fig.  14.85  and  14.06  is  conducted  the  comparison 
of  calculation  and  experimental  data  on  the  fine/thinner 

characteristics:  hinge-moment  coefficients  ('"m)  and  the  distributed  3 

characteristics  (aerodynamic  derivative  load  p*'*).  The  values  indicated 
were  determined  for  the  wing  of  lengthening  X = 1 with  control  6p  = 0,25. 

As  is  known,  the  distributed  characteristics  they  have  peculiarities 
on  the  axis  of  control  (theoretically  they  turn  here  into  infinity). 

The  given  materials  attest  to  the  fact  that  the  network,  based  on  the 
replacement  of  wing  by  discrete  eddy/vortices,  makes  it  possible  to 
determine  with  sufficient  accuracy  and  these  characteristics. 

'fable;  14.2. 


Kpu;io 

11 

‘p/O 

2/,/i. 

1 

1 

0,217 

0,238 

0,70.6 

2 

3 

0,1 '12 

0,238 

0,706 

3 

oo 

0,106 

0,238 

0,646 

Key:  ( 1)  . wing. 
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Part  III, 


Hiqh  subsonic  speeds  (0<M<1) 


Introduction, 


The  most  difficult  among  unsteady  problems  airfoil  theory  is  the 
problem  of  the  flow-field  analysis  of  wing  at  high  subsonic  speeds  (0  < 
M < 1).  This  is  connected  with  the  fact  that,  unlike  the 
incompressible  medium,  here  the  disturbance/perturbations  are  spread 
at  the  final  velocity.  Therefore  it  is  necessary  to  consider  the 
delay  of  the  disturbance/perturbations,  which  ccme  in  into  the  point 
in  question  from  any  cell/element  of  wing  or  vortex  sheet.  But  if  at 
supersonic  speeds,  where  also  occurs  the  delay  of 
disturhance/perturbations,  the  latter  are  spread  only  downstream 
within  Mach  cone,  then  here  they  they  reach  any  point  of  space. 
Therefore,  for  example,  entire/all  vortex  sheet,  which  is  formed 
after  wing,  any  moment  of  time  affects  flow  around  of  the  wing.  This 


fact  substantia  11 y comolicates  ^he  solution  of  problem  as  compared 
with  the  cases  M = 0 (incompressible  medium)  and  M>1 
(supprsoric  flow).  Without  being  stopped  on  detailed  survey/coverage 
of  all  investigations  in  the  problem  (it  is  contained  in  f I- 7]  in 
question,  [1.9],  ] P.'S!  ])  , let  us  note  here  only  the  state  of 
! question,  most  characteristic  of  the  published  works,  or  briefly  let 

j us  pause  at  the  ideas  of  those  methods  which  are  set  forth  by  authors 

I in  this  monograph. 

The  problem  of  the  harmonic  oscillations  of  the  airfoil/profile, 
which  accomplishes  forward  motion  at  constant  velocity,  obtained  most 
complete  solution.  Unlike  incompressible  raeaium,  here  it  is 
fi  impossible  to  obtain  solution  in  the  Iccked  form.  Therefore  they  were 

utilized  two  methods  of  its  deterrain  at  ion.  one  of  them,  proposed  by 
Reisrer  [2.25],  Haskind  [1.46],  Timman  [2.34],  utilizes 

transformations  of  differential  equations  for  the  velocity  potentials  i 

i 

[ or  accelerations  to  elliptical  coordinates  and  resolution  of  solution  ! 

: in  infinite  series  in  'lathieu  functions.  The  results  of  the  j 

I calculations  for  an  airfoil/profile  are  contained  in  a series  of 

: 

works,  most  complete  of  them  in  [2.35]. 

- 
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Numerical  calculations  according  to  this  method  are  very  bulky. 


since 
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solution  is  repr^sentofi  in  the  form  of  infinite  series,  and  the 
number  of  terms  whose  calculation  is  necessary  for  providinq  a 
sufficient  accuracy,  changes  over  wide  limits  depending  on  the  Mach 
numbers  and  Strouhal.  Therefore  for  the  flcw-field  analysis  of  wings 
of  the  final  spread/scope  the  method  indicated  propagation  did  not 
receive.  The  second  method,  utilized  with  those  or  other  changes  in 
♦■he  large  number  of  works,  is  based  on  the  numerical  solution  of  the 
singular  i nt egr odi f for ent ia 1 equations,  which  relate  normal  velocity 
on  wing  wi^-h  the  intensity  of  the  distribution  of  the  special 
fea^  ure/pecu  1 iar  it  ies  (connected  vorticity  layer,  dipoles)  , which 
replace  wing.  First  it  was  proposed  for  Possio's  infinite  plate  [2.6] 
and  somewhat  an  improved  form  was  used  for  the  performance 
calculation  of  the  oscillating  plate  of  infinite  span  [2.11]. 
Subsequently  by  the  works  of  a series  of  the  researchers  this  method 
was  developed  in  the  case  of  finite-span  wings.  In  it  is  examined  the 
continuous  distribution  of  special  feature/peculiarities  on  wing  and 
it  is  conducted  the  approximation  of  the  sufficiently  complex  nucleus 
of  equation.  Then,  assuming  that  the  special  feature/peculiarity  of 
leading  wing  edge  is  retained  the  same  as  of  airfoil/profile,  they 
are  assigned  by  the  law  of  a change  in  the  intensity  of  special 
feature/peculiarities  chordwise  and  spread/scope.  The  coefficients  of 
the  expansion  indicated  determine,  satisfying  or  boundary  conditions 
at  several  points  of  wing  surface  [2.38],  [2.42],  [2.43],  [2.49],  or 
^o  the  integral  relationship/ratios,  derived  from  variation 
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principles  r2.51].  This  approach  makes  it  possible  to  calculate  the 
unsteady  characteristics  of  the  harmonically  oscillating  wings  of  a 
comparatively  simple  planform,  then  not  only  with  very  small  Strouhal 
numbers  (p*-*0),  but  also  with  final,  although  those  which  were 
limited. 

The  coramon/general/tot al  and  complex  unsteady  problems  are 
those,  in  which  are  studied  the  arbitrary  time  dependences.  When  are 
investigated  steady-state  oscillations  of  wing,  time  finally  it  is 
possible  to  exclude  from  examination.  Here  dependences  on  time  play 
the  significant  role,  for  example,  in  the  process  of  the  calculation 
it  is  necessary  to  find  vortex/eddy  wing  wake*  Therefore 
plane-parallel  problem  becomes  three-dimensional,  and 
three-dimensional/space,  that  corresponds  to  finite-span  wing, 
four-dimensional.  Some  numerical  solutions,  constructed  for  the 
aneriod ica  11  y driving  in  subsonic  flow  plate  of  infinite  span,  are 
given  in  works  [2.23],  [2-26],  [2.36],  The  transient  functions  of 
aerodynamic  loadings  can  be  determined  by  the  coefficients  of 
aerodynamic  derivatives  with  the  aid  of  Fourier  integral  [2.29]. 
However,  this  path  requires  the  knowledge  of  aerodynamic 
characteristics  over  a wide  range  of  Strouhal  numbers  (strictly 
speaking,  with  0 ^ P * **)  • 


Page  372. 
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It  should  be  not"d  that  the  determinaticn  of  aerodynamic 


characteristics  above  methods  indicated  requires  for  each  new 


Strouhal  number  of  the  complete  solution  to  boundary- value  problem. 


Into  III  parts  of  the  present  monograph  for  a problem  of  the 


harmonic  aperiodic  motions  of  wings  at  subsonic  speeds  are  developed 


the  numerical  methods,  presented  for  the  incompressible  medium  in 


part  IT.  They  are  based  on  the  replacement  of  the  continuous  layer. 


which  simulates  wing,  discrete  by  special  feature/peculiarities 


(oblique  horseshoe  vortices)  [ 1.29].  Here  it  is  not  necessary  to  make 


supplementary  assumptions  about  the  character  of  a circulation 


control  chordwise  and  spread/scope.  This,  in  particular,  makes  it 


possible  to  calculate  flow  around  of  the  wings  not  only  idle  time. 


but  also  complex  planforra  (wings  of  the  variable  geometry,  with 


curvilinear  odges  so  forth).  With  harmonic  time  dependences,  the  film 


of  free  Vortices,  which  bypass  from  those  which  were  connected. 


stretches  to  infinity.  In  the  particular  case  of  harmonic 


oscillations  with  small  Strouhal  numbers  (p  *->0)  the  problem  is 


reduced  to  the  solution  of  the  problem  of  the  harmonic  oscillations 


of  the  converted  wing  in  incompressible  medium  [1.79]. 


During  aperiodic  motions  the  continuous  processes  are  replaced 


J 
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steppeii.  At  the  determined  (calculated)  moments  of  time  occurs  an 
abrupt  circulation  control  of  bound  vortexes  and  from  them  they 
converge  free  vortices  [1.95].  Since  in  the  compressed  medium  of 
disturbance/perturbation  are  spread  with  the  final  velocity,  here 
necessary  to  examine  entire  process  of  formation/education  and 
removal/drift  of  free  vortices,  but  not  only  those  positions,  which 
correspond  to  the  calculated  moments  of  time  as  in  the  incompressible 
fluid.  One  should  note  the  published  recently  interesting 
investigations  of  V.  Ye.  Baskin  in  the  theory  of  eddy/vortices 
[1.83],  [1.89]. 
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Chapter  XV. 


lethod  of  tho  calculation  of  the  coefficients  of  aerodynaiic 
derivatives  with  p *-^0. 


51.  Basic  transformation.  The  geometric  parameters  of  the  converted 
wing. 


If  flight  spaed  Hq  is  low  as  compared  with  the  speed  of  sound, 
then  the  medium,  in  which  moves  the  body,  it  is  possible  to  consider 
incompressible  with  p *-^0.  This  escape/ensues  from  the  fact  that  the 
compressibility  of  the  medium  virtually  will  not  be  exhibited,  if  the 
disturbed  pressures  p',  caused  by  the  motion  of  body,  are  very  small 
in  comparison  with  pressure  in  the  undisturbed  medium  i.e.  p'lp^<^\ 

Noting  the  density  of  undisturbed  flow  by  index  -,  we  can  write 


2Pao 


consequently. 
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= (15.1)  I 

roo  *■ 

¥her«>  P = 2p'/p^Ul  - pressure  coofficient.  This  coefficient  in  essence  ' 

depends  on  ^he  coordinate  of  the  point,  at  which  it  is  detertni ned,  j 

1 

the  form  of  body  and  its  position  in  flow.  Coefficient  p 
comparatively  barely  deponds  on  M at.  subsonic  speeds;  therefore 

increase  M for  the  assigned  wing  always  will  lead  to  an  increase 

JjPiPcol) 

X furthermore,  with  an  increase  in  the  thickness  of  body  and  its 
anal®  of  attack  at  those  which  were  fix/recorded  M the  maximum 
value  of  the  absolute  value  p will  grow/rise,  value  |p7Poc|max 
increase,  t^o  compr<^ssibility  effect  of  the  medium  will  be  exhibited 
with  smaller  numbers  Thus,  the  compressibility  effect  of  the 

medium  it  manifests  itself  the  more  powerful,  the  greater  the  number  M 
the  incident  flow  and  the  more  poworful  the  disturbance/perturbation, 
produced  by  body  with  small  numbers  M- 


Page  374. 


Within  the  framework  of  linear  theory  the  account  of  the 
compressibility  effect  of  the  medium  in  certain  cases  of  the  unsteady 
motion  of  wing  can  be  produced,  by  reducing  the  problem  to  flow  of 
the  incompressible  fluid  about  other  certain  wing.  Further  it  will  be 
shown,  that  in  the  case  of  the  motion  of  wing  as  rigid  body  and  the 


strains  of  its  surface  along  harmonic  laws  with  Strouhal  number 
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which  varishes,  it  is  possible  in  the  incompressible  fluid  to  fit 
this  liftinq  surface  and  such  motions,  that  the  solution  of  problem 
for  it  will  satisfy  all  conditions  of  problem  in  gas. 


I.et  us  examine  rhe  fine/thin  slightly  fcent/curved  lifting 
surface  being  deformed,  which  moves  f or wa rd/proqressi vely  at  average 
speed  iig  and  acnm p 1 isii i ng  in  this  case  small  harmonic  rotary  and 
forward/nrogressive  oscillations.  Let  us  take  standard  rectangular 
system  of  coordinatoc;  connected  wi^-h  lifting  surface  (Fig.  15.1).  Its 
beginning  let  us  place  on  the  leading  elge/nose  of  root  chord,  plane 
0x7.  is  consisten*-  with  the  plane  of  lifting  surface,  axis  Ox  is 
directed  forward,  axis  Oz  - to  the  right  along  spread/scope,  axis  Oy 
- upward.  Insteal  of  the  motion  of  wing  in  the  physical  space  of  the 
compressible  gas,  ler  us  examine  the  motion  of  the  converted  wing  in 
♦•he  fictitious  (auxiliary)  space,  filled  by  the  incompressible  fluid. 
The  coordina*-es  of  fictitious  space  Vm- *te  connected  with 
the  coordinates  of  the  physical  space  by  the  formulas 

x^kx^,  y = y^.  2 = Zm-  * = f 1 - W*.  (15.2) 

Let  us  introduce  the  dimensionless  coordinates 


k 


i 


± t = i-  • 

b ' I b ' ^ b ' 

“ 6m  ■ 6m 


(15.3) 


for  which  of  (15.2)  we  have  the  obvious  relationship/ratios 
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“ &>  ’Im  “ Cm  ~ ^C- 


Let  us  change  wing  planforir  according  to  (15.2) 


Fig,  15.  1.  Coordinate  systea. 


Page  375. 


Then  for  the  wing  of  the  complex  planfcrm,  which  is  assigned  by  the 
equations  of  leading  edge  and  current  chord  in  the  form  (1.10),  we 
obtain  that  the  form  of  the  corresponding  converted  wing  will  be 
determined  by  the  dependences 


Figure  15.2  in  the  form  of  an  example  shows  initial  and  converted  the 
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winqs  of  complex  planforra. 

For  wings  with  direct/straight  edges  the  planform  usually  is 
assigned  by  the  dimensionless  parameters:  the  lengthening  X,  by 
re  verse/in  verse  contraction  and  by  the  sweep  angle  of  leading 

edge  The  corresponding  dimensionless  geometric  parameters  of  the 

converted  wing  (Fig.  15.3)  are  connected  with  the  parameters  of  the 
initial  wing  as  follows: 

= n„  = Ti.  ^„tgx„„  = x(gxu.  (15.6) 

The  strain  of  the  converted  lifting  surface  is  connecte.!  with  the 
strain  of  the  calculated  lifting  surface  by  relationship/ratios 
(15.4),  and  its  equation  takes  the  form 

% = + (15.7) 

where  f,,  - the  assigned  functions. 


^2.  Pelati on shi p/r a tios  between  kinematic  parameters. 


Let  us  study  motion  and  the  strains  of  the  initial  wing. 


I 


kinematic  parameters  of  which  (2.19),  (2.20),  in  accordance  with  §2 

of  chapter  V,  without-  the  limitation  of  generality  it  can  be  assigned 
in  the  form 
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<7,  =»  o (/)  = a*  cos  pt, 

= W = -777  = ‘o,cos  pt, 
<?3  •=  (0  = = U*  COS  pt, 

</4  = 6 (0  = 6’ cos  /?/, 


• /j\  b « • • . 

fli  = aW  = -^-{77=  - pa  snip/. 

</2  = “>,  (0  = -^  777  = - P sill  pt, 

p3  = <0^  U)  = — 777  = - p 10^  Sin  p/, 

^4  = 6 (/)  = -^  -^  = - p*6’  sin  p/, 

(15  8) 


wherf*  p ♦ = pb/Do  - strouhal  nuBber- 


Fig.  IS. 2.  Basic  and  converted  the  wings  of  corplex  form  and 
plan/layout. 


Pig.  15.1.  Basic  and  converted  wings  with  direct/straight  edges. 
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The  average  forward  velocity  of  the  aotion  of  the  converted  wing 
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designate  Uou,  a angle  of  attack  and  angular  velocities  - by  o„, 
the  parameter  of  strain  — 6„. 


In  order  that  from  the  calculation  of  the  wing  in  question  in 
the  compressed  medium  it  would  be  possible  to  pass  on  the  calculation 
of  the  converted  wing  in  the  fictitious  incompressible  fluid,  let  us 
assume  that  the  motion  of  the  latter  is  subordinated  to  the  following 
conditions.  The  wing  moves  in  the  disturbed  medium,  vertical 
velocities  of  which  are  equal  to 


Values  BiM,  Em  make  following  sense: 


(15.9) 


B. 


- 1. 

Em 

Em- 

Sm)- 

the 

parameters 

‘/iM 

cha 

nge 

nic 

law.  The  motion 

of 

t he 

erm  i 

ne  with  the 

aid 

of 

the 

(15.10) 


kinematic  parameters; 
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'm  = “m 

‘?2M  ~ “xM  COS  p^t,  j 

i 

Q - 

Urn 

“1m  cos  p^t. 

Pm  ~ cos  p^t,  j 

1 

*M 

t=!.  2. 

CO 

til 

Urn  ’ 

1 

(15.11) 


Page  377. 

Let  us  look,  wViich  form  must  take  differential  equations  for  a 
velocity  potential  and  the  boundary  conditions  on  the  converted 
lifting  surface  in  order  that  on  the  initial  lifting  surface  in  the 
flow  of  gas  would  be  satisfied  differential  equation  (3.30)  and  all 
boundary  conditions. 


53.  Transformation  differential  equations  and  boundary  conditions. 


:| 

I 

i 

I 


' ] 
1 

i 

j 

i 


As  shown  in  chapter  III,  the  potential  of  the  absolute  disturbed 
velocities  of  the  initial  lifting  surface  must  satisfy  wave  equation 
(3.30),  boundary  conditions  (3. 56*),  (3.57)  and  Chaplygina  - 
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Joukowski's  condition  on  trailing  edge  (3.72). 


n 


[■ 

■ » 

[■ 

k 

n 


Is  pxpre>ssed  velocity  potential  in  the  form  (5.11)  through  the 
coefficients  of  aerodynamic  derivatives,  namely: 

<P(I.S.O-f/o6{<Po{S.C)  + ^^J<p’'(|.  S)<7((0  + <p‘''(I.£)<7((0]).  (15.12) 

where  9,  are  the  dimensionless  kinematic  parameters.  For  the 
determination  of  velocity  potential,  following  [1.79],  we  will  use 
formulation  that  was  applied  during  the  solution  of  unsteady  problems 
[1.9],  [2.28],  Let  us  introduce  functions  tl)"',  ii)"*',  connected  with  the 
coefficients  of  the  aerodynamic  derivatives  of  potential  velocities 
(15.12)  by  the  following  equalities 


<Pu  = 'l>o. 

(p«/  = tj)’/  cos  0)1  + -|r  sin  o)|, 

(p**'  = cos  0)1  — sin  0)1, 


(15.13) 


Here  p ♦ is  Strouhal  number, 


With  the  selected  representation  of  potential  (15.12)  and 
(15.131  differential  equation  (3.30)  decomposes  to  the  following: 
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<?^^o 

dV 

c^^‘'‘ 

dV 

<?5“ 


a»t|)o  . a^>|)o  „ 

ar,'  ac^  ~ ^ 


a“>l)‘’'  . , _.t  , a.  „ 

— ^-1-— V-fP  'Tr-'l’‘  = 0. 


aj)* 

a^if*** 


<?£' 


ati* 


at’ 


.2 

^ -F 


T})'''  = 0. 


(15.14) 


Page  178. 

Let  us  designate  by  2 the  projection  of  wing  on  plane  3xz,  and  by  2 
- the  projection  of  vortex  sheet.  Let  us  find  boundary  conditions  for 
the  functions  tl)’'  and  Transfer/converting  in  (3.56*)  with  the  aid 

of  (15.13)  to  functions  V'l  we  obtain  the  conditions,  by  which 

they  mus*  satisfy  on  wing  surface  2: 


I I av 

[p--ai^-cosco|-^^ 


sinoi 


1.  2.  3,  4. 


(15.15) 


The  right  sides  of  eauations  (15.15)  is  equal  to 
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B,=  -l.  -82= -S.  B,  = l, 


(15.16) 


£,  = £2  = •^3  = 0.  E^  = fi. 

Con'iition  on  vortex  sheet  Si  (3.57)  after  substitution  (15,13) 
♦•aVes  the  following  form; 


[-^1  =0 
I <31  k 


dij) 


"i 


.2 


. <31 


- ^"1 


<3| 

= 0. 


3.  =°'l 

JS,  { 


(15.17) 


Conditions  at  infinity  far  from  wing  and  vortex  sheet  will  be  the 
following: 


^ dl  an 


as 


0. 


at|)‘*<  _ a<|;‘^<  _ 


ar, 


a£ 


= 0. 


(15.18) 


’’'hus,  the  determination  of  velocity  potential  * is  reduced  to  finding 
functions  tl)"',  tj;'*',  satisfying  differential  equations  (15.14),  boundary 
conditions  (15.15) , (15.18)  and  chaplygina  - JoukowsKi*s  condition. 

u 

enef  of  the  basic  is  the  case  of  flow  with  small  Strouhal  numbers 
(p  *J>0) . Set/assuming  in  relationship/ratios  (15.14),  (15.15),  and 

(15.17)  p *->0,  wo  obtain  the  conditions,  by  which  they  must  satisfy 
function  V'l  'P'*'  in  this  case. 
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In  an  entire  area  outside  (2  + 2|)  they  are  the  solutions  to  the 
differential  equations 


*2 


ari*  dj» 


= 0. 


a'»  an*  ^ at* 


(15. 19) 


On  wing  (in  area  2)  must  be  satisfied  the  boundary  conditions 


an  J 

a^ 


L (fr\  j 


= I 
} 


(15.20) 


On  vortex/eddy  direcion  (in  area  2i)  must  be  fulfilled  the  condition 


dip 


>■ 


0. 


(15.21) 


Far  from  wing  and  vortex  sheet  mus^  be  fulfilled  equalities  (15.18) 


64.  Communication/connection  between  the  coefficients  of  the 
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aerodynamic  derivatives  of  potential  in  compressed  and  incompressible 
the  mediae 


Let  us  pass  to  new  alternat inq/varia ble  connected 

with  X,  y,  z to  relationship/ratios  (15.2).  By  introducing  relative 
coordinates  (15.3)  , with  the  aid  of  (15.4)  lot  us  produce  the 
transformation  of  conditions  (15.19)  - (15.21). 


Everywhere  outside  wing  and  vortex  sheet  must  be  fulfilled  the 
equations 


d-ll)"'  . 

at^M 

L a“'|i'^'  , 

a?M 

(15.22) 


On  Sm  must  be  observed  the  conditions 


’/M 


(15.23) 


r 


mimmm 


DOC  = 771  54315 


PAGF  ^'7^? 


whfre  2m  - the  area,  to  which  transfer/coh  erts  2 as  a result  of 
transformations  (15.2)  - (15.4).  Values  B/u,  Em  are  determined  by 
equalities  (15.10). 

Page  3R0. 

On  2im  the  regions  into  which  is  converted  the  area  2i,  occupied 
with  vortex  sheet,  during  passage  to  variables  ti,^,  must  be 


fulfilled  the  condition 


' 

ij; 


= 0. 


IM 


1^-*“ 


= 0. 


(15.24) 


■IM 


From  relationships  (15.18)  we  obtain 


= 


‘’Im*  ~ 


= 0. 


4/  = ^ ^ ^ I 


‘'’iM 


(15.25) 


Let  us  examine  now  the  motion  of  the  converted  wing  in  the 
incompressible  medium.  The  potential  of  the  absolute  disturbed 
velocities  9 with  an  accuracy  to  the  small  second-order  quantities  is 
expressed  by  the  formula 


0 — 


0o+2(0’'%m  + 0''“U 

I ••  I 


(15.26) 


Fverywhere  otjtside  wing  and  vortex  sheet  potential  must  satisfy  the 
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pqua^ion  of  the  continuity 

. a»e  a^e 


(15.27) 


By  substituting  (15.26)  in  (15.27),  we  will  obtain  the  equations,  by 
which  roust  satisfy  the  coefficients  of  the  aerodynamic  derivatives  of 
the  potential  of  the  converted  wing  in  the  incompressible  medium; 


' avL* 

O^M 

1 ’ \ * 

Ol\Ni 

(15.28) 


Pa  ge  381. 


Let  ns  examine  now  boundary  condition  on  the  converted  wing.  It 
it  is  possible  to  write  as  follows: 


1 ^0 


_o 


+ 


dh 


Oh 

0%r* 


+ h 


(15.29) 


This  equalitv  must  he  fulfilled  on  Sm-  Substituting  in  it  (15.9)  - 
(15.11),  (15.26)  and  oquali7ing  the  coefficients  in  the  identical 
kinematic  parameters,  we  obtain  the  conditions,  which  must  be 
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comparing  (15.  22),  (15.23),  ( 15.24),  (15.25)  with  (15.28), 

(15.  30),  ( 15.31),  ( 15.  32),  wc  find  that  the  functions  the 

determining  aerodynamic  derivatives  of  velocity  potential  during  the 
motion  of  lifting  surface  in  the  compressed  medium,  and  the  1' 

aerodynamic  derivatives  O"'”,  0“*'“  of  the  velocity  potential  of  the 
conv<»rted  wing  in  the  incompressible  medium  satisfy  one  and  the  same 
differential  equations  and  boundary  conditions.  Therefore  the  values 


■t 


1 

f 


i 

L 

► 

h 

f 
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of  theso  functions  at  the  points,  connected  by  conditions  (15.4),  are 
equal,  i.e., 

%■«»). ! 

, , [ > (15.33) 

■►‘'(iM.  7) l-.fj-  i 


Page  332. 


Thus,  the  problem  of  mo*-ion  and  the  strains  of  wing  with  the 
harmonic  laws  of  a change  of  the  kinematic  parameters  in  time  in  the 
compressed  medium  at  p*-*0  is  equivalent  in  the  sense  of  equalities 
(15.33)  +o  the  problem  of  the  motion  of  the  converted  wing  in  the 
incompressible  medium,  but  with  the  changed  according  to  (15,29) 
boundary  conditions. 


55.  Coefficients  of  the  aerodynamic  derivatives  of  load  in  compressed 
and  incompressible  the  media. 


i 


i 

1 


During  the  solution  of  problem  for  a wing  in  the  incompressible 
medium  velocity  potential  0 usually  do  not  find  (chapter  y,  part  II), 
calculating  the  only  circulation  the  leads  and  aerodynamic 
coefficients.  Therefore  it  is  expedient  to  obtain  the  formulas,  which 


) 

i 

I 
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make  it  possible  to  complete  direct  passage  from  these  data  to  the 
appropriate  wing  characteristics  in  gas  flow.  Let  us  writs  according 
to  (2.24)  the  coefficient  of  load  Ap„  = 2Ap„/p^(y*i^on  the  converted  wing 
in  the  space  of  the  incompressible  medium  and  the  same  coe tf ic ient  Ap 
2\plf)^Ul  on  the  initial  wing  in  the  flow  of  the  gas  through  the 
coefficient  of  the  aerodynamic  derivatives: 


Ap  - Apo  + 2 (p^'p,  + p‘’'(7,). 

/-I 

APm  = + 2 + P^Pm)- 


(15.34) 


With  ^-ho  aid  of  the  Cauchy  integral  of  - Lagrange  were  obtained 
expressions  (3.21)  for  the  derivatives  of  load  through  the 
aerodynamic  derivatives  of  potential.  Substituting  in  (3.2  1)  values  q)"' 
and  gA  from  (5.13),  we  find 


■frsin“lj. 

- 4 I - M.‘']  + V -I.--]  ^ I . 


(15.35) 


With  p’ -> 0 (d) -* 0)  aerodynamic  derivatives  p*'-  p"*'  are  equal  to 
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„5.3e, 
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Analogously  from  (3.21)  wf>  fine)  that  with  *0  aerodynamic 
derivative  loads  on  the  converted  wing,  which  moves  in  the 
incompressible  medium,  will  be 


Ap 


asi  - P 


9<M 


— , I 


Pm  “ = 4A 


ae^'M 


_09/M 


(15.37) 


Comparing  (15.36)  with  (15.37)  and  taking  into  account 
communication/coanect ion  (15.33)  between  potentials,  it  is  oasy  to 
establish  that  at  the  appropriate  points  that  which  is  compressed  and 
incompressible  of  the  media,  connected  by  eguality  (15.4),  between 
the  aerodynamic  derivatives  of  loads  is  the  following  dependence; 


APo  ‘ 


APoM 


Pm 


(M 


’/M 


"INI 


OM  *3  f'M  > 


A=  V”!  . 


(15.38) 


1 

- 

: 

j 
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56.  Coefficients  of  aerodynamic  force  derivative  and  torgue/aoments 
in  compressed  and  incompressible  the  media. 


Let  us  introduce  the  coefficients  of  aerodynamic  force 
derivative  and  torque/momen ts  for  the  case  cf  the  motion  of  lifting 
surface  in  the  compressed  medium  along  formulas  (2.1),  (2.24). 

Analogously  let  us  determine  the  appropriate  coefficients  of  the 
converted  wing  in  the  incompressible  medium: 


Poo^OW^M 


<-l 


2M 


mxM  = 


xM 


Poo^OM^M^M 


(-1 


2M 


niiU 


Poq^^OM'^M^M 


= mz0M  + 


(-1 


(15.39) 


J 

.1 

j 

i 


where  Km,  Af,Mi  Mxu  - lift,  the  pitching  moment  (relative  to  axis 
and  the  moment  of  roll,  which  act  on  the  converted  wing,  a Stu,  bm 
respectively  its  area  and  root  chord. 


The  coefficients  of  aerodynamic  force  derivative  and 
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I 


torque/raompnts  are  calculated  through  load  factors  in  fotaulas 
(2,25)  . 

Paqe  354. 

Talcing  into  account  thit  kbnfb,  ASM  — ^and  representation  (15.39),  we 
establ  ish/ insta  11  comniunication/connection  between  the  coefficients 
of  aerodynamic  force  derivative  and  torgue/moments  of  the  initial 
wing  in  ♦:he  compressed  medium  and  of  the  converted  wing  in  the 
incompressible  medium: 


where 


kc^J  = k’c^^  = — M 


,3  <», 
c ‘ 

V 


.4; 


iM  > 


AX' 


X 


rri^  iyi  i 


(15.40) 


/ *(M  . 
‘ j(,M 


/ . 


s J J 
‘ J J 


(15.41) 


Communiration/connection  between  the  Coefficients  aerodynamic 
derivative  wing  sections  is  establ ish/installed  as  follows. 


i 

la 

U 


1 
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Expressing  lift  coefficients,  the  longitudinal  and  rolling  Booents  of 
wing  sections  in  the  compressed  medium  through  aerodynamic 
derivatives,  we  obtain  relationship/ratios  (2.24).  For  the  converted 
wing  in  the  incompressible  medium  we  have 


Cyt*  = 


2dM 


1-1 


2dM 


2M 


Poo^oM^M 


(15.42) 


where  dYm,  dMxM,  dMi^  - lift,  the  transverse  and  pitching  moments 
(relative  to  axis  0^^),  which  act  in  the  section  of  the  converted  wing,6|l, 
- the  value  of  the  chord  of  the  converted  wing  in  the  section  in 
question. 


Page  155. 


With  the  aii  of  (15.38),  (15.5)  it  is  not  difficult  to  show  that 

the  coefficients  aerodynamic  derivative  sections,  equidistant  from 
the  piano  of  symmetries,  for  which  ^ = fc',  are  connected  by 

the  following  relationship/ratios: 


ii4 

It! 
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kc'J^ 

” ‘'l/M  » 

km'^^ 

, == 

II 

i> 

s 

i 

I 


(15.43) 


Herp 


m 


riH, 

zzM 


E|M 

•■41 

loM 


i|M 


= 


*1 


M Com 


(15.44) 


57.  ilethol  of  tha  calculation  of  aorodynamic  wing  characteristics  in 
the  compressed  medium  with  p*-»0. 


In  the  preceding/previous  paragraphs  it  was  shown, 
problem  of  determining  aerodynamic  wing  characteristics 


that  the 
i n the 
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compressed  medium  with  the  harmonic  laws  of  a change  in  the  Icinematic  | 

parameters  at  Strouhal  number,  vanishing,  is  reduced  to  the  problem 

i 

of  motion  along  the  harmonic  laws  of  the  geometrically  converted  wing 
in  the  incompressible  medium,  but  with  the  changed  by  the  determined 
form  boundary  conditions.  Therefore  with  p*-+0  we  come  to  the 
following  method  of  ♦■he  performance  calculation  of  wing  in  the 
compressed  medium.  Is  examined  the  lifting  surface  of  arbitrary 
planform,  which  aocoraplishes  in  the  compressed  medium  harmonic  motion 
with  the  Icinematic  parameters,  assigned  in  the  form  (2.19),  (2.20). 

boundary  conditions  on  wing  are  assigned  by  formula  (3.56*).  The 
target/purpose  of  the  calculation  is  finding  the  coefficients  of 
aerodynamic  derivatives  c"',  c'*',  determining  wing  characteristics.  The 
effect  of  harmonic  gust  on  wing  is  not  examined,  since  with  p*-*0 
corresponding  aerodynamic  derivatives  are  expressed  as  the 
derivatives  of  the  wing,  which  moves  as  solid  body  (§5  chapter  of  V). 

In  order  to  find  these  characteristics,  is  introduced  the  converted 
lifting  surface  (see  Fig.  IS, 2,  15.3)  in  the  incompressible  medium. 

Its  geometric  parameters  are  determined  with  the  aid  of  (15.5), 

(15.8),  and  the  kinematic  parameters  of  motion  - with  the  aid  of 
(15.11).  Boundary  conditions  on  the  converted  wing  take  form  (15.29). 


Page  388. 


During  the  solution  of  problem  for  the  converted  wing  in  the 


PAGE  j 

incompressible  melium  velocity  potential  9 they  do  not  find,  but  they  | 

calculate  circulations  and  the  coefficients  aerodynamic  derivative  j 

loads,  forces,  tor  que/momen  ts  in  the  method,  presented  in  chapter  X. 

For  this  let  us  replace  wing  with  the  system  of  discrete  transient 
vortices.  The  position  of  bound  vortexes  on  wing  is  selected 
according  to  indications  §1  of  chapter  X.  The  intensity/strength  of 
the  circulation  of  each  eddy/vortex  let  us  present  in  the  form  of  the 
sum 

^ +Mu**-I  ~ ^OM^M  ^0Mn*A-l  + 2 .(15.45) 

Where  r>_..  . - aerodynamic  derivative  circulations.  As  has 

already  been  indicated  in  chapter  X,  differential  equation  (15. 2R) 
and  boundary  conditions  on  vortex  sheet  (15.31)  and  far  from  it  and 
wing  (15.32)  will  be  fulfilled  at  any  values  of  circulation  r+wnw-i- 

Satisfying  boundary  conditions  (15.29)  at  the  control  points  of 
wing  whose  coordinates  Swvp-i  are  determined  by  formulas 

(10.11),  (10.12),  we  obtain  the  following  systems  of  equations  for  i 

aerodynamic  derivative  circulations: 
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N n 


k-~\  4-i 


S n 


dU 


dl 


'bM 


"^Mvp-I 


An  Zu  Z4  \“'vvpp-l  - ®“'pvpp-i;  '■  Mu**-i  °iMvpp-i'  ■ 


i^«*l  u->l 
N n 


— y V('a)‘‘‘*~'  H- 014)**'“*“'  'IF'*'  = 

An  Li  ^V^pvpp-l  - ““'pvpp-1^* 


4n  ^ ^J\“’pvpp-1 
ft— I 4“l 


L V V (_l!V££n!_  -I-  f,  "“'pvpp-l  )fg, 

4n  ^ \ ap*  dp'  I i*nkk-\ 


ft—l  n— I 


+ (l  M + M ; 

/■  = 1,  2,  3,  4;  V •»  I,  2,  . . .,  n;  p=  I,  2,  . , N. 


(15.46) 


Page  387. 


Ir  thes«  systems  the  dimensionless  velocities 


pvpp- 1» 


"“^pypp-i’ 


^ (JUM-l 

"'"yvpp- I 

dp'  • 


a 


S^mpkk-i 
yypp- 1 

dp' 


I 
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arc  calculated  from  formulas  (9.6),  (9.7),  (9.8),  (9.26)  by  the 

account  of  a change  in  the  beginning  of  coordinates  and  direction  of 
their  axes;  minus  sign  in  brackets  under  sign  is  taken  with  i = 

2,  and  also  with  i = 4,  if  the  strains  of  wing  are  antisymmetric, 
values  B/mvpp-i.  fiwvpp-i  have  the  following  values: 


R — — I R 

“lMvpp-1  ’ ‘^I'Mvpp-l 

o —t'’’’  R 

‘'’jMvpp-l  “ 6mvp-I>  “4MVPP-I 


p _C  — p =0  E 

''3M  ^4 


fl  =Mvp-l’ 


“^Mvp-l 


= / t'"'  ] I 

'd\=Mvp-l*  ^Mvp  — 1/ ' f 


It  is  easy  to  see  that  into  the  right  sides  of  some  systems  of 
equations  (15.46)  the  number  M enters  in  an  explicit  form. 
Therefore  let  us  present  aerodynamic  derivative  circulations  as 
follows: 


r*/M  p‘*(M  „p‘'<  + 

V/  = «. 

4 (i) 

p“)[M  =l.('p‘^r  + M^AP'^f  (15. ^18) 

P«M  _ p« 

Mp/i/i-l  Muli*-!’ 

laA  > *2a  nA  . mj2&  nA 


r*M  « p*  j.  tpK  p*  I p« 

‘ Mpt*-I  MuM-l  ^ MpW-l  ^ ''''  Mn*»-I 
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By  substituting  these  expressions  in  (15.46),  we  cone  to  systens  of 
equations  for  the  circulations 


4it  ^ / j t U>i;vpp-I  4~  OWuvpB-iJ  1 w 


Muftife-l  = — 1, 


V^tfVpp—l  “T  (TW^yVpp— ij  1 M) 


fc— i H-l 


(15.49) 


= - > V ^inpp- 1 , _ "’“iivp/i- 1 ) pa 

V.  dp*  dp*  j 

*-i  a-i  I 

V n I 

4n  2j  \^»vpp-i  ‘^^i/vpp-i)  Mhw-i  ^Mvp-i’  I 


— y y A r 

An  ^ ^ \ pvpp-l  “ '^'^yvpp-]J 


— I wMvp  — 1» 


Ai-l  M-l 


N n / 

= -SE(' 


°“'l/vpp-l  I „®®pvpp-l  )p<0. 


dp*  /‘Mp.itk-1’ 


<Y  ri 

I V V -i.  rrMi****"^  AP'^Z  — (t''P  \- 

4n  ^ ^ V^pvpp-i  "^^^i/vpp-lj  ^ Ma**-l  \=Mvp-i)  ’ 


1 XT'  'O/'  u*fc-l  uSk-l  \ pci)  _ ^ 

4n  ^ ^\^yvpp-l  ^^yvpp-l)  Ninit-i  ? 

k-t  n-l 

)V  H 

y V fm''**-'  -asy****"' ')  r“z- 

^ Jj  \^yvpp-l  ‘^“'yvpp-l/  MuW-1 


vp 

Mvp-1» 


;^->i  ^-1 


(15.40) 


— V I ^^yvpp~l  _ ^^»vpp~l  ] no) 

^ \ dp*  ^ dp* 

fe-l  n-l 


( 1 


■J>?»00  907 


DI^CT — T 


! 


N n 


51  51  - ®“'l/vpP-l)r'Mn**-l  = 

*-l  M-l 


"^nTvp-I 


n 

V^yvpp  — 1 i Crtiyyvpp  — 1/  ^ Mji/ift-I  — 

4-j  n-i 


ft>*l  ^-1 


\ a;** 


I I 


A/  rt 


4jx  ^ ^\“^pvpp-i  — ^^yypp-u  1 w 
/j=l  n-l 

= /a&-i.Cv,-,)' 

51  S (“'pvpp-  I ± OWyvpp- l)  AJ'Miltt- 1 = • 


k^\  u«t 


= MVP-1 


I ••v^p 

*Mvp-l 
r - fvp 
'•M  ^Mvp-! 


N n 


"ijT  ^ l^yvpp— I ^ O' ^(/vpp- 1/  ' 1 

fe  »•  I li  ^■»  I 


afo  I 

it  _tvp 
^M  'Mvp-l 

'*M  ^Mvp-I 


v=  1, 2,  . . .,  n;  p=  \ ,2,  . . .,  N. 


(ISMO) 


DOC  = 771  *54  315 


PAGE 


In  <-he  Iast/Iatt3r  five  systems  of  equations  (15.49)  the  plus  sign  in 
brackets  is  taken  during  the  symmetrical  strain  of  wing  and  minus 
sign  - with  antisymmetric.  It  is  evident  that  all  systems  are  solved 
independently  of  each  other,  except  systems  relatively  P’/  (second, 
fifth,  eighth  and  eleventh  systems),  which  are  solved  after  are  found 
from  the  solution  of  the  preceding/previous  systems  of  circulation  P’/. 
It  is  easy  also  to  note  that  as  compared  with  the  case  M = 0 appear 
four  new  systems  (third,  sixth,  ninth  and  thirteenth);  however, 
system  relatively  AI”^  with  an  accuracy  to  sign  coincides  with  system 
for  whence  it  follows  that 


Al 


Mutt -I 


= — r“^ 


(15.50) 


On  the  basis  of  obtained  from  solution  to  system  (15.49)  of  the 
coefficients  aerodynamic  derivative  circulations  we  determine, 
analogously  presented  into  56  of  chapter  X,  distributed  and  the  total 
loads  on  the  converted  wing  and,  utilizing  relationship/ratios 
(15.  38),  ( 15.40),  ( 15.  4 3),  coefficients  of  the  aerodynamic 

deriva*-ives  of  the  initial  wing  in  the-  compressed  medium. 


’’age  3 90. 

For  example,  for  the  coefficients  of  the  derivatives  of  load  of 
(10.  39),  ( 10.40)  taking  into  account  (15.  38),  (15.48)  at  the 

corresponding  points  of  the  initial  and  converted  wing 
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let  us  have 


^ ^Po  ■"  ^PoM. 

*P“  = Pm> 

^'P*  =?  Pm  + f*^^P2M- 

■«e 

II 

/5V‘‘-  = pr„-  + MV:M^  (15.51) 

1 (Ji-  <l>, 

^P  ^ = Pf/- 

A.v*=pr^+Mv:^. 

, d « 

kp  = pm. 

= Pm  + Pm' 

The  aerodynamic  darivatives  pji'  the  converted  wing  are 

determined  bv  the  equalities 
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Utilizing  r?lationship/ratios  (15.40),  we  obtain  the  following 
formulas  for  passage  from  the  coefficients  of  the  aerodynamic 


J 


Herp  for  significant  dimension  for  the  kinematic  parameters  and  the 
torque/moments  is  undertaked  the  root  chord  b.  In  formulas  (15. Sd) 
the  coefficients  with  index  M are  determined  from  the  obtained 
values  of  the  aerodynamic  derivatives  of  the  circulation  of  the 

converted  wing  according  to  the  formulas 
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. V,  V r 

■ 4 “q~  \ltAkk-\  \ 1 ( 


— 1) 


U-l 


Vr 

" *-l  U-l 

2 \‘  n 

= 4^V/  V r/ 

Sf^  ^ Miikk-U 


lf\  M-*l 


o N n 

= 4i«V/  Vr"- 

6'  ^‘M**-1  ^ Mii**-I. 

“ *-l  U-1 

^■i  " 

= 4 — — V / V ^r"'  — m®' 

^ Mkk-\  ^ ^ Mwt»-I  "‘iM 
*-l  H-1 


= 4^V/  Vr«/  t 


4* 

Mji*— 1» 


/l(«l  H-l 


= 4 ^ V / V r"/ 


/k-i  ^-l 


,2  /V  rt 

y / y Ar"'  £“*  - 

“ L*_1  „_| 

- y / y r*'  (£•“  Y - 

*-l  H-l 


2 M 


_ y y r"<  te’ 

3S„  ^ Mn**-I 't. 


fc-l  4-1 


/=li  3; 

2 V n 

_ 4 ^ y / y 1'“/  t'** 


»-l  K-I 


.2  -V 

< "r\  /f  V / V r'-’x-  ^1** 

("**m)i  “ ^ s,,  ^‘m*»-i  2u  ‘ mkm-i^mk*-i’ 

” *-l  K-l 

{'^xii)2  “ ~ *5“  ^^M**-l  S ^^Mk*»-iCk*-i  “ 

L«_i  ^.i 

~ S ^K**-I^»*K*-I^MK*-I  ~ 

*-l  K-l  -I 

-4:SC-.Sn;'K»-i‘gxsu 
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Tn  the  case  of  the  symmetrical  strain  of  the  wing 


“"i/M 


=4^y;  y r« 

“ *-l  M-l 

k^l  n-i 

“ *-l  n-1 

— r® 

ft  n 

4 _ 4 V / V r* 


k-l  »k-i 


(15.55) 


a2  ^ 

= 4 4^!-  V ( y (r*  + A r*  ^ £*** 

"*/lM  ^ XT  jiJ  ‘mM-I  ^ \ M»(t*-I  ^ Mulk»-i;  bMm-|> 

" k-\  (1-1 

,2  N nr 

m4  = 4 -JL  y / y A r*  £“*  - 

’ Su  M**-l  MuM-iSmh*-! 

'“*-1  4-1 

— A r*  - 1'*  (s'**  Y — 

I M4«-lbM4ft-l  Mufefc-l 
72 

I'^  f{T*  V>** 

12  M4*»-I  *M4*-I 


(15.55) 
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During  the  antisynmetric  strain 


=■  “ P**M  “ "’Jim  “ "'JiM  “ 0. 

k*mi  = + M’  (m*„)^. 

. 2 W n 

mO  = — 4 — V f V r**  r^'‘ 

ft— 1 H — I 

("•;«),  - - “I  ^S'm..-,  s (C.-.+A,c..-,)si-,. 

*-l  n-l 

("’Jm)2  S (^/m(**A-I  ~ - 

*-l  n-l 

— f ***  r*  ^ p4  , H*  1 

SMut-l  Mu**-i;  V>M(1*-I  12  ’8^Xm^A-|J  ■ 


The  coefficient  of  rolling  moment,  as  noted  in  chapter  II, 
frenuently  are  related  not  to  root  wing  chord  b,  but  to  its 
sp’-ead/scope  1.  Noting  the  appropriate  coefficients  of  aerodynasic 
derivatives  by  index  1: 
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let  ns  have 


where 


= + (IS-SS) 


“ 1^  '”*M>  ('”Jim)|  “ ('”Jim)2” 


Page  194, 


It  is  analogDus,  for  an  angular  rate  of  rotation  Q,  as 
characteristic  linear  Jimensior  is  accepted  not  the  chord,  but  the 
half  of  spread/scope  '1/2  or  respectively  /m/2.  In  this  case  the 
kinematic  parameters,  which  determine  the  motion  of  wing  in  the 
compressed  medium,  are  equal  to 


^xt  ~ 2b  ’ ^*''’^■*(26)  ’ 


(15.59) 


^ the  parameters,  which  assign  the  motion  of  the  converted  wing  in 
the  incompressible  medium,  they  are  determined  by  the  following 


relationsh ip/ratios: 


(15.60) 


Hence  easily  we  find 


where 


m JT  J ss  ■ 

"*xlM 


*X,''-K.«),  + M’Ka),. 

*U 


(15.61) 


«"lA)2-^Ki5)2- 

•M 
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Analogously  ar^  der ivo/concluded  formulas  for  the  recalculation 
cf  the  coefficients  aerodynamic  derivative  sections  wa-i  and 
initial  and  converted  wings.  Substituting  in  (10.42)  the  appropriate 
values  from  (15.48)  and  taking  into  account  (15.38),  wo  obtain 


SH5 


_ „/4i  I M-t"'''  . 

= m'X  + M-m"*' 


i2M’ 


1=1,  3,  4; 

febn;"'  = m'tj,  + 
/ = 2. 


(15.62) 
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The  coefficients  aerodynamic  derivative  sections  of  the 


converted  wing  are  determined  from  the  formulas 
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C^4 

II 
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1 ^ M(iU 
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^ (^J  ^ l■'''i'-..-.|»,.-.  -a..-.  (C-.ri, 

(i-i 

«■=  I.  2.  3; 

c'*  =2 V fl'i  4- A r*  \ 

H-1 

r'*  ='2  — V('aI’*  — AF*  — 
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s CL.-. + '‘.c.-.) 
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H-l 


(15.63) 


(15.63) 
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Chapter  XVI, 


PAGE 


THE  VELOCITY  FIELD  OF  tlNSTEADY  DISCRETE  VORTEX  IN  A COMPRESSED 
MEDTHM. 


61.  Velocity  potential,  induced  by  oblique  transient  vortex  in  the 
subsonic  compressible  flow. 

Page  396.  Quring  the  study  of  the  arbitrary  motion  of  wing 

at  subsonic  speeds,  just  as  in  the  case  of  the  incompressible  medium 

,(M  »0),| 

JTs  special  feature/peculiarity  is  utilized  oblique  transient 
vortex.  Let  us  find  its  velocity  field  in  the  compressed  medium. 


Let  us  introduce  motionless  rectangular  coordinate  system  Oxyz, 
by  orienting  by  its  in  such  a way  that  axis  Ox  would  be  directed 
posiqrade  unperturbed  flow  (Fig.  16.1).  Let  us  place  in  plane  Ox» 
the  motionless  (connected)  eddy/vortex  AB,  after  combining  its  middle 
with  the  origin  of  coordinates.  The  width  of  eddy/vortex  (measured 
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along  axis  Oz)  l?t  us  designate  lo,  and  the  angle  between  AB  and  axis 
Oz  - through  x (positive  reference  direction  x we  consider 
direction  from  one  Oz  to  Ox)  . Let  us  consider  that  the  vorticity  is 
constant  along  the  length,  but  it  is  changed  in  the  course  of  time, 
let  us  designate  vorticity  by  1’+.  a ^he  time  by  t.  Let  us  assume  that 
the  eddy/vortex  appears  at  torque/moment  t = 0.  Under  these 
conditions  we  have  , . ^ 

0)  Q> 

r+  = r+(0  npn  t>0.  r+sO  npn  /<0.  (16.1) 


The  emergence  of  bound  vortex  and  change  in  its 
intensity/strength  produces  the  appearance  of  a system  of  free 
vortices.  Let  us  assume  that  at  tor gue/moment  t = 0 appeared  bound 
vortex  ^^+'-  On  the  strength  of  the  theorem  about  the  invariability  of 
circulation  in  time  and  the  theorem  about  the  constancy  of  vorticity 
over  its  length  the  formation/education  of  bound  vortex  can  be 
visualized  as  follows. 


i 


I 


1 


i 

I 


1 
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Pig.  16.1.  Adoptai  system  of  coordinates  for  a horseshoe  vortex. 


Page  197. 

With  t < 0 on  AB  is  arc ange/iocated  two  superimposed  to  each  other  of 
eddy/vortax  with  intensity/strength  Am  and— Am-  Since  vorticity  are 
differing  by  absolute  value  and  are  opposite  on  sign,  the 
eddy/vortices  of  each  other  neutralize.  At  torquo/moment  t = 0 of 
second  eddy/vortex  is  separate/liberated  from  the  first  and  is 
carried  by  flow  (Fig.  16.2).  In  this  case,  according  to  Helmholtz* 
theorem,  between  the  end/leads  of  that  taken  away  by  the  flow  of  free 
vortex  DC  and  of  bound  vortex  AH  appear  elongated  along  flow  free 
vortices  AD  and  DC  the  same  intensity/strength  d,,.  Thus  appearing  at 

torque/moment  t = D bound  vortex  AB  with  intensity/strength  A-m  is 
part  of  the  locked,  expanding  in  the  course  of  time  eddy/wortex  ABCD 


j 


j 

i 
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with  intensity/strength  A+i-  The  subsequent  changes  in  the 
intensity/strength  of  bound  vortex  produce  the  appearance  of  newly 
closed  expanded  eidy/vortices  ABB' A*,  ABB  "A”  (Fig.  16.3).  During  a 
continuous  change  in  the  intensity/strength  of  bound  vortex  appears 
the  continuous  system  of  the  locked  eddy/vortices. 


The  examined  vortex  system,  which  consists  of  the  finite  number 
of  locked  beina  expanded  cddy/vortices  or  of  their  continuous 
totality,  is  called  subsequently  simply  unsteady  oblique  eddy/vortex. 
Let  us  find  veloci'-y  potential,  induced  by  this  eddy/vortex. 


is  known  tha^-  the  velocity  potential,  induced  by  the  locked 
vortex  line  wi'-h  intensity/strength  A+j,  coincides  with  velocity 
potential,  induced  by  the  layer  of  the  dipoles,  which  are 
arrange/located  into  parts  of  the  plane,  surrounded  by  eddy/vortex, 
and  having  the  density  of  distribution  of  torque/moments,  equal  to 
“ "A'-t  Thus,  during  finding  velocity  potential,  induced  like  the  ^ 
wind,  depicted  on  Fig.  16.2,  it  it  is  possiole  to  replace  wit.h  the 
layer  of  the  dipoles,  arrange/locate  1 inside  ABCD  wi*--lr  the  uniform 
density  of  distribution  of  tor quo/momen ts 


/• 


/ 
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I 

with  int<^nsity/r.trGngth  A+i.  The  subsequent  changes  in  the 

I 

intensity/strength  of  bound  vortex  produce  the  appearance  of  newly 
closed  expanded  el d y/vortices  ABB'A*,  ABB  "A"  (Fig.  16.3).  During  a 
continuous  change  in  the  intensi ty/strength  of  bound  vortex  appears 
the  continuous  system  of  the  locked  ed dy/vort ices. 

The  examined  vortex  system,  which  consists  of  the  finite  number 
of  locked  beina  expanded  ed d y/vortices  or  of  their  continuous 
totality,  is  called  subsequently  simply  unsteady  oblique  eddy/vortex. 
Let  us  find  velocity  potential,  induced  by  this  eddy/vortex. 

is  known  that  the  velocity  potential,  induced  by  the  locked 
vortex  line  wi^-h  intensity/strength  A+j,  coincides  with  velocity 
po'-ential,  induced  by  the  layer  of  the  dipoles,  which  are 
arrange/located  into  parts  of  the  plane,  surrounded  by  eddy/vortex, 
and  having  the  density  of  distribution  of  torque/moments,  equal  to 
“Ah-  Thus,  during  finding  velocity  potential,  induced  like  the 
wind,  depicted  on  Fig.  16.2,  it  it  is  possible  to  replace  with  the 
layer  of  the  dipoles,  arrange/located  inside  ABCD  with  the  uniform 
density  of  distribution  of  torque/moments  Ui  = — A+i. 
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Fig.  16.2.  Obliqup  hors^'shoe  vort.ex  at  torque/moment  t > 0. 


Fig.  16.3.  Oblique  horseshoe  vortex  with  the  changing  in  time 
in  ten  sity/strengt  h . 


Pa  ne  39  3, 


During  the  deterininat  ion  of  velocity  potential,  induced  by  the 
transient  vortex,  depicted  on  Fig.  16. 3,  vortex/eddy  system  it  is 
necessary  to  replace  with  the  layer  of  the  dipcles,  which  have  in 
A'B’CD  the  density  of  distribution  of  torque/mcments,  equal^  to 
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in  A " B”  B*A*  <»qua  1 to  02  = — (A+i  + A+2),  in  ABB  "A"  03  = — (A+i  + A^-j  + Ah-s). 

Free  vortices  DC,  A'B»,  A "B"  are  carried  by  flow  with  a velocity  of 
fTp.  At  the  sane  velocity  are  moved  areas  A'B'CD,  A "B"  B*  A * it  is 

I'  expanded  area  ABB*  A’.  By  taking  into  account  this,  it  is  possible  to 

present  the  emergence  of  the  layer  of  dipoles  as  follows.  On  the 
straigh'*-  line  AB  continuously  appear  the  dipoles.  They  are  free  and 
P immediately  are  carried  by  flow  with  a velocity  of  Uq.  As  a result 

I appears  th«  being  extracted  along  flow  layer  of  dipoles.  The  density  J 

I of  this  layer  on  the  straight  line  AE  is  equal  to  the  undertaken  with  i 

[I  i 

opposite  sign  intensity/strength  of  bound  vortex  at  the  given 
instant.  A^  a distance  — (measured  according  to  flow)  the  density 
of  distribution  of  dipole  moments  at  the  given  instant  t is  equal  to 
the  undertaken  with  opposite  sign  vorticity  at  torgue/mome  nt  — — •'■n) 

/Uo]  (see  Fig.  16.4).  If  the  Lntensity/strength  of  bound  vortex  is 
changed  continuously,  then  the  density  of  distribution  of  dipole 
moments  on  AB  will  be  also  changed  continuously  and  on  certain 
straigh*-  line  11,  parallel  AB  (see  Fig.  16.3),  at  the  given 
♦:orque/momen t t it  will  be  equal  to  the  intens ity /strength  of  bound 
vortex  at  the  moment  of  time  [/  — (•*"■*» )/^ol- 

'i 


( 
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transient  vortex  will  engage  parallelogram  ABCD  (Fig.  16.4).  Let  us 
replace  transient  vortex  with  the  eguivalent  system  of  dipoles.  In 
accordance  with  this  system  presented  is  the  layer  of  dipoles, 
arrange/located  inside  ARCD  and  having  at  torque/moment  t at  the 
fixed/recorded  point  P with  coordinates  x,  0,  z the  density  of 
distribution  of  torgiie/moments,  equal  (see  Fig.  16.4) 


a(x,  0. 2,  0= 
a(x,  0,  2,  t)^Q 


("  , 
, 


npH  / 


■»-Xn 

Uo 


>0. 


X-X„ 

U, 


<0, 


(16.2) 


K^i*  IJ)  U3  I K 

It  is  known  that  velocity  potential,  induced  by  dipole,  it  is 
possible  to  obtain,  by  differentiating  velocity  potential,  induced  by 
source.  Therefore  let  us  examine  the  layer  of  sources.  For  this  let 
us  introduce  parallelogram  AiBiCiDj,  equivalent  to  ABCD,  but 
displaced  up  to  distance  y along  axis  Oy  (Fig.  16.5). 
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oblique  horseshoe  vortex  in  the  coapressed  aediu*. 
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us  fill  it  with  sources  according  to  the  sane  law,  as 
parallelogram  APCD  was  filled  by  dipoles,  i.e.,  we  will  consider  that 
on  AxB|C|Di  at  the  given  torque/moraent  t at  point  Pj  with  coordinates 
X,  y,  7 the  source  strength  was  equal  ^-o 

g(jc,  2,  0-g(< 1 

61  _ ' ('6.3) 

y,  2,  /)«»0  <-  <0.  J 


Let  us  designate  by  A<t)  (Xq*  Yo*^ n*  x,  y,  z,t)  the  velocity  potential, 
induced  at  torque/aoaent  t in  point  Pq  with  coordinates  Xgr  Yo*  2q  bY 
th'’  sources,  arrange/locat^d  on  surface  element  dxdz  (near  point  Pj) 
utilizing  results  [1.15],  we  obtain 


1 

I 


J 


DOC  = 77154116 


PAGE 


A,h t/,  -^J 

R, 

- k'U„-^)*  + *^[(//0-//F  + (20-2n. 
M--^; 

|?»0 


Ke^HOu)  (tK 


where  a - the  speed  of  sound. 


Velocity  pot3rtial,  induced  by  all  sources,  arrange/located  on 
AjBiCiDi,  we  find,  integrating  (16.4): 


UP 

--k  I I 

~UP  *11 


r x-x„ 

-Jit 5 — ^ ^dx.  (16.5) 


Xn  order  to  obtain  velocity  potential  * ( Xq*  Yo*  Zg*  x*  0 ,z, t ) , 
induced  in  point  Pq  (Xo»yo/Zo)  at  torque/Boaent  t by  the  layer  of  the 
dipoles,  arrange/located  on  ABCD,  necessary  in  equation  (16.5)  to 
replace  q by  o - — r4.,  differentiate  this  expression  for  y and  to 


find  then  liait  at  y 


0.  Making  these  actions,  we  obtain 
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'nA-‘  *n+l'o'  T,  r,  X-Xn  , M(*o-Jf)  _ 3>  1 

r , f a** 

R, 


dx. 


(16.6) 


Pa  ge  U 0 1 . 


The  obtained  expression  can  be  substantially  siaplified.  For  this  let 
us  pass  to  dimensionless  quantities,  after  placing 


r^^u^v.  s = f.  7 = 1-.  S = |. 

t ^0  „ _ yp  * ^0 

S0“^i  ’lo  j. 


(16.7) 


where  b - characteristic  linear  dimension.  Substituting  (16.7)  in 
(1 6. 6)  , we  obtain 


(/oi  ,.  a 
q)= 


^ =•  /(So-5)^  + *M(ri.-ri)*  + (Co-£)*]. 

Sn-l^^=Ctgx. 


(16.8) 


After  introducing  the  new  variable 


P-So-b. 


(16.9) 


1 


Y 

■ t* 
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j* 
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after  replacement  we  obtain 


i- 


<p  = 


Upb 

4a 


'o/2» 


lim  f f 

n-»u  J 


■['- 


-Lo  _t  s + -kL. 
Up  ^ Upk^ 


d^. 


-Ippb 


(16.10) 


where 

p|  = Eo  ~ ^11  ~ “ ^0  ~ ^11* 

r = Vf^-  + k^  [(nu-n)'  + (5a-?)'1  • 

During  the  calculation  of  potential  by  this  formula  one  should 
bear  in  mind  that  in  accordance  with  (16.2),  (16.7)  f*  * 0 with 

+ Tv? --^^<0-  (16.11) 

However,  virtually  last/lattcr  condition  to  conveniently  consider, 
after  changing  in  an  appropriate  manner  integration  limits.  Let  us 
designate  the  minimum  and  maximum  values  of  the  alternating/variable 
C area,  filled  by  dipoles,  where  is  satisfied  the  condition 

<-i(5.-i.)  + t^Sr-ir.>0.  (16.12) 

respectively  through  5^,  and  the  limiting  values  of  the 

alternat ing/var iabl e 3 boundary  of  this  area  - through  Pj,  p^. 
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Kow  the  formula,  which  determint^s  potential,  takes  the  following 
form: 


c> 


(16.13) 


Values  6,  we  find,  solving  relatively  p the  following  equation: 


f = < — 77^(lo~»n)  + a*‘ 


4Tr-0. 


(16.14) 


In  this  case  we  obtain  two  values  Pj ; 


Pi  = lo  - S tg  X - T + M \/(lo  - 1 tg  X - + (nu  - 5)^  + (Co  - 1)"  . 


(16.15) 

P:  = lo-£(gX--r-M  K(So  - C tg  X - t)*  + (rj^,  - n)^  + (Cu  - tf . 

(16.16) 


Py  direr<-  chocking  it  is  possible  to  establish  that  when  p»,  < p < Pj 
F < 0.  Therefore  as  the  lower  limit  of  internal  integral  in  (16.13) 
above  to  take  p,. 


g I in—iB 
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Ir.  ocf^er  to  f infl  limits  and  ?2,  let  us  compute  coordinates  ? 
the  points  of  intersection  of  curves  and  (Fig.  16.6)  . 

Set/assuming  3i  = 3?  solving  this  eguation  relatively  c,  we  find 


£;o  = ?o  + (^-So‘eX-'f)sinxcosx- 

- ■]/ - (lo  - Co  tg  X - cos^  X - (tio  - cos  X. 

C = Co  + (lo-Co‘gX-t)sinxcosx  + 

+ y (-^)*-(lo-CotgX-T)*cos*x-(TV)-  ri)*  cosx- 

If  in  the  last/latter  relationship/ratios  radicand  is  equal  to  7.ero 
eith<=r  negative,  then  C’o  and  Cjy  are  equal  or  apparent/imaginary.  In 
<-he  first  case  the  curve  P|  passes  above  3^  and  concerns  by  the 
latter  at  one  point,  in  the  second  - curve  3,  passes  above  3^  and  it 
does  not  have  with  the  latter  of  common  points.  In  both  cases  the 
velocity  p'>tential  is  equal  to  zero,  « S 0- 


(16.17) 
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Fig.  16.6.  To  th"?  determination  of  integration  limits. 
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At  actual  values  5io>  the  integration  limits  for  C are  determined 
by  the  position  of  points  S'J,  ^ relative  to  eddy/vorte*  and  can  be 
egual  *o  ito/2b  or  CiJ.  tjo-  Taking  into  account  that  the  integration 

limits  for  5 are  either  the  constants  (♦to/2b,  - the  spread/scopo 

of  eddy/vortex)  , or  are  equal  to  Sjo,  i.e.  , ty  such,  with  which  Pj 

= P2,  formula  (16.  13)  can  be  rewri'*'ten  as  follows: 


p ^ r F/  — ^ tx  t \ 4.  1 

4n  J „ ai,  J r 


c,  0, 


(16.18) 


In  this  formula  Ci*  have  the  following  values: 
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*>Ji 

11 

npii 

Sjo»  $20  ^ 

_/o_  .•  f Id  . 

2ft  • »io>  »2o*^  2ft  ’ 

s,  = - 

Id 

2ft  • 

S.  = Sm 

„9» 

<■ l!»  ^ cT  f-' 

»io  2ft  ’ 2ft  ^ -U 

s,  = - 

Id 

2ft  ' 

s =— 

2ft 

0 

npii 

t’  <;  — ^5-  r*  -^5-. 

»io  ^ 2ft  ' =20==^  2ft  ’ 

Si  ~ Sio> 

S2  ~ S20 

©■ 

rl\ 

bio  ^ 2ft  ' ^20^  2ft  ’ 

Si  ~ Sio> 

£ = — 
2ft 

<"  A.  A*  ^ 

2ft  ^bio"^  2ft  ’ »20=®^ 

kt >/ 1 Cl)  u>  ‘ 


Hpr«» 


?Io  = So  + (^-So‘gX-T)sinxcosx- 

“ (■^)*  “ (^0  - So  X - t)=  cos^  X - nj  cos  X. 

S»  = So  + (So-So<gX-t)sinxcosx  + 

+ V - (So  - So  *g  X - 1)*  cos=  X - ^ cos  x- 


52.  Velocity  potential 


induced  by  the  transient  vortex  whose 
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intpnsity/st rength  is  changed  abruptly. 


Let  us  examine  the  case,  when  the  intensity/strength  of  bound 
vortex  is  changed  abruptly.  Let  in  torgue/moment  t = 0 
intensity/strength  of  bound  vortex  instantly  reach  the  value 


= Uob^, 


(!6.2!) 


and  then  it  remains  always  of  constant.  In  this  case  up  to 
torgue/moment  t the  transient  vortex  will  be  the  locked  eddy/vortex 
APCP  (Fig.  16.7)  whose  intensity/strength  in  all  sections  is 
identical  and  equal  to  !+•  In  the  course  of  time  this  eddy/vortex 
will  be  increasingly  more  and  more  extracted  on  flow. 
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Velocity  potential,  induced  like  the  wind  at  torgue/moment  t in  point 
(*o»  Yo»  7.  o)  * let  us  find  from  (16.18),  by  set/assuming  V = const. 
After  differentiation  with  respect  to  h-  integration  for  3 and 
passage  to  limit  we  obtain 
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UabT 


lo-jtgX 


tf  1 K+(?o-S)']l^(lo-t<g*)^  + *'Ko  + (Eo-?)^] 


^o-stgx-t 


[^0  + («o  - S)"]  l/(lo  - £ ‘g  X - T)'  + rto  + (So  - 


(16.22) 


whore  5,,  ^2  are  ietermined  by  relationship/ratios  (16.19),  (16.20). 


Integration  for  C [1.91]  gives 


<P  = ^[arctg(l/(|o-Cofgx)^-(-55tg'x  h5<gX-(lu-Sijlgx)(eu-S)]  X 
X Vo ' [’lo  'g  X - (^0  - So  Ig  X)  (So  - S)]*  + 

+ [(So  - So  ig  xf  + (^'  + tg-  X)  9?]  [(So  - S tg  X)  + (So  - S)  tg  - 

-arctg(\/ (So-So lgX-'r)Hg5tg2x  KlgX-(So-SolgX-t) (So-S)]  X 
X 5o"'{I’lo  'g  X - (So  - So  Ig  X - t)  (So  “ S)]^  + [(So  “ So  tg  X - t)^  + 

+ (1  +tg^X)5^][(So-SotgX-t)  + (So-S)tgx]T''')][l^  06.23) 


The  entprinq  this  formula  values  and  5?  are  located  from  (16.19), 


(16.20)  . 


Let  us  find  velocity  potential  in  some  special  cases.  Me 
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determine  first  potential  in  the  case,  when  from  the  torqu e/moment  of 
the  emergence  of  eddy/vortex  pass  very  long  time  (medium  compressed). 


Fig.  16.7.  To  the  determination  of  integration  limits. 
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Tn  this  case  of  t 


and  consequently. 


at  _ t 
b ~ W 


oo, 


oo. 


Under  thego  conditions  from  (16.20)  it  follows  that 
C*2o  — ^ ♦ “»  and  it  is  necessary  to  count  5,  = lo/2b. 
Substituting  these  values  in  (16.2  3)  and  set/assuming  r 
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q)=i^[arctg(l/(lo-Sutgx)-  + DStg'x  X 

X[Tl2tgx-{lo-Cjtgx)(Co-^)lV-'l'''f’l'*&^-(^o-So'gx)(So-^)r  + 
. +[(lo-^o*gx)^  + (*'^  + *g'x)TlGl  X 

r _ r 

xf(^o-Sotgx)  + (So-5)»gxir"‘')-^^'='g^]j..„,,- 


S<>t/assunii  nq  in  the  ]ast/latter  formula  k 1,  we  find  velocity 
potential,  induced  like  the  wind  in  the  incompressible  medium: 


4n 


( \^(lo  - £o  tg  xf  + hS  X f n^g  X - (So  - So  tg  x)  (?U  - ^)1  _ 

^ I ^ ho  /[(^o- So  t g x)''' + ( ‘ + ' X)  'io][(lo  - So ' e X)  + (So  - S) ' K Z i' 

-arctg^  . (!6.25) 

no  ) t - - ij  ’b 


Let  us  examine  by  now  case  when  transient  vortex  is  the  system, 
which  consists  of  the  infinite  bound  vortex,  arrange/located  on  the 
axis  Oz,  and  parallel  to  it  free  vortex,  taxen  away  by  flow  with  a 
velocity  of  Hq  (medium  compressed).  As  before  let  us  consider  that 
the  eddy/vortex  appeared  at  torque/moment  t = 0.  The  formula,  which 
determines  potential,  in  this  case  let  us  find  from  (16.19),  (16.20), 
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(16.23),  by  set/assuainq  x-»0. 


t/o*r  , . 

<P  = -4;rl 


(5o-t)  (So-J) 


’lu  ^ (5o  - f)*  + (So  - t)-  + ’ll) 

|o(So-S) 


— arctg- 


^0  l^So  + *'I’'o  + (So-S)-J 

“ ^0  ~ '\^{'W ) ~ (^0  ~ ~ ’Vj  • 

C.  = So+]/(.>f-(So--'f-D2. 


(16.26) 
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Substituting  limits  anl  carrying  out  a series  ot  transformations,  we 
obtain 


u„br  . no  -■')*  + ’i2 

<p  = arctg 5 — — — ; 

2n  no  "t  Eo  (So  ~ 


(16.27) 


The  obtain'^O  expression  coincides  with  the  formula,  derived  in 
[2.24  ]. 


63.  Velocity,  induced  like  the  wind  with  an  abrupt  change  in  the 
intpnsity/streng»-h. 


I 
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Let  un  find  the  velocity  parallel  to  axis  Oy  (see  Fig. 

16.1),  induced  by  transient  vortex  in  plane  y = 0.  Taking  into 
account  (16.8),  we  have 


II. -n) 


t>T10 


Differentiating  (16.23),  we  obtain 


where 


Up? 

4n 


■ w 


(16.28) 


(16.29) 


Wy  = Wy^  + 

K[(lo  - to  tg  %)  + (C.  - Si)  <g  Xl»  + (to  - ti)*  I 
(6o-S.tBX)(So-;i)  ^ 

, tg  X)  + (So  - 12)  tg  xi^  + do  - S2)^ 

do  - So  tg  X)  (So  - So) 

Soigx-T)  + (So-Si)igxl^  + (So-Si)^ 
d.-Coigx-t)(;.-Si) 

/(do  - So  tg  X - T)  + (So  - Co)  tg  xP  + (So  - So)* 
(So  - So  tg  X - T)  (So  - Si) 


(16.30) 


The  entering  the  last/latter  relat ionship/rat ios  values  C* , are 
determined  from  (16.19),  (16.20)  wit  h Do « 0 have  the  following  values: 


r 
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c, » c,  s;. ^ c;.  c:  > 

c,  = -i.  c..=c:. 

® 

;>  = c;.  C,  = ^ npH  ;,;>A. 

Si  = Co  + (.lo"“  So  tg  X - t)  sin  X cos  X - 


(16.31) 


-VI 


- (So  - So  tg  X - COS^  X cos  X, 
Si  = So  + (So'  - So  tg  X - 1)  sin  X cos  X + 


kc\i  * 

(l)or 


+ )/  (-^f- (So-So tgx-'ry'cos^x  cos X. 


(16.31) 


with. 
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J 


Let  us  ‘'xamine  again  some  special  cases.  Set/assuming  in  (16.30) 
and  (16.31)  t — > we  find  the  velocity,  induced  by  transient 

vortex  in  ^ho  compressed  medium,  when  from  the  torque/moment  of  the 
emergence  of  eddy/vortex  pass  very  long  time.  Taking  into  account 
that  with  t — ^ - T — ^ •,  -^-»oo  and  Cj  = t^o/2b,  C?  = to/Ib,  we 
obtain 

I 

Wy 


t/„r 


t --- 

to  26 


do  - So  tg  X)  (So  - 

I + W *8  x)  + *’ (i«  + 


do  - So  Ig  X)  (So  + 


(16.32) 


This  same  result  is  obtained,  differentiating  (16.24)  and 
5;et/assumi ng  then  tio-»0. 


In  the  case  of  the  incompressible  medium  (k  = 1)  we  have 


The  obtained  expression  coincides  with  formula  (9.8).  During 
comparison  i^"  is  necessary  to  keep  in  mind  that  in  the  present 
chapter  accepted  opposite  direction  of  axis  Oz  in  comparison  with 
chapter  TX. 
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Let  us  find  now  the  vertical  velocity,  induced  by  the  transient 
vortex  of  infinite  width,  i.e.,  by  the  vortex/eddy  system,  which 
consists  of  the  infinite  bound  vortex,  arrange/located  on  the  axis 


The  same  result  is  obtained,  differentiating  (16.27)  on  go  and 
transfer/converting  to  go— ‘O.  Formula  (16.34)  coincides  with  the 
expression,  obtained  in  mork  [2.24]. 


PAGE 
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I 

' Chapter  XVIT. 

r 

5 

f 

METHOD  OF  THE  CALCTILATIOK  OF  AERODYNAMIC  WING  CHARACTERISTICS  WITH 
ARBITRARY  TIME  DEPENDENCES. 

51.  Calculation  of  the  into nsity/str ength  of  the  bound  vortexes  of 
wings  with  H * 

The  inethol  of  the  calculation  of  aerodynamic  characteristics 
during  the  aperiodic  notion  of  lifting  surface  in  the  incompressible 
medium  is  described  in  chapter  XI.  By  utilizing  the  derived  in 
preceding  chapter  formulas,  it  is  possible  analogously  to  solve  the 
problem  of  the  aperiodic  mction  of  wing  at  subsonic  speed  in  the 
compressed  medium.  For  a clarity  let  us  examine  first  wing  with 
direct/straight  edges  and  the  contraction,  equal  to  one. 
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Lot  us  introiiicp  the  rectangular  coordinate  systen  Gxyz, 
connected  with  wing.  The  origin  of  coordinates  let  us  place  in  tip 
noskide  of  root  chord,  axis  Ox  is  directed  along  this  chord  back/ago, 
and  axis  07  - along  the  right  half  wing  (Fig.  17.1).  Let  us  designate 
by  Pq  the  average  speed  of  the  motion  of  wing,  time-independent,  but 
the  kinematic  parameters,  which  characterize  supplementary  motions, 
le*-  us  consider  assigned  in  the  form 


Here  are  the  parameters,  introduced  according  to  (2.19),  a q\ 

are  their  maximum  values.  As  already  mentioned,  the  parame  ters  <7*  “ “*• 

^ — u),  j 

JTfo  taken  in  standard  axes.  Let  us  accept  also,  that  the  lifting 
surface  transforms  and  at  given  torque/moment  its  equation  takes  the 


form 


0 + U(l.  ;)6(t). 
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Fig.  17.1.  System  of  the  axes. 
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Under  boundary  condition  (3,56)  we  will  obtain  the  following  terns 


dn  I2  dx 


Let  us  assume  still  that  in  its  motion  the  lifting  surface 
encounters  gust.  Let  us  introduce  fixed  coordinate  system 
(Fig.  17.2).  The  relative  velocity  of  breakaway  in  fixed  coordinate 


systems  is  assigned  and  equal  to 


(x,)=w„A  (li). 
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Let  us  consider  that  at  the  initial  moment  t = 0 spout  of  root  chord 


coincides  with  tha  beginning  of  motionless  system  and  it  is  oriented 


in  such  a way  that  axis  Ox^  coincides  with  vector  Uq,  and  axis 


and  Oyi  - in  accordance  with  axes  Oz  and  Oy.  Taking  into  account 


communication/connection  between  the  coordinates  of  movable  and 


motionless  systems,  we  find  the  appropriate  term  under  boundary 


condition  (3.56) 


dr\  ) “'i/A  J 


Ry  following  the  method,  presented  in  chapter  XI,  lifting 


surface  and  vortex  wake  let  us  replace  with  the  system  of  discrete 


transient  vortices.  For  this  let  us  break  half  wing  (Fig.  17.3)  by 


♦•he  planes,  parallel  to  the  plane  of  symmetry,  into  N of  bands.  The 


numbers  of  sections  let  us  designate  by  k (or  p)  and  count  conduct 


from  tip  of  the  wing  (where  we  set/assume  k = p = 0)  to  root  section 


(k  = V).  By  such,  with  form,  k or  p will  vary  within  the  limits  of  k 


= 0,  1,  2,  ...,  p = 0,  1,  2,  ...,  N, 


The  planes  which  separate  chords  into  n of  equal  parts,  let  us 


cut  bands  on  panel 
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Piq.  17. 2»  Motionl(»ss  and  moving  coordinate  system  upon  the  entrance 
of  wing  in^-o  gust. 


Page  411. 

On  each  panel  a^  a distance  (measured  according  to  flow),  equal  to 
1/4  lengths  of  panel,  i.e.,  at  a distance,  equal  to  b*/4n,  from  the 
leading  edge  of  oanel  (b*  - the  current  chord),  let  us  place  the 
bound  vortexes  of  constant  along  the  length,  but  the  changing  in  the 
course  of  time  intensity/strength.  To  the  vertex  line,  formed  by  the 
bound  vortexf>s  of  one  series  of  panels,  let  us  ascribe  number  p.  Is 
obvious,  M = 1»  2,  ...,  n. 


7 

Let  us  designate  Xqj^,  (x^p,  Zq^)  - the 

coordinates  of  leading  edge  in  section  k (or  p) 
and  by  x^^,  x^p,  z^p  and  b^  - the 

coordinates  of  trailing  edge  and  chord  in  cross 
section.  For  the  appropriate 

relative  coordinates  let  us  introduce  the  following  designations: 


Xok 

luft 

^oft 

^0*  = 

~b~’ 

^ ~ 

Xop 

top 

Xop 

tap  ~ 

0 ’ 

^ ~ 

X\k 

lift 

_ ^1" 

lift 

b • 

“ b 

II 

Xip 

^\p 

~ir ' 

lip 

~ b 

bk 

■<lft- 

Xak 

= i,  ■"  b 


bp  ^\p  ^op 

^p~  IT b 


(17.6) 


In  this  paragraph  is  examined  the  case,  when  contract  ion  p = 1, 
i.  e. , 5/,  = 5p  = 1- The  slope  tangent,  the  relative  coordinates  of 
end/leads  and  nidile  of  the  bound  vortex,  which  lies  between  sections 
k,  k - 1 and  belonging  to  M~th  vortex  line,  are  determined  from 
formulas  (10.5),  (10.6),  (10.8)  and  for  the  case  in  question  take  the 

following  form: 
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Silk  5o 


i (17.7) 


Let  us  conduct  guide  lines  in  such  a way  that  in  each  section 
they  would  be  arr a n ge/loca-^ ed  at  a distance  (measured  according  to 
flow),  equal  to  b’/4n,  from  the  trailing  edges  of  panels. 


Fig.  17.3.  Replacement  of  wing  without  contraction  by  oblique 
horseshoe  vortices. 


1 
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Page  412. 

Thp  number  of  guide  line  let.  us  designate  V (■t^  •=  1,  2,  ...»  n)  . As 
the  control  points,  at  which  must  accurately  be  fulfilled  boundary 
conditions,  let  us  accept  the  points,  which  lie  on  guide  lines  on  the 
middle  of  panel.  The  relative  coordinates  of  end/leads  and  middles  of 
guide  line  "V,  arrange/located  on  band  between  sections  p - 1 and  p, 
we  find  through  formulas  (10.11).  In  the  case,  i«e.,  with  S»^  e«t-TCTn 
they  will  he  determined  by  the  relationship/ratios 


Svp  5op  "b 


v-T 


Cvp  Cop» 


^vp-l  2 (^P- 1 ^vp)'  ?vp-i  2 (^vp-l  “b  Cvp). 


(17.8) 


By  following  the  procedure,  accepted  in  chapter  XI,  the 
continuous  process  of  a change  in  the  kinematic  parameters  and 
aerodynamic  character ist ics  in  time  let  us  replace  discrete  (see  Fig. 
11.2).  the  relative  time,  which  takes  place  between  successive 
torque/moroen ts  of  a change  in  the  parameters  (space  of  time),  let  us 
designate  At.  As  calculated  let  us  accept  the  torque/moments,  which 
directly  precede  a change  in  the  corresponding  characteristics.  The 
calculated  torgue/moment  let  us  characterize  number  r (r  - positive 
integer  number).  Let  us  consider  that  to  the  initial  moment  of  motion 
it  corresponds  to  r = 0,  and  final  r = R.  Is  obvious  the  time,  which 
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corresponds  to  the  calculated  torque/moment  r»  equally 

= (17.9) 

Let  us  designate  the  intensity/strength  of  the  bound  vortex, 
lying  between  sections  k - 1,  k and  belonging  tc  p-th  vortex  line 
(with  4it/)  the  form  of  motion),  by 

where  r'ojUiifc-i  - relative  intonsity/strength.  Let  us  consider  that  the 
vorticity  is  changed  abruptly  into  the  tor gue/mcments,  the  following 
directly  after  calculated,  and  in  the  interval/gaps  between  them  it 
remains  ronstant/in variable  (see  Fig-  11.3).  The  value  of  relative 
intensity/strength  at  the  calculated  torgue/moment  and  to  change  in 
this  inten sity/str engt h at  the  torgue/moments,  which  precede 
calculated,  let  us  designate  respectively  by  Between 

these  values  there  is  the  following  obvious  dependence; 

= ffliia*-!  = 0,  I 

A<,|H),t-i  = 1 A+,.n**_i  = t/u6 I ^ 


Page  413. 

For  the  taken  model  one  should  assume  that  into  the 
torgue/moB^'nts,  the  following  directly  after  calculated,  from  bound 
vortexes  are  se par ate/li her ated  parallel  by  it  free  vortices  and  are 
formed  the  locked,  being  extracted  along  flow  eddy/vortices  of 
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constant  int pnsity/strenqth.  To  Fig.  17.4  it  is  shown,  in  that  is 
devploped  this  eddy/vortex  toward  thp  calculated  torque/mo ment  r,  if 
it  was  formed  immediately  after  the  calculated  torque/mome nt  s.  Let 
us  find  the  vertical  velocity  in  contrcl  point  cn  line  V between 
sections  p,  p - 1 in  the  calculated  torque/mouent  r,  induced  by  the 
locked  eddy/vortex,  which  arose  immediately  after  tor que/m omen t s as 
a result  of  a change  in  the  intensity/strength  of  the  bound  vortex, 
which  lies  between  sections  k,  k - 1 and  belonging  to  p-th  vortex 
line. 


Utilizing  the  formulas,  derived  in  chapter  of  XVI,  and  taking 
into  account  commu n icat ion/connect ion  between  coordinates  in  the 
systems,  connected  with  eddy/vortex  and  wing,  we  obtain 

Iiyu’tk-lr  Uo  iS-hl  uH/i-lr 

vvpp-ls  (17.12) 

where 


yvpp—ls 


ukk-lr 

^ivpp-ls 


u**-lr 

**2Vpp~  l5 I 

-Jr  ‘ 


I IS 

Un**— Ir  Uji**— ir 

»vpp— I»lvpp— »vpp- l»L*vpp— 


“ivpp-U 


“'2\pp-\s 


tlikk— Ir^ufefc— Ir  tufefe  — Ir  * 
ovpp-li^lvpp— Is  Svpp— ls^2vpp“  Is 


=1 


ivpp-  Is 


a. 


p*fc-lr 


2\pp-  Is 


•ivpp-  Is 


Waj-lf 


NhH-I  , .nH-lr  . lO  IJ  , .2  [jUtfc-lr 

[Svpp-I  ~ «lvpp-ls  ^ ^nt-l  1 ^ L^lvpp-ls]  ' 

l®vpp-l  ' ^iwpp- Is  o 1 

, u* 

1 »vpp- \s  ^ »lvpp-l»  B 

r+ic;“,r. 

(17.13 
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?ig.  17,4.  ohliqup  the  ertdy/vortex  of  wing  without  contraction  at  the 
calculated  t orgue/moment  r. 
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Page  414. 


wher'^upon 


Ker'i;‘)i^  ah 


^kk~\  ^ 1 

bypp— 1 

ftvp 

k»vp-l 

-Cl) 

-(C- 

.^l**-  If  I 

»vpp-  Is  ' 

't'fp 
<byp-  1 

-(C- 

^ivpp-ls 
-HfcA— Ir 
wJvpp  — 1« 

olvpp— Is 

«2vpp-ls  ' 

^nkk~lr 
»lvpp-ls  ' 
kHfcfc-Ir 
«2vpp—  Is  * 

»lvpp—  Is  * 
*ji**-lr 
«2vpp—  Is  ’ 


t'"’  -t  1 r 

Syp-I  I V * * «lvpp- Is  ^vp- 1 

I "P”  fVp  _j.  jvp  _» 

'fcjvpp-l»  ' =vp-l  »n*-l  ***  »2vpp-ls  ^ »vp-l  »n*> 


= t'"’  -t  \ rT)  -t 

bvp-i  1 Vjx  ®lvpp— ts^ — ^»vp  — I 


byp-l 


Mkk~\r 

»2vpp- Is ®vp- 1 ®ufc-l* 


fc*Hfr)b  — Ir 
w2vpp— Is 


«lvpp-ls’  I ^vp-l  ®Hl{  ©ivpp- Is  ®vp- I ®H*-|» 

_^*(U/[-lr  I *^P**  vvp  j.*^ikk-\r  ^ ^\P 

®2vpp— Is  ^ ®vp-l  »2vpp— Is  ®vp- I 

iCT)  — P \ ;>  fVp 

=lvpp-ls’  I ®vp-l  «lvpp-ls ®vp~i 

= — ?•  I ^*iikk-\r 

byp-l  sn/b-l  ' »2vpp— Is  ®Vp- 1 

/(t)’ - 
- / (^)’  -(c";:;)''“’ic:-,  - 

-c=!ainx::-,cosx;::_,. 

(17.15) 
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Velocity  turns  into  zero,  if 


»vp— i »lvpp— Is’  ®vp— I ^nfc ®2vpp— Is 


®vp  I ^ S>|vpp-Ii>  Bvp-I  Bn*-|  »2vpp-ll> 


and  also  in  the  case,  when  tivpp-is>  Wo-n  iaaqinacy  or  Civpp-i,i  55»pp-i» 


simultaneously  turn  into  zero. 


During  the  calculation  according  to  foraulas  (17,13)  appear  the 
complications,  when  one  of  the  values,  entering  the  denominators, 
naaelylj)**!',,  Cpp'-I.-becomes  small  ot  turns  into  zero.  As  a 

result  of  simple  transformation  it  is  not  difficult  to  obtain  the 
expression,  suitable  for  the  calculation  of  the  velocity  in  this 
ca  se: 


Pormiila  (17.  16>  obp  should  use  instead  of  relationship/ratios  (17.13) 

■■  • fitHti-lr  rH**-'/- 


. . , iSvuB-l  =vpp-'.i  »lvpp-l»  »ivpp-l»  I _ 

in  the  cdses^‘°  ■ - '"if  '*'fy  L'circulating  velocity  iiith^^”*’0, 

in  formulas  (17.13)  it  is  necessary  to  set/assuae 

.VP  .n«-lr  ^.vp  r (17.18) 

^ -li  tvp-l  »>!*»  »2vpp-!*  W-l  ' 


»lvpp- 


/ft  J -.•4**—  !/■ 

Actually,  in  this  case  (t,  - t,)/M -♦  oo  according  to  (17.15)  tivpp-u‘ 

roB  (17.15)  escape/ensues  condition  (17.10). 


■ oo. 


f »2vpp-'-~*  °® 


By  formulas  (17.12)  - (17.18)  is  calculated  the  velocity  for  the 


J 


DOC  = 77154116 


PAGE  nqa 


casp,  whf'Ti  pddy/vortcx  and  control  point  lie/rest  on  the  riqht  half 
wing.  But  if  thp  addy/vortex  iip/rests  on  th«  left  half  wing  and  is 
thp  mirror  image  of  examined,  but  the  control  pcint  remains  on  the 
right  half  wing,  then 


^ t'o  aJ+I 

O W yypp-\,  = 


ywpp—ls 


„ tikk-lr 
““ivpp-ls 


•T'  . 

Q^\ikk- lOWywpp- l» 
If 

2\pp-lS 


(17.19) 


tii,kk-\  j-nkk--lr 

^bvpp'- ivpp— l5  ®bvpp- l^®2vpp— 


j^Ukk-lr 

°“lvpp-l5 


ntPkk- \r  f-ukk-\r 
'^bvpp  — Is'^wlvpp—  Is 


f^kk^lr 
o«2vpp—  I5 


aa 


\ikk“‘\r  

Ivpp-  Is  ^ 


\ikk^  If 
2\pp~  Is 


ti^kk-^\r  Hikk’-\r  ' 

...  ''bvpp-ls'^^Jvpp-Is  j 

«;:  I -<:;x  18  (»« ■ d^-^o) 


iry 
-Is/  * 


<8 + «:;ix 


Ivpp— Is 

O^iikk—lr 

2vpp-l< 


Page  4 16. 


Here 


nik/k—l 

vpp-l 


H**-  Ir 
vpp-lf 


(C-,-Ci)  + (C-. 

- (^r  - •'p). 


(17.21) 
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I 

\ 


t 


I 


whereupon 


*^C|vpp—  ll 


t'"’  +t 

^vp—l  ~ I* 


'^blvop-l5  ”» 


w|4*k-lr  . 
^®2vpp— li  ' 


' ^92vpp  — 1j 


bivpp— Is 

^vp  ^ ^ tfpfcfe- Ir^^vp  ^ 

bvp—  I **  ^^2vpp—  Is^^vp- 1 "*  I * 


•vp-l  ' 

-pfc/fe-  ir^f,"vp 


^iikk^lr 
^oivpp—  Is 


= + t 

^vp-l  ^ 


®92vpp— is 


=c:l,+c, 


^^Ivpp-ls 


»vp  — 1 * 
•Hkk—  Ir 


© »£»*;:!>  5 


•Vp 

ivpp—  Is  ^ ^vp—  I I ^ 


I +?u 


nr*'‘**~''’ <rr''“  +t 

'^^^pp— Is  ^ ^p— I ‘ 


®«2vpp— Is 


ir  X 

~^^Wpp-l$*  1 

Ir  I 

^^2vpp— Is  ' 


•2VPP 


Ivpp-ls-^^vp  — i ' ^4fe» 


^Hkfc-lr  ^ 
®bivpp—  Is 


" ^£|vpp-is* 


fcVikk  — Ir 
^«2vpp-ls  ' 


bvp-l  ~ fep* 


^*'  ^vp  , ^ ^.pW-lr^^vp  , ^ 

^vp— 1 ' ^nfe  — ^^2vpp“ls^^vp—  1 ’ ® 

© c_ , + c^*_  ,>  ueiCppi  ;>C- 1 + 


’n*> 


npn 


’Hi’ 


..pM-lr^.vp  j . 

”=2vpp—  Is  ^ »vp- 1 ' =nfc’ 


°»lvpp-ls 


, + 


+<;;:;sinx:^-,cos:<s_„ 


®»2vpp-  Is 


+<;:i;*i"x::_,  cos 


(17.22) 


K'ei  ‘0 ) 

Velocity  ‘^“’Uvppi'Is  returns  to  zero,  if 


^vp  , » ^ »vp  , » 

«vp-l  ' »|i*-l  *** ''»lvpp-ls’  »vp-l  ' »ii*- 


»2vpp-ls 


or 


v°C:;-oj 

ami  also  in  the  case,  ap  pa  ran  t/ina  ginary.  with'  ^ ^ 

or  for  the  calculation  of  velocity  oti»^”p.!u  it  is  necessary 

instead  of  (17.20)  to  use  the  following  expressions,  obtained  froi 

(17.20)  as  a result  of  the  sinple  tr ansforeations: 
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'I 


i 

i 


t 

i 


yspp. 


+ 2- 


l,“  ^iplvpp-l  ®lvpp-|j)  g£,u«-lr  + 

!)^  ( > + tg^  <1- ,)  - + <r  xT^- ,) 

°»'v‘J*p:l;o<p*:li  + ofCp'-'u^^P^:.':) 

l^Svpp-rsvpp-ls  lV"i|vpp~lj/  \°‘b2vpp-\sJ  I 
“®S|vpp-lj*^Sivpp-!s[*^svpp-l’^*^^vpp-lsJ[®^lvpp-lj  ^^-.’vpp-lsl  ^SXiih-l  "f* 
\®S|vpp-ljj  ivpp-ls^^2vpp-ls  \®^Jvpp-ls}  *^^^lvpp- Is^^lvpp- isl  > 


_ ;iU*t<t-lf  _ jUM-lr  , ultfc- Ir 

®'^vpp-li  *^^vpp- l^^lvpp- li  ®^vpp-li*^^lvpp-l 


nH**-lr  I „ jU**— If  1 If If 

®^vpp-li  “ ^^vpp-l^^avpp-lj  ®^vpp-l5®^3vpp-lj 


Ivpp—  Is’ 
,n*>-lf 


(17.23) 


(17.24) 


Page  417. 

The  obtained  relationship/ratios  make  it  possible  to  calculate 
the  vertical  velocity,  induced  by  vortex/eddy  system  in  control 
points,  at  any  calculated  moment  of  time.  Let  us  require  in  order 
that  at  the  calculated  torque/rooments  at  control  points  strictly 
would  be  satisfied  boundary  condition.  The  calculated  torq ue/moments 


I 
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let.  us  select  in  this  case  in  such  a way  that  free  vortices. 


ex  it inq/wast e from  those  which  were  connected  in  design  data 
torgue/momont,  to  the  following  would  pass  the  distance,  equal  or 
multiple  to  distance  (measured  according  to  flew)  between  the 
adjacent  bound  vortexes  (Fig.  17.5)  ; i.e.  let  us  assume 

. , _ _£i- 

~ U^n  ’ 


and  consequently. 


A « 


(17.25) 


where  c = 1,  2,  .... 


According  to  (3.56)  boundary  condition  (condition  of 
nonoccurrencc)  at  the  calculated  t orque/moment  r at  the  control 
point,  which  lies  on  the  guide  line  between  sections  p,  p - 1,  will 
be  written  as  follows: 


V V V V ^ ^ 

2j  Zu  2j  Uo 


l-l  *-l  u-l  J-U 


= - a (T,)  - (t,)  s;:;_  , - (0,  (T,)  , + 


<?/*(!.  ?) 


6 (Tf)  + 


+ (17.26) 

p — ! , 2,  , . . , V =*  1 , 2,  . , n;  r * 1 , 2,  . . . , 
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Fig.  17.5.  King  vortex  system  without  contraction  at  the 
torque/Boaents  r = 1 and  r = 2. 


c alcu lated 
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Here  subsequently  siqn  "+"  is  taken  with  the  symmetric  loading  of 
wing,  but  siqn  with  antisymmetric.  By  substituting  the  value  of 

velocity  and  by  introducing  the  kinematic  parameters,  we  will  obtain 


/-I  ft-i  ^-1  s-Q  ^ 

+ (17.27) 

/-I 


Taking  into  account  the  independence  of  the  kinematic  parameters, 
tran.sf  or/con  verting  from  s to  s*  = s 1 and  re  ject/throwi  ng  then 
prime,  from  (17.27)  we  obtain 


^ ^ ± OWyvpp-\s-\)  ^l^pkk-l  = H'l'vpp-l’ 

s— I ft“l  H“1 

4jt  S S ^ (“’U^PP-u-l  d:  aWyvpp-\s-\)  Al^y,kk-l  — filypp-i, 

s—)  A— J n-I 

/ = 1 , 2,  . . . , 5;  p = 1 , 2 N\  V =«  1 , 2,  . . . , n; 

r=l,2 R. 


(17.28) 


In  systems  (17.27)  and  (17.28)  it  is  marked 
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W _ «(^r) 

^ivoD— I =“  : — 


H'  =.  - ^ v; 

3VPP-I  *='Vp-l  • » 

'‘‘*2 


(^r)  ur  _ _ r^P 

Q*  » ^^2vpp*I  bvp-l 

'P  (^r) 


tf  iVDD—  1 


d/a  (S,  D 


(17.29) 


l£_£VP  6’  ’ 

‘ «vp- 1 
• ^vp-1 


^/vpp-i  6vp-ij  . 

fi\tpp~\  = //2VPP-1  = Wsvpp-i  = //svpp-i  = 0, 

H'  = / 7-'’'’  \ ^ 

■‘^vpp-i  'a  vSvp-i' fevp-i^  j» 


) (17.29) 


By  utilizing  cotnmun  ication/connoct  ion  between  vcrticity  and  its 

change  at  the  calculated  torque/ moment  r (17.11),  let  us  rewrite 

systems  (17.28)  as  follows: 


— ^ ^(“'l/vpp-lr-l 
k~\  n-l 

N n 


2 


• ■^^vpp-l  + ^ ^ l.^(/vpp-Ir-I  ± CJ^iyyvpp-Ir-l>/  ^ 


Jt-l  H-1 
f-^  N n 


1 f [ikk—  Ir  , Ir  \ \ s 

— l,^^pvpp- Is- 1 “ ^!^(/vpp-ls-l/ 


S — 1 fc  — l VI— I 


I V / (14*— If  . If  ^ P'’ 

^ ^ (.till/vpo-lf- 1 — omyvpp-lf-lf  ^ (jjll**-!  — 

4-1  u-l 

N n 

I If  , 1 V V /,«.l‘**~l''  -i.  ll'''’”' 

— //(vpp-,1  + ^ VWipvpp-if-i  ± (^ayj^vpp-if-i/ * 4(U44-i  ~ 


(17.30) 


f-l  V n 


I V'  V/  p44-lf  _i.  !'■  ^ \S 

~ ^ ^ ^ (Ulpvpp-H-I  ± Otilpvpp-lj-l)  Aa^n44-| 


»-l  4-1  u-l 

»•  _ I'* 

'1,..  - " ' <^U**-I  ~ ' «|U*I 


% » • ' . 2,  . . , 7*;  r ™ 1 , 2 /?; 
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Filtering  in  (17.30)  values  and  aw^  are  located  from 

relationship/ratios  (17.13)  - (17.24)  and  the  conditions 

~ (17.3f) 

The  parameters  Wj,  Wj  determined  by  equalities  (17.29). 

Page  420. 
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have  the  following  formulas: 


and  also 


«Vf-l 


yvs  — 1 


Iv 


/ /» \ • 


(|v  ^ In)  ^Iv 

) ■ 

2 

-M2 

. , C(r-S+I)12 

Iv  In  „ J 

(Iv  ~ In) 

Iv  ~ In 

c (/•  — i + I)  j 

V-  1/4  t _ ^-3/4 
n ’ n ’ 


H'  - L,r  . 

a 

l,r  (s.  S)  I * (t,) 

01  L,J  6-  • 

* »y 

C-Cv 

^Iv  “ ^3v  “ ^4v” 


/«(lv.  Cv) 


(17.33) 


J (17.34) 


Tf  during  calculation  by  formulas  (17.33)  of  velocity  a)»j^^_it  hey 

are  obtained  iniajinary  them  one  should  consider  equal  to  zero. 
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§2.  Calculation  of  the  intensity/strength  of  bound  vortexes  for  the 
wings  of  arbitrary  pianform. 


Ry  utilizing  an  idea  of  the  replacement  of  the  continuous 
processes  of  a change  in  the  kinematic  parameters  and  aerodynamic 
characteristics  stepped  and  by  simulating  wing  ty  the  system  of 
discrete  transient  vortices,  it  is  possible  to  calculate  the 
aerodynamic  characteristics  of  the  aperiodically  driving  wing  not 
only  in  the  case  tj=l, but  also  with  arbitrary  pianform.  In  order  to 
solve  this  problem,  it  is  necessary  to  construct  the  vortex/eddy 
along  wing.  Let  us  show  as  this  to  make. 

Let  us  examine  the  lifting  surface  of  arbitrary  pianform  (Fig. 
17.6).  Let  us  connect  with  wing  rectangular  coordinate  system  Oxyz, 
after  placing  its  beginning  in  ^he  spout  of  root  chord  and  after 
directing  axis  nx  along  root  chord  back/ago,  but  axis  Oz  - along  the 
right  half  wing. 
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Fig.  17.6.  Replacement  of  the  wing  of  complex  planform  by  vortex/eddy 
system . 


Page  422. 

Let  us  assiime  that  the  motion  of  lifting  surface,  its  strain  and  the 
incoming  gust  are  determined  by  relationship/ratios  (17.1)  - (17.5). 

In  order  to  realixe  the  expressed  above  idea,  it  is  necessary 
vortex/eddy  mode]  to  construct  so  that  distances  along  the  flow 
between  the  adjacent  bound  vortexes  would  be  everywhere  identical  and 
control  points  they  lie/rested  between  them  halfway.  For  this  let  us 
enter  as  follows.  First  let  us  cut  wing  into  parts  by  the  straight 
lines,  parallel  to  axis  Ox  and  passing  through  the  points  of 
inflection  of  leading  and  trailing  edges  (see  Fig-  17.6).  Then  each 
part  let  us  divide  into  the  bands  of  equal  width  (to  divide  wing 
expediently  ‘;o  that  all  bands  would  be  approximately  identical 
width).  The  numbers  of  sections  let  us  designate  by  ii  (or  p)  and 
count  conduct  from  the  end  edge  of  the  right  half  wing  (k  = 0,  p * 

0)  . To  section  before  the  root  we  will  assign  number  N,  and  root  (N  ♦ 

1)  . After  this  let  us  establish/install  the  leading  edges  of  each 
band.  The  leading  edges  of  central  band  we  form,  after  conducting 
through  the  spout  root  chord  straight  line  perpendicular  Ox.  On 


DOC  = 77154316 


PAGE  ^ 


1 

] 


r 

[ " 
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remaininq  bands  laading  edges  let  us  count  straight  lines,  carried 
out  through  the  middles  of  the  cuts  of  leading  wing  edge  (belonging 
to  this  band)  in  parallel  to  trailing  edge.  Then,  after  drawing 
through  the  end/lead  of  the  root  chord  straight  line,  perpendicular 
Ox,  let  us  establish/install  the  trailing  edge  of  central  band.  After 
this  by  straight  lines,  parallel  to  the  established/installed  leading 
edge,  let  us  break  central  band  into  n of  the  panels  of  the  equal 
length  b/n . Analogously  let  us  break  remaining  bands  on  panel,  for 
this  le*  us  cut  off  by  s+raigh*-  lines,  parallel  mounted  on  leading 
edaes  of  bands,  sections  so  that  the  length  of  each  (measured 
according  flow)  was  e(|ual  to  b/n,  i.e,  , to  the  length  of  the 

panels  of  central  band.  If  in  this  case  the  last/latter  panel  leaves 
more  then  half  for  ^’he  edge  of  wing  (ttailini  edge),  then  it  must  be 

re  ject/t  hrown.  But  if  it  comes  forward  less  than  half,  then  wing  must 
be  increased  to  the  value  of  the  protrudinu  part  of  the  panel,  nn 
each  panel  a*  distance  h/4n  from  leading  edge  let  us  place  bound 
vortex.  The  number  of  eddy/vortex  on  band  let  us  designate  ^J  and 
count  conduct  ^roi  leading  edge.  In  accordance  with  ♦■he  taken  diagram 

h - 1.  2 n*_,, 

where  «J_i  is  equal  the  rounded  to  the  whole  value  to  va lue (/ibm-i/h). 

- wing  chord  halfway  between  sections  k and  k - 1.  Intensity/strength 
M go  the  bound  vortex,  which  lies  between  sections  k - 1,  k and 
corresponding  the  type  of  motion,  let  us  designate  by 

r+«jn**-i  “•  (17.35) 


1 
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Control  points  l='t  us  place  on  the  center  lines  of  bands  at  distances/ 
fro*  the  leading  edges  of  panels.  The  nuabers  of  control  points  on 
each  band  let  us  designate  by  V an i count  conduct  froa  leading  edge. 

On  band  p,  n - 1,  obviously,  V = 1,  2,  "p-* 


Further  the  calculation  is  conducted  just  as  in  the  case  of  aing 
alth  Ti  Requiting  satisfaction  ot  boundary  condition  at  control 
points  at  all  the  calculated  torgue/aoaents,  ue  obtain  systea  of 
equations  for  a vorticitv. 


It  is  not  difficult  to  see  that  in  this  case  these 
relat ionsh i p/rat ios  will  take  the  following  foia  (with  the 
p reser va t i on/re t .n t ion/a ai n t ain  ing  of  all  adopted  previously 
des Ignat  ions) ; 
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of  winn  ^r**  an  *•  1 sy  ai***!  r ic  on  i^s  spread/scope. 


Fr^^or  in'i  in  (17.36)  values  Wy  and  awy  are  calculated  froa 
forrjl.is  (17.11)  - (17.74),  in  which  it  is  necessary  to  assume  (Fig. 

17.7) 


»)U-I 

“C-i 

-3/4 
n ' 

Sm-i 

" 2 ^0*-' 

£*** 

k(U-l 

" 2 (^0* 

U-r 

;.*-!• 

-u 

-C.*’ 

C-i 

»0P-1 

+ -^ 

-1/4 
n • 

tOP 

1 ^ y (Sop 

"I"  lop- 

Cvp 

““  Cop> 

1 “ "2  (Sop 

+ Sop- 

iok 

*0k 

“ b • 

^0* 

^0* 
b “ 

b • 

i.k 

1 

*.k 

“ b • 

Sop 

•*0p 

" b • 

. *0p 

Mp“ 

(17.37) 


I 

.J 


DOC  = 77154316 


PAGE 


Page  425. 


Here  xqh,  zok,  (xop.  zop)  aro  coordinates  of  the  points  of 

intersection  of  lines  Ic,  p with  leading  and  trailing  edges.  They  are 
determined  by  the  geometry  of  wing  and  by  the  taken  separation,  i.e. 
they  are  values  assigned. 

Ir  accordance  with  explanations  to  (17.30)  during  the 
calculation  and  aWy  value  — T,one  should  determine  from  (17.31). 

The  limit  "*-1  are  defined  as  rounded  to  the  whole  value  of 

quanti^ry  rt  (see  Fig.  17.7),  where 

is  a point  of  intersection  of  line  k with  trailing  edge.  In  the 
right  sides  of  equations  (17.36)  the  parameters A/f,  //f  confronting 
aro  determined  by  formulas  (17.29). 

Analogously  can  be  examined  the  problem  of  the  effect  of  flow 
behind  <-he  shock  wave,  which  encounters  to  wing  from  any  direction. 
Here  will  have  only  to  consider  the  speed  of  the 
d isplaceme nt/movoraent  of  its  front. 
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63.  Calculation  of  the  aerody naaic  factors  of  the  loads,  forces  and 
torque/moraents. 


For  deteraininq  loads  on  wing  in  the  compressed  medium  we 
utilize?  Joukowski's  linearized  theorem  "in  small"  (3.39),  which  is 
valid  during  isentropic  flow  for  any  numbers  M, 


Let  us  examine  first  wing  with  fj  = ).  Utilizing  (3.39), 
transfer/convertinq  from  vortex/eddy  surface  to  the  systems  of 
discrete  eddy/vort ices  (see  66  of  chapter  X),  it  is  not  difficult 
with  the  aid  of  (2.2),  (2.7)  to  obtain  the  following  formulas  for 

determining  the  coefficients  of  aerodynamic  loadings,  of  lift  and 
torque/moments  at  the  calculated  torque/moment  r: 
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In  the  given  formulas  the  entering  in  them  values  make  following 
sense; 


“ the  load  (pressure  difference),  which  acts  at 

point  at  the  calculated  torq ue/mo irent  r with  flrththe  fora  of 

motion ; 

yf 

^ IS  the  lift,  which  acts  on  wing  at  the  calculated 
torque/raomen  t r with  Pt'^*^the  form  of  motion; 


- the  lift. 


which  acts  on  the  strip  of  wing,  which  lies 


between  sections  k - 1 and  k,  at  the  calculated  torque/moment  r with 
-e  hj 

€lr^  form  of  motion; 


Mzai  is  the  pitching  moment,  which  acts  on  wing  (relative  to  axis 
Oz,  passing  through  the  spout  of  root  chord)  at  the  calculated 
torque/moraen  t r with  PC'^^the  form  of  motion; 


~ the  pitching  moment,  which  acts  on  the  strip  of  wing, 
which  lies  between  sections  k - 1,  k (relative  to  Oz,  the  passing 
through  the  spout  root  chord),  at  torque/momen t r with  Pf^-^the  form 
of  motion; 


r/«  A/j 
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is  a momant  with  respect  to  axis  Ox  forces,  which  act  at 
torque/monient  r with  ^'“'^-ithe  form  of  mction; 


is  a Boaent  with  respect  to  axis  Cx  forces,  which  act  at 
torque/moment  r with  ^‘‘-^^the  form  of  motion  to  the  strip  of  wing, 
which  lies  between  sections  k - 1 and  k. 


: I 


Page  427. 

During  the  calculation  according  to  (17.39),  it  is  necessary  to 
substitute  the  values  found  as  a result  of  the  solution  of 

system  (17.30),  to  determine  coordinates  Cii‘t  Cm-i  by  (17.7) 

and  to  place  ^**-i  = 6. 

Tn  the  case  of  the  wing  of  arbitrary  planform  aerodynamic 
coefficients  are  located  through  the  following  formulas: 
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Durinq  the  calculation  of  aerodynamic  characteristics  accordinq 
to  these  formulas  it  is  necessary  to  substitute  the  values 
found  as  a result  of  the  solution  ot  systems  (17.36),  and  the  values 
l!a-i,  Cd*.  Cn*-i.  determined  from  (17.  37),  ( 17.  38). 


In  the  case  of  airfoil/profile  aerodynamic  coefficients  will  be 
equal  ‘:o 
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where  it  is  the  solution  of  system  (17.32),  ld“  n 
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Chapter  X7III. 


sons  KN04N  SOLOTIONS. 


§1.  Infinite-span  wing.  Coefficients  of  aerodynaaic  derivatives. 


For  the  wing  (plate)  of  infinite  elongation  (X  = •)  sufficiently 
detailed  results  were  obtained  during  use  under  the  differential 
eguation  of  continuity  and  other  conditions  of  elliptical  coordinates 
and  representation  of  solution  in  the  fora  of  series  of  Hathieu 
functions  [2.35], 


p* 

c * 
y 

< 

m/ 

0,213 

5,766 

-6,823 

4,300 

-5.776 

-1,464 

1,050 

-1,635 

1,052 

0,427 

4.823 

-2,633 

3,567 

-2,579 

-1,256 

0,053 

-1,420 

0,294 

0,840 

4.399 

-1,052 

3,219 

-1,371 

-1,180 

-0,320 

-1.339 

0,016 

0,853 

4,218 

-0,291 

3,047 

-0,790 

—1,170 

-0,499 

-1,357 

—0,115 

1,062 

4,173 

0,123 

2,968 

-0,474 

-J,205 

-0,597 

-1.307 

-0,182 

1,280 

4,221 

0,361 

2,946 

-0,292' 

—1,275 

-0,653 

-1,401 

-0,216 

1,600 

4,410 

0,540 

2,978 

-0,149 

-1,440 

-0,689 

-1,489 

-0,233 

1,920 

4,688 

0,593 

3,025 

—0,093 

-1,631 

-0,086 

- 1 ,586 

- 0.224 

2.347 

5,093 

0,553 

3,079 

-0,081 

-2,015 

-0.633 

- 1,661 

-0,194 

3,413 

5,627 

0,327 

2,896 

—0,086 

-2,731 

-0,413 

-1,871 

-0,096 

6,400 

6,588 

0,161 

3,059 

0,029 

-3,529 

-0,131 

-2,010 

-0,052 

V -0,7 


P* 

‘1 

y 

< 

“*2 

"2 

0,219 

5,956 

-8,383 

4,422 

-7,113 

-1.537 

1,274 

■ 

-1,694 

1,306 

0,437 

4,891 

-3,198 

3,568 

-3.121 

-1,322 

0,077 

-1,519 

0.394 

0,729 

4,390 

-1,069 

3,112 

- 1 ,470 

-1,278 

-0,401 

-0,477 

0,043 

1,093 

4,292 

-0,196 

2.895 

-0.773 

-1,398 

-0.577 

-1,520 

-0,073 

1,311 

4,351 

0,006 

2,823 

-0,591 

-1,528 

-0.597 

-1,565 

-0,083 

1,603 

4,465 

0,114 

2,732 

-0.454 

-1.733 

-0,568 

-1,619 

-0,067 

1,894 

4,551 

0,138 

2,619 

-0,367 

-1,932 

-0,.505 

-1,645 

-0,042 

2,331 

4,574 

0,147 

2,426 

-0,253 

-2,148 

-0,400 

-1,624 

-0,018 

3.497 

4,757 

0,254 

2,319 

-0,014 

-2,438 

-0.268 

-1.555 

-0,046 

M = 0.8 
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0,225 

6,134 

-10,748 

4,490 

-9,160 

-1,644 

1,587 

-1,867 

1,722 

0,450 

4,905 

-4,024 

3,4,59 

-3,900 

-1,446 

0,125 

- 1,698 

0,615 

0,675 

4,451 

-1.964 

2,993 

-2,238 

-1,4.57 

-0,273 

-1,662 

0,327 

0,990 

4,195 

-0,907 

2.598 

-1,294 

-1,598 

-0,387 

- 1,639 

0,233 

1,170 

4.102 

-0,624 

2,419 

-0,991 

-1,684 

-0..367 

-1,602 

0,216 

1,440 

3,981 

-0,345 

2,211 

-0,660 

-1,770 

-0,315 

-1,515 

0,181 

1,800 

3,910 

-0,086 

2,088 

-0,364 

-1,822 

-0,278 

- 1,409 

0,108 

2,160 

4,000 

0,066 

2,108 

-0,206 

-1,892 

-0,272 

-1,374 

0,044 

3,600 

4,392 

0,154 

2.113 

-0,029 

-2,279 

-0,183 

-1,417. 
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Table  18.1  gives  the  nuaerical  values  of  the  coefficients  of 

aerodynaeic  force  derivative  and  aoaents  of  wing  x = • with  centering 
xr  » 0 I 

different  Hach  nuabers  and  Strouhal,  obtained  by  the 


recalculation  of  the  data  [2.35J, 


These  naterials  are  given 


in  chapter  of  XIX  in  Pig.  by  19.24-19.31  dotted  curves. 


§2.  Infinite-span  wing.  Instantaneous  change  in  the  kineaatic 
paraaeters. 


During  an  instantaneous  stepped  variation  in  the  angle  of  attack 
a or  of  angular  velocity  u,  easily  are  deterained  the  asyaptotic 
values  of  transient  functions  with  r — > «>.  These  values  are  equal 
to  the  coefficients  of  the  aerodynamic  derivatives  of  lift  and 
pitching  aoaent  in  terns  of  the  appropriate  kinematic  parameter  at 
Strouhal  nuaber,  which  vanishes,  i.e.,  during  the  steady  notion: 


r Cy  (M.  T)  1 

p-)l  , 

t J„. 


r 


The  initial  values  of  transient  functions  with  r = 0 can  be 
calculated  accurately  for  the  wing  of  any  planforn  both  at  subsonic 
and  at  supersonic  speeds.  (About  this  it  is  said  in  detail  into  §3 
chapters  IV) . The  values  indicated  in  the  position  of  the  origin  of 
coordinates  on  the  leading  edge  of  rectangular  wing  are  equal  to 


(18.2} 


In  the  range  of  changes  of  the  dinensionless  tiee  0 + to. 
work  [2.26]  for  deteraining  the  transient  functions  of  wing  \ • was 

used  supersonic  analogy. 
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In  the  reaaining  range  of  changes  r the  value  cf  transient  functions 
they  were  calculated  approxinately . 

Table  18.2  (and  Fig.  19.8,  19.9  in  chapter  by  the  XIX  solid 
lines)  give  the  corrected  values  of  the  transient  functions  of  lift 
force  and  the  pitching  nonent  of  the  plate  of  infinite  elongation 
(wing  X = «■)  during  an  instantaneous  stepped  variation  in  the  angle 
of  attack  a for  nuabersM  = 0,5and  0.8  with  centeringxT  = O.undertaked 
froa  work  [2.26]. 
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Figure  19.2  (in  chapter  of  XIX)  gives  the  distributed  chordwise  loads 
for  the  different  aoaents  of  diaensionless  tiae  t for  these  nuabers  M. 

The  propagation  of  foraulas,  obtained  aethcds  of  supersonic 
analogy,  in  liaiting  case  M = i gives  the  folloving  expressions  for 
transient  functions  [2.26] 


Olnpn  0<t<0,5 

(JnpH  0,5  <T<  oo 

/2t  - 1 4-arccos-^), 

H-(l  -^Jarccos^^^]. 


Key:  (1).  with. 

In  table  18,3  and  in  Fig.  19.  10,  19.  11  following  chapters  solid 
lines  gave  transient  functions  of  lift  and  pitching  uoumnt  \cj a]],  \mja>\] 
during  stepped  change  in  the  angular  velocity  w,  . for  a nuiberM  = o.8 
and  = O.These  data  are  also  borrowed  free  work  [2.26].  The 
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corresponding  load  distributionjAp/o)*]  chordwise  for  the  different 
■oaents  of  tise  r is  given  in  Fig.  19. 3„ 


Ti  b I e-  /? , 3.. 


M -0.8 


0 

2,5000 

-1,6667 

2,5 

4,4454 

-1,9085 

0.1 

2,4662 

- 1 ,6075 

3,0 

4,6967 

-1,9295 

0.2 

2,4583 

-1,5577 

3,5 

4,9088 

-1,9,530 

0.3 

2,4819 

-1,5211 

4,0 

5,0894 

- 1,9766 

0.4 

2,5604 

-1,5054 

4,5 

5,2229 

-2,0028 

0.5 

2,6625 

-1,5237 

5.0 

5,3486 

-2,0237 

0,6 

2,7882 

-1.5577 

6.0 

5,5763 

-2,0682 

0,7 

2,8824 

-1,5917 

7.0 

5,7805 

-2.1 101 

0.8 

3,0238 

-1,6258 

8,0 

5,9690 

-2.1491 

0.9 

3,1180 

- 1 .6572 

9,0 

6,1261 

-2,1860 

1,0 

3,2280 

-1,6860 

10,0 

6,2675 

-2,2227 

1,5 

3,7149 

-1,8012 

00 

7,8540 

-2,6180 

2.0 

4,1234 

-1,8719 
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§3.  Infinite-span  wing.  Gradual  entrance  into  step  gust. 


Work  [2.36]  gives  the  results  of  the  calculations  of  the 
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transient  functions  of  the  plate  of  infinite  elongation  upon  the 
gradual  entrance  into  step  gust  with  nuabersM  =0,5and  0.8.  Nunerical 
valueafCj^/tw’^jare  given  in  table  18«4,  and  the  behavior  of  the  transient 
functions  of  lift  and  pitching  moment  is  shown  in  Fig.  by  19.12, 

19.13  dotted  lines.  Load  distribution  according  to  airfoil/profile 
during  different  r is  given  in  Fig.  19.4. 

For  the  subsonic  flow  about  the  data  on  the  transient  functions 
of  pitching  moment  upon  the  gradual  entrance  of  wing  into  gust  there 
is  not.  However,  for  the  initial  period  of  the  entrance  into  gust 
withO<T<-j--~with  the  aid  of  the  method  of  supersonic  analogy  it  is 
possible  to  show  (see  [1.19]),  that  the  lift  is  applied  at  point  on 
one  guarter-chord.  In  the  asymptotic  case  t — • it,  as  during 
steady  motion,  is  also  applied  at  this  same 


point. 
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Tables  18.4. 


s 1 r s r s 

“(/A  _ I . “i/A  . . “’vA  . 


7,9380 

8,1684 

8,3360 

10,4723 
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§4,  Infinite-span  wing  with  the  oscillating  control  surface 
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Coefficients  of  aerodynaaic  derivatives. 


For  the  airfoil/profile  with  the  oscillating  control  surface, 

streaalined  with  the  compressed  subsonic  flow,  work  [2.32]  gives  in 

the  fora  of  tables  and  curve/graphs  the  results  of  the  calculations 

of  the  lift  and  pitching  noaent,  which  act  on  entire  airfoil/profile, 

and  also  hinge  aonent.  The  chord  of  control  was  0.1,  0.2  and  0.3  froa 

0.3S-J 

airfoil  chord  with  control;  ^ 0.6;  0.7;  and  0.8,  and  Strouhal 

number  (related  to  the  chord  of  entire  airfoil/profile)  changed  in 
the  range  0 < p*  < 2.  For  the  calculation,  as  in  the  case  of 
oscillating  rigid  airfoil/profile  [2.34],  was  used  the  method  of 
solution,  connected  with  expansion  in  Hathieu  functions  [2.20]. 


Without  giving  the  results  of  the  calculations  indicated,  let  us 
give  only  transfer  equations  froa  the  tabulated  in  [2.32]  values  w, 

k'e,  ki,  irt'c,  m",  n'c 

■ ' to  the  coeff^icients  of  aerodynamic  derivatives. 


Let  us  present  lift  and  the  pitching  aoaent  of  entire  airfoil, 
and  also  the  hinge  aonent  of  control  surface  relative  to  fulcrua  in 
the  fora 


2Y 


Po.uy> 


+ cj6. 


+ m*  6. 


(18.4) 


\ 


— 

1 
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Pitching  noment  is  taken  relative  to  axis  O2,  passing  through  the 

{XT  , 

Biddle  of  airfoil  chord  with  control/^  In  this  case  the 

coefficients  of  aarodynanic  derivatives  will  be  connected  with  the 

tabulated  in  [2.32]  values  by  the  following  relationship/ratios:  ^ 


m” 


c*  = — Jlk', 

y c* 


_ nm. 


nk" 


<,  = -2 

' =*  2(i>. 


1 


(18.5) 


Some  datuB  works  [2.32]  are  given  in  Fig.  19.14,  1915  during  the 
analysis  of  the  results  of  the  calculations  by  nuBerical  Bethod. 
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§5.  Coefficients  aerodynanic  derivative  of  rectangular  wings  withM-»l 
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and  p*  — 0. 

As  it  follows  from  chapter  of  VXII,  the  task  of  the 
determination  of  the  coefficients  aerodynamic  derivative  ving 
characteristics  in  the  compressed  medium  with  p*  - — ^ 0 is  reduced  to 
the  appropriate  task  for  the  converted  wing  in  the  incompressible 
medium. 

If  the  basic  forward  motion  of  wing  occurs  with  number  M 1, the 

= k}J 

aspect  ratio  of  the  converted  wing  " 7\  vanishes.  In  this  case  for 
rectangular  wings,  as  shown  into  §6  chapters  of  XIII,  task  within  the 
framework  of  linear  theory  can  be  solved  accurately.  (Question 
concerning  the  applicability  of  linear  theory  with  numbers  M,  close 
to  unity,  here  is  not  examined). 

Let  us  replace  the  converted  rectangular  wing  with 
continuous  connected  ^v^ort^ity  layer  7 (x,  z)  and  the  connected  j 

discrete  eddy/vortex/p^ie  intensity/strength  of  discrete  eddy/vortex  ] 


and  vorticity  layer  let  us  present  according  to  (15.45)  in  the  form 


A 


L 


DOC 


77171543 


PAGE  ^ 


the  root  chord  b and  retain  designations  §7.  For  all  unknown  values 

n,*'.  X’J,.  r^.,  X'^. 


except  APJ^',  we  will  obtain  the  equations,  which  coincide, 

correspondinglfr  with  systeas  of  equations  (13.79),  (13.81),  (13.83). 


For  deteraining  aA’^  l®i  as  have  (axis  standard) 


Mi 


1/2 


i'":  + ■ / Mi  - 2|„,  4P„-x  + J 4;fi.  ^ 


llM 


ioM 


1/2 


‘K’+ 

low 


(18.7) 


By  following  aethod  §7  chapter  of  XIII,  we  will  obtain  with  p*  — > 0 

systea  of  equations  for  deteraining  unknown  aerodynaaic  derivative 
circulations.  The  beginning  of  the  axes  let  us  place  on  the  aiddle  of 
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Page  437, 

Solution  of  these  suppleaentary  systeas  of  equations  gi?es 


AC* 


1 

7' 


“ M 4 ■ 

AC  “45m. 


(18.8) 


By  deteraining  according  to  (13.85)  aecodynaaic  loadings  on  wing 
and  by  introducing  the  coefficients  of  aerodynaaic  derivatives  in 
teras  of  the  foraulas*  analogous  (15.53)»  we  will  obtain 


/><! 

‘■yU 

2 ’ 

2 ’ 

‘■y-m 

2 

/."z  » 

= fl- 

4 ’ 

= 

4 ’ 

tfl^  B 

"*/lM 

Km  = 0: 

8 ’ 

24  ' 

24  ’ 

('"xfi),  “ 

64  ' 

64  • 

64  • 

(18.9) 


DOC  = 77171543 


PAGE  ^ \ : 


If  we  the  origin  of  coordinates  arrange  on  leading  wing  edge, 
and  rolling  noaent  and  angular  velocity  q,  to  relate* 
correspondingly,  to  spread/scope  / and  //2,  , then,  by  utilizing 
fornulas  of  recalculation  (2.59)  and  (2.73),  let  us  have 


/*a 

/'A 

‘'yM 

2 • 

^(/IM 

2 ’ 

2 ’ 

‘•yM 

= 

2 ' 

‘"l/lM 

= 

4 ’ 

ss 

. 

4 ’ 

0. 

nt^ 

. 

4 ' 

"'iJM 

4 • 

"Cm 

. 

4 ’ 

G ’ 

6 ’ 

n 

Jl 

^jtm 

32  ' 

~ 1^' 

l6' 
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Foraulas  (18.9),  (18.10)  are  obtained  under  condition  Xm  = 

Page  438. 


In  the  case,  when  M<1,  they  are  precise  for  the  rectangular  wings  of 
naxiaally  small  elongation  (X  — > 0).  By  substituting  in  (15.53) 

▼alues  (18.10),  we  will  obtain  for  the  rectangular  wing  of  any 
elongation  x i with  M ->  1 ' 


nX 


OA  TlAt 


nX 

2 

4 


V = 


fn. 


nX 

2 


nX 


nX 

4 


<S) 

rTr^  = 


nX 

6 


nX 

32 


m •*’>  M > 
"*JCl 


n 

16 


(18.11) 


Th«M  foraalas  it  is  po««lbl«,  obTioasly,  to  as«,  al*o,  with  aayWK  l. 
b«t  for  Tory  smII  x. 
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Chapter  XIX. 


PAGE 


?\>1 


CALCOLATIOH  OP  THE  DNSTBADY  »ING  CHARACTERISTICS  OF  ARBITRARY 
PLARFORH. 


§1.  Special  featuce/peculiarit ies  of  calculation  procedure. 


The  aethod  of  the  calculation  of  aerodynaiic  wing 
characteristics  at  high  subsonic  speeds  is  presented  in  chapter  of 
XY.  For  haraonic  oscillations  with  very  saall  Strouhal  nuaber  (p*  — 
0)  the  solution  of  problea  is  reduced  to  deteraining  the  aerodynaaic 
characteristics  of  the  converted  wing  for  each  Hach  nuaber  in  the 
incoapressible  aediua.  In  this  case  the  difference  is  in  the 

appearance  of  snppleaentary  boundary  conditions  and  need  for  the 

APj;-, 

solution  of  new  systeas  of  equations  for  circulations — and  so 

forth.  Hith  the  arbitrary  dependences  of  the  kineaatic  paraaeters  on 
tiae  the  continuous  processes  are  replaced  stepped.  At  the  assigned 
(calculated)  aoaents  of  tine  occurs  an  abrupt  circulation  control  of 
the  bound  vortexes,  fron  which  converge  free  vortices  [1.85].  Since 
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disturbance/perturbations  in  the  incoapcessible  nediua  ace  spread  at 
the  final  velocity,  is  exaained  entire  process  of  focaation  and  again 
free  vortices,  but  not  only  at  the  defined,  assigned  torgue/aoaent  as 
in  the  incoapressible  aediua.  Therefore  it  is  necessary  the  initial 
wing  to  replace  saw-tooth  - for  close  to  initial. 

For  the  case  of  high  subsonic  speeds  there  are  no  precise 
solutions  for  entire  range  of  a change  in  the  diaensionless  tiae  r. 
However,  there  are  exact  solutions  at  the  initial  aoaent  r — ^ 0, 
for  which  aerodynaaic  characteristics  take  the  finite  values,  which 
depend  on  nuaber  M and  valid  for  any  wing  planfora.  The  adjustaent 
of  procedure  and  control  of  nnaerical  calculations  are  conducted  just 
as  for  the  incoapressible  aediua,  with  the  use  of  data  points  r = 0. 

Just  as  for  the  incoapressible  aediua,  large  value  at  subsonic 
speeds  has  Chaplygina  - Joukowski*s  hypothesis  about  the  finiteness 
of  velocities  on  trailing  wing  edges. 

Page  440. 

The  obtained  froa  nuaerical  calculations  values  of  circulations  and 
loads  aake  it  possible  to  explain  question,  is  provided  the  execution 
by  the  taken  vortex/eddy  diagraa  of  Chaplygina  - Jonkowski*s 
hypothesis.  Aerodynaaic  characteristics  aake  it  possible  to  trace  the 
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character  of  load  change  in  tiae.  For  wings  with  fractures  on 
spread/scope  and  along  chord  soae  distributed  loads  hawe  special 
feature/peculiarities  in  point  of  rupture.  Nuaerical  calculations 
make  it  possible  to  establish/install«  how  taken  a calculation 
procedure  considers  the  being  obtained  special  feature/peculiarities. 
The  guestion  concerning  the  rational  network,  accepted  during  the 
definition  of  the  aerodynanic  derivatives  of  wing  by  high  subsonic 
speeds,  is  solved  as  for  the  incoapressible  aediua.  It  is  necessary 
to  only  consider  soae  special  feature/peculiarities  when  selecting 
network  for  wings,  since  with  an  increase  of  nuaber  M the 
elongation  of  the  converted  wing  decreases,  and  sweepback  increases. 


The  control  of  the  obtained  froa  nuaerical  calculation 
aerodynanic  characteristics  is  realized  just  as  for  the 
incoapressible  siediua,  with  the  aid  of  known  solutions  (nost 
freguently  for  the  wing  of  infinite  elongation) , with  the  use  of 
corollaries  of  reversibility,  theorea  of  nonentua,  and  also  by 
applying  a Duhaael  integral,  cross  check  of  nuaerical  and 
experiaental  data  can  be  carried  out  by  the  coaparison  of  the  results 
of  the  calculation  and  experiaent  both  for  stationary  and  unsteady 
aerodynanic  characteristics.  This  aakes  it  possible  to  check  the 
reliability  of  the  taken  diagran  of  nuaerical  calculation  and  to 
rate/estinate  the  field  of  the  applicability  of  linear  airfoil 
theory. 


L 
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§2.  Chaplygin-Joakowski 's  hypothesis.  Distributed  characteristics. 


Nuaerical  calculations.  Bade  at  high  subsonic  speeds.  Bake  it 
possible  to  establish/install,  how  taken  a calculation  procedure 
provides  the  execution  of  Chaplygina  - Joukowski's  hypothesis  with 
the  arbitrary  dependences  of  the  kinewatic  paraweters  on  tine, 
including  haraonic  oscillations. 

For  the  wing  of  very  great  lengthening  (X  = -)  was  exanined  an 
instantaneous  change  in  the  kinenatic  paraaeters  a and  in  stepped 

law.  For  a a-problen  are  obtained  the  numerical  values  of  the 
distributed  chordwise  dinensionless  pressure  difference [Ap/a*] with 

three  Each  nuBbers :M  = 0,4;  0,5;  d,8f or  the  different  nonents  of  tine  (Fig. 

M = 0,4i 

19.1  and  19.2).  In  this  case  fox  exaained  large  nunber  of 
eddy/vortices  (n  = 32)  , by  which  is  sinulated  the  wing,  and  therefore 
a snail  interval/gap  between  the  calculated  torgue/noaents  (Ar  = 
0.0313),  which  Bakes  it  possible  to  trace  character  and  rearrangenent 
of  loads  with  different,  especially  saall,  values  r (see  Fig.  19.1). 
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Fig.  19. 1.  King  X * •.  Instantaneoas  chaage  ia  the  kiaeaatic 
paraaeters.  Dottel  curves  are  a known  solution,  unbroken  curves  are  a 
nuaerical  calculation. 


Fig.  19.2.  Wing  X = Instantaneous  change  in  the  kineaatic 
paraaeters.  Curves  are  a known  solution,  points  are  a nuaerical 
calculation. 


1. 
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Pig.  19.3.  Ring  X » • Xp=  Instaatnneoas  chaoga  in  the  kineaatlc  \ 

paraneters.  Curves  are  a known  solution,  points  are  a nuaerical  ] 

calculation.  \ 

\ 

■! 

i 

i 

1 

Page  442.  1 

j 

For  ^of-pi^oblen  Fig.  19.3  gives  pressure  differences [Ap/u’j this  sane 
wing  with  ^ = o.8. 

( 

J 

The  dependences  indicated  show  following.  Rith  r = 0 occur  the 
exact  solutions;  flow  in  this  case  noncirculating  (total  circulation 
is  equal  to  zero).  Then  disturbance/pertur bat  ions  at  the  final 
velocity  are  spread  froa  leading  and  trailing  edges  in  such  a way 
that  diaensicnless  pressure  differences  on  trailing  wing  edge  (x  « 

1.0)  torn  into  zero,  which  indicates  the  execution  of  the  hypothesis  < 
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of  Chaylygin-Joukowski.  On  the  leading  edge  of  the  wing  in  question  a 
pressure  difference  Ap  approaches  infinite  values.  In  this  case  on 
the  Biddle  of  wing  for  a while  renains  the  section,  which  corresponds 
to  exact  solution  for  t = 0. 

Analogous  result  is  obtained  upon  the  gradual  entrance  of  wing 

[^Plw\^\) 

into  step  gust,  only  in  this  case  a pressure  difference /\  rums 
into  zero  at  the  finite  values  r,  when  disturfaance/perturbations 
reach  trailing  wing  edge.  The  degree  of  the  propagation  of  these 
disturbance/perturbations  depends  on  Mach  number  (Fig.  19.4). 

Lee  us  note  that  the  results  of  nunerical  calculations  virtually 
coincide  with  the  known  solutions  of  the  problens  in  question,  by 
data  in  work  [2.26],  already  with  snail  n. 

Changes  in  the  loads  in  the  wingspan  at  high  subsonic  speeds 
have  qualitatively  the  sane  special  feature/peculiarities  as  in  the 
incompressible  nedium.  So,  if  is  examined  the  wing  of  complex 
planform,  which  has  fracture  on  leading  edge,  then  the  circulation  of 
the  vortex  lines,  by  which  it  is  simulated  wing,  they  have 
discontinuity/interruptions  in  the  appropriate  sections  z = const, 
whereupon  total  circulation  is  changed  on  spread/scope  continuously. 
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Fig.  19.4.  Wing  A = **.  Gradual  entrance  into  step  gust.  Curves  are  a 
known  solution.  Points  are  a nuaerical  calculation. 


Page  443. 

/7,7 

Figure  19.  5- Uir-fr  depicts  the  results  of  the  nuierical  calculations  of 
the  wing  with  fracture,  depicted  on  Fig.  14.15.  The  calculation  is 
■ade  for  the  nuaber  of  eddy/vortices  on  of  the  seairange  of  wing  N = 
11  and  on  its  chord  n = 5.  Just  as  in  the  incoapressible  aediun,  at 
high  subsonic  speed(M4),8) and  p*  ■»-  ^ 0 are  observed  the 


DOC  = 77171543 


PAGE  39  'X^ 


\ 


discootinu ity/interrQptions  of  circulations  in  the  point  of  rupture 
of  wing  on  soae  wortex  lines,  especially  essential  for  the  cords, 
which  are  arrange/located  nearer  to  leading  wing  edge  (p  » 1.  p = 2) . 


§3.  Coaparison  of  nuaerical  calculations  with  known  solutions. 


The  obtained  froa  nuaerical  calculations  aerodynaaic 
characteristics  are  coapared  with  known  solutions.  This  aakes  it 
possible  with  larger  reliability  to  select  the  rational  diagraa  of 
nuaerical  calculation. 

Let  us  conduct  the  coaparison  indicated  for  the  distributed  and 
total  wing  characteristics  of  infinite  lengthening  (A.  = oo^  alth  an 
instantaneous  change  in  the  angle  of  attack  a and  the  upon  gradual 
entrance  into  step  gust  for  centering  = 0: 


Vlg.  19.5.  CircQiatiott  coatrol  r<>  in  the  spread/scope  of  the  wing  of 
coaplez  planfocB  (M—0-?), 


Pig.  19.6.  Circulation  control  r**,  in  the  spread/scope  of  the  wing  of 
coaplez  pi  an  fora  CM  ~ 0-9^  Tp 


fig.  19.7.  Circulation  control 


r“^,l»  the  spraad/scope  of  the  wing  of 
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Page  444. 

Figare  19.1-19.4  depicts  the  coapacison  of  the  data  of  the  known 
solution,  given  in  work  [2.36],  and  the  results  of  the  nuaerical 

calculation  of  the  distributed  chordwise  diaensicnless  pressure 

[Ap/a*].  [Ap/co*],  [Ap/a)’^],y 

differences, A;  - while  in  Fig.  19.8,  19.9  - the  total 

coefficients  of  transient  functions  f^;,/a’]  and  [m^/a*]  this  wing.  Known 
solutions  in  the  latter  case  are  undertaked  froa  works  [1.19]  and 
[2.26];  here  are  plotted/applied  point  for  the  liaiting  case  r = to 
0,  for  which  there  is  exact  solution.  Coapariscn  is  carried  out  also 
for  the  total  transient  functions  [cjco*] andf'”^/“II'f or  which  known 
solutions  are  also  undertaked  of  above  works  (Fig.  19.10  and  19.11) 
indicated.  In  these  figures  are  given  the  liaiting  cases  for  r = 0 
and  T — ^ -.  Upon  the  gradual  entrance  of  infinite  plate  into 
stepped  gust  Fig.  19.12,  19.13  give  the  coaparison  of  nuaerical 
calculation  with  known  solutions  [ 1>  19  ] and  [2.36]  and  by  Uniting 


cases  T = 0 and  r 
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Pig.  19.8.  Wing  X = •.  Coaparison  of  nuaerical  calculations  (point) 
with  known  solutions  (curves) . 

Key:  (1).  Precise  data. 

Fig.  19.9.  Wing  Conparison  of  nunerical  calculations  (point) 

with  known  solutions  (curves). 

Key:  (1)  . Precise  data. 


Page  445. 

In  all  given  curve/graphs  it  is  possible  to  note  the  conpletely 
satisfactory  coincidence  of  nuaerical  data  with  the  results  of  known 
solutions.  Transient  functions  during  increase  t approach  liaiting 
values  - to  the  corresponding  derivative  without  points  with  p* 


Thusv  in  an  exaaple  of  the  wing  of  infinite  lengthening 
establish/installed  is  the  coapletely  acceptable  coincidence  of  the 
data  of  nunerical  calculation  with  known  solutions,  including 

cases  r * 0 and  r * •.  To  the  first  case  corresponds 

exact  solution,  and  to  the  second  - nunerical,  fcut  obtained 


I 


Pig.  19.10.  Wing  ^t-o  Coaparison  of  nunerical  calculations  (point) 
with  krovn  solutions  (corves) . 

f 

Key;  (1).  Precise  data. 

Pig.  19.11.  Wing  i,-o.  conparison  of  numerical  calculations  (point) 
with  known  solutions  (curves). 


Key;  (1).  Precise  data. 
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Fig.  19.12.  Wing  X - Coipacison  of  nuaerical  calculations  (point) 
with  known  solutions  (curves). 

Key:  (1).  Precise  data. 

Pig.  19.13.  Wing  Coaparison  of  nuaerical  calculations  (point) 

with  known  solutions  (dot-dash  line) . 


Key:  (1).  Precise  data. 

■ 

Page  447. 

For  an  infinite-span  wing  with  control  Bp  = 0,20)  nuaerical 
calculations  are  coapared  with  known  solutions  [2.32].  In  Fig.  19.14 
and  19.15  given  this  coaparisons  for  derivatives  with  nuabers|vi<i 

in  teras  of  the  calculations  of  V.  I.  Bushuev,  based  on  the  use  of  a 
Duhaael  integral. 


§4.  Investigation  of  the  practical  convergence  of  solution  with  an 
increase  in  the  nuaber  of  bound  vortexes. 
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The  convergence  of  noierical  solution  is  checked  with  the  aid  of 
the  investigation  of  the  effect  of  the  nunber  of  the  bound  vortexes, 
by  which  is  siaulated  the  wing,  nuch  study  according  to  the  procedure 
of  the  calculation  were  carried  out  by  H.  I.  Nisht,  V.  Ta. 

Gordinskiy,  and  G.  I.  Turchannikov.  The  distributed  and  total 
aerodynanic  coefficients  of  the  transient  functions  of  the  wing  of 
infinite  lengthening  are  obtained  with  the  nuaber  of  eddy/ vortices  n 
= 5 and  10  (Pigs.  19.1-19.4,  19.8-19.13),  also,  for  n = 5-60  (Figs. 
19.16,  19.17).  Given  data  show  that  at  subsonic  speeds  already  with  n 
= 5-10  is  observed  the  practical  convergence  on  n,  especially  at 
large  values  t.  The  greatest  scatter  of  the  calculation  points  is 
observed  in  the  range  of  low  values  t;  therefore  here  desirable  to 
take  the  relatively  larger  nuaber  of  eddy/vortices. 

The  effect  of  the  total  nuaber  of  eddy/vortices,  by  which  is 
siaulated  the  wing,  to  the  results  of  the  calculations  of  the 
transient  functions  of  wings  of  finite  aspect  ratio  is  shown  in  an 
ezaaple  of  the  transfer  function  of  lift  with  an  instantaneous  change 
in  the  angle  of  at  tack  [c,/a*]  and  the  upon  gradual  entrance  into  step 
gast  A the  rectangular  (Pig.  19.18)  and  triangular  (Pig.  19.19) 

wings  of  lengthening  X - 2.5.  The  calculations  were  carried  out  by  G. 

M - O.lJ 

I.  Turchannikov  for  nuabers/  and|vi  .=  O.Sduring  the  siaulation  of 
wings  by  the  total  nuaber  of  eddy/vortices  nN  = 30,  55  and  120. 
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Pig«  19.14.  Wing  X = - irith  control  Coapacison  of  nuaerical 

calculations  (curves)  with  known  solutions  (point). 

Fig.  19.15.  Wing  X = - with  control  (*|.-».2).  Coiparison  of  nuaerical 
calculations  (curves)  with  known  solutions  (point. 


Page  448. 

Given  the  figures  indicated  materials  show  that  the  simulation  of  the 
wings  of  the  final  lengthening  by  the  vortex/eddy  grid,  which 
consists  of  the  total  number  of  eddy/vortices  of  order  nN  ^ 60 , gives 
during  the  numerical  calculations  of  transient  functions  sufficiently 
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satisfactory  results. 

Is  investigated  also  the  effect  of  the  calculated  interval/gap 
At  for  an  infinite  plate  x = - with  nuabt-r/^  An  increase  At  with 
the  constant/invariable  nunber  of  eddy/vortices  (n  = const)  aakes  the 
convergence  of  nuaerical  solution  soaewhat  worse,  especially  in  the 
initial  period  of  time  (low  value  t) ; however,  during  increase  r this 
convergence  noticeably  is  iaproved  (Pig.  19.20), 

The  effect  of  the  nunber  of  eddy/vortices  for  a wing  with  flap 
here  is  not  exaained,  since  this  effect  at  high  subsonic  speeds  is 
analogous  with  the  effect,  obtained  for  the  incompressible  nediua 
(chapter  of  XIV). 
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Pig.  19.16.  ling  m-o.8.  The  effect  of  the  noabcr  of  eddy/voctices  on 

coefficient  (curve  is  a known  solution,  points  are  a nuaerical 

calculation) . 

Key:  (1).  Precise  data. 
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Fig.  19.17.  Wing  m-os,  ^he  effect  of  the  nuaber  of 

•ddy/vortices  on  coefficient  K/a-j  (curve  is  a known  solution,  points 
are  a nunerical  calculation). 


(1)-  Precise  data. 
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Pig.  19.18.  Rectangular  wing  X = 2.5.  Effect  of  the  nunber  of 
eddy/Tortices  on  transient  functions  (V“’l 

Key:  (1).  Exact  solution. 

Pig.  19.19.  Delta  wing  X = 2.5.  Effect  of  the  nunber  of  eddy/vortices 
on  transient  functions  [c^/u-j  and  [c^iw'y^\. 

Key:  (1).  Exact  solution. 

Pig.  19.20.  Effect  of  the  calculated  tine  interval  At  for  the 
transient  functions  of  wing  X = -,  m-o.b.  n » 10.  Curves  are  a known 
solution,  points  are  a nunerical  calculation. 

Key:  (1).  Precise  data. 


Page  450. 


§5.  Checking  of  nunerical  calculations  with  the  aid  of  reciprocity 


theoren. 


DOC  » 771715*3 


PAGE 


'^37 

It  is  known  that  all  consequences  of  reciprocity  theorea  are 
precise  for  arbitrary  Strouhal  nuabers  and  Rakh  with  haraonic  tiae 
dependences.  When  the  kineaatic  paraaeters  by  arbitrary  fora  are 
changed  on  r,  the  corresponding  equalities  are  accurate  with  any  r. 
The  control  of  the  obtained  froa  nuaerical  calculation  data  can  be 
conducted*  by  utilizing  the  relationship/ratios*  which  escape/ensue 
froa  reciprocity  theorea  (chapter  VII) . 

M = 0.6,, ' 

For  subsonic  speed*  which  corresponds  to  nuaber/\  are  ezaained 
the  transient  functions  of  straight  line  and  rewerse/inwer se  delta 
wings  X = 2.5  (Fig.  19.21).  Froa  the  given  curve/graphs  it  is  evident 
that  in  the  nuaerical  calculations  indicated  for  these  wings  with 
satisfactory  accuracy  are  fulfilled  the  relationship/ratios  of 
reciprocity  theorea 


'<=y- 

[“■  J 

• 

a 

> 

- . 

An  analogous  aethod  of  control  it  is  expedient  to  utilize  also  for 
the  coefficients  of  aerodynaaic  derivatives. 
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Pig.  19.21.  Transient  functions  of  straight  line  (unbroken  curve)  and 
re  verse/in  verse  (dotted  line)  delta  wings,  X » 2.5,  x^.oj.©- 

precise  data. 


Pig.  19.22.  Coefficients  aerodynanic  derivative  direct /straight  and 
reverse/inverse  wings  X « •- 
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Page  451. 

For  an  infinite-span  wing  were  calculated  the  coefticTSafs 
and  by  the  corresponding  fora  were  coapared  with  each  other  (Fig. 

19.22  aad  19.23)  over  a wide  range  of  Strouhal  nuabers  with  different 

( M =_0,35:; 

nach  BoebersA  0.50;  0.70).  By  solid  lines  on  the  curve/graphs 
indicated  the  corrected  values  of  coefficients  and  c"*  straight 
wing,  but  by  points  - derivatives  m'‘_  and reverse/inverse  wing. 
All  data  correspond  to  centering  = 0,50. us  note  that  in  this  case 
the  direct/straight  and  reverse/inverse  wings  are  actually  one  and 
the  sane  the  wing-plate  of  infinite  span. 


According  to  reciprocity  theorea 


c i = 


C = 


"1/+  -1--  I/+ 

These  equalities  are  aade  well,  as  shown  in  Fig.  19.22,  19.23.  Thus, 
reciprocity  theorea  can  serve  as  good  aeans  of  the  control  of 
nuaerical  data,  also,  at  high  subsonic  speeds. 


<$6.  Checking  of  nuaerical  calculations  with  the  aid  of  the  theorea  of 
aonentuB  and  Ouhaael  integral. 
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The  use  of  a Dahaael  integral,  as  is  known,  nakes  it  possible  to 
carry  oat  a passage  to  any  assigned  law  of  notion  or  gust. 
Specifically,  by  knowing  transient  functions,  it  is  possible  to  find 
the  coefficients  of  aerodynaaic  derivatives  in  the  large  range  of 
Stroahal  nunbers. 

Figure  19.24-19.31  depicts  the  results  of  the  known  solution  of 
the  problen  of  the  harnonic  oscillations  of  airfoil/profile  (X  = -) 
at  high  subsonic  speeds  [2.35]  - dotted  curves. 
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Fig*  19.23.  Coefficients  of  the  aerodynaaic  derivatives  of  straight 
line  and  reverse/inverse  wings  x-*,  i^-u.5. 
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ff*^ao:  M-0,35 


0 2 4 6 8p* 


Pig.  19.24.  Coaparison  of  naaecical  calcalations  according  to  Dnhaael 
integral  (unbroken  curves)  with  known  solution  (dotted  line)  for  a 
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•« 
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Fig.  19.26.  Coaparison  of  nuaerical  calculations  according  to  Duhaael 


integral  (unbroken  curves)  with  known  solution  (dotted  line)  for  a 
•ing 


Fig.  19.27.  Coaparison  of  nunttrical  calculations  according  to  Duhaael 


integral  (unbroken  curves)  with  known  solution  (dotted  line)  for  a 


1 


.5='^  V- 
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Pig.  19.28.  Coaparison  of  nuaerical  calculations  according  to  Duhaael 
integral  (unbroken  curves)  with  known  solution  (dotted  line)  for  a 
wing 

Pig.  19.29.  Coaparison  of  nuaerical  calculations  according  to  Duhaael 
integral  (unbroken  curves)  with  known  solution  (dotted  line)  for  a 

wing  ^ - »>.  i-,  - 0. 

Fig.  19.30.  Coaparison  of  nuaerical  calculations  according  to  Duhaael 
integral  (unbroken  curves)  with  known  solution  (dotted  line)  for  a 
wing  X = - 

Pig.  19.31.  Coaparison  of  nuaerical  calculations  according  to  Duhaael 
integral  (unbroken  curves)  with  known  solution  (dotted  line)  for  a 
wing  ^ — — 0. 


Page  455. 

These  data  are  acquired  by  nuaerical  aethod  with  the  aid  of  the 
recalculation  of  the  corresponding  transient  functions  and  use  of  a 
Duhaael  integral  * unbroken  curves.  Oot^dash  line  shows  liaiting  case 
of  p*  — ^ for  which  the  aia  is  the  corresponding  derivativesc", 

this  case- -lire  exanined  the  noabecs  M * 0.35;  0,50;  0,60;  0,70;  0,80 
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with  centering.rr  = O.Conforiity  of  data,  obtained  nuaerically,  to  the 
results  [2.35]  satisfactory. 


The  accuracy  of  numerical  calculations  for  the  coefficients  of 
aerodynamic  derivatives  with  points  c'^‘  can  be  checked  also  with  the 
aid  of  the  theorem  of  momentum,  which  cst afclish/installs 
communication/connection  between  the  transient  function  /\  and  the 
derivative  indicated  with  point  with  very  small  Strouhal  number  c‘*'(0). 
Thus,  for  instance,  for  a lift  coefficient  this  relationship/ratio 
takes  the  form 


00 


. Jl 


dT  = c2'(0). 


Theorem  of  momentum  makes  it  possible  also  to  control  the 
behavior  of  transient  function  in  all  range  r in  question,  if  one 
considers  that  are  known  the  exact  solutions  for  limiting  cases  r = 0 
and  r = o,  then  by  these  very  to  a certain  extent  it  can  be  checked 

fc  (t)/</;j, 

entire  dependence  including  extreme  points  t = 0 and 


r - 
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Fig.  19.32.  Conparison  of  the  coefficients  of  aerodynaaic  derivatives 

with  p*  >0  (curves)  with  the  ■oaentua/iipulse/pulse  of  transient 

functions  (point)  for  a rectangular  wing  *■-2.5.  Jt,-" 


Page  456. 

Figure  19.32  depicts  the  ouaerical  values  of  the  coefficients  of 
aerodynaaic  derivatives  and  in  the  function  of  Hach  nuaber 
obtained  for  a rectangular  wing  (X  = 2.5)  by  the  calculation  of 

aerodynamic  derivatives  with  p*  > • (curves),  also,  in  terns  of 

theoren  of  nonentun  with  the  aid  of  transient  f unctions  K/“’l  ««»d  [cju;] 
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(point)  . 

&s  we  see,  the  conforaity  of  two  different  eethods  of  the 
nuaerical  calculation  of  deriwatiwes  and  at  subsonic  speeds 
coapletely  satisfactory. 


§7.  Conparison  of  theoretical  and  experiaental  data. 


The  conparison  of  experiaental  and  calculated  data  aa kes  it 
possible  to  carry  out  a cross  check  of  each  results  and  to  produce 
the  estination  of  the  field  of  the  applicability  of  linear  theory. 

The  experiaental  determination  of  aerodynaaic  derivatives  is 
represented  by  difficult  technical  task.  These  difficulties  are 
especially  serious  during  the  aeasureaents  of  unsteady 
characteristics  at  transonic  speed;  therefore  coaparison  is  given 
only  for  the  snail  nuaber  of  wings.  In  Fig.  19.33  in  the  fora  of  an 
exaaple  for  a zero  nean  incidence  (oq  = 0)  is  carried  out  the 
coaparison  of  the  calculated  and  experiaental  values  of  derivatives 
and  for  a delta  wing  with  lengthening  X > 4 (xr  = 0.37). 

Bxperinental  and  calculated  data  on  the  coabination  of  derivatives 
the  deteraining  the  longitudinal  attenuation  of  wings  different  + m 
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planforas,  with  different  centering 
Pig.  19.34-19.37. 


1 

j 

xr  aqd  noabers  M are  given  in  j 


Are  here  exanined  the  results  of  the  experinents,  aade  by  G.  A. 

Kolesnikov  for  a rectangular  wing  (V  = 2.5)  (Fig.  19.34),  a delta 

XT  = 0A3j) 

wing  (X  = 4.0/\  (Pig.  19.35),  the  delta  wing  (X  = 2.31)  (Fig. 

19.36)  and  of  sweptback  wing (X  = 3,  xo  = 60°,  ti  = 2,5)(Pig.  19.37).  The 
conparison  of  the  experinents,  carried  out  by  Tu.  A.  Prudnikov  and  Y. 
S.  Bykov,  with  the  calculation  for  the  coefficient  of  roll  danping 
is  nade  for  rectangular  and  delta  wings  (Fig.  19.38).  In  this  case 
are  exanined  the  wings  of  different  lengthening  in  the  paraneters  of 
sinilarity  kx. 


All  the  given  materials  testify  to  the  sufficiently  satisfactory 
conformity  of  theory  with  experiment. 
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Fig.  19.33.  Coaparison  of  the  calculation  (curves)  with  experinent 
(point)  for  a delta  wing  X = 4 — 


Page  457. 

The  greatest  disagreenent  of  experiaental  and  calculated  data  with 

low  angles  of  attack  and  the  aaplitudes  of  oscillations  is  observed 

M > 0,85  -i-  0,95j 

with  nnabers/^^  fhis  disagreenent  can  be  first  of  all  connected 

with  the  advent  of  on  wing  at  the  high  subsonic  speeds  of  regions 
with  supersonic  zones  and  the  fornation  of  local  shocks. 


r 


I 
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In  conclusion  is  presented  the  conparison  cf  the  results  of 

nunerical  calculation  (curves)  with  experinent  (point)  for  an 

(6p  = 0.2^  I (M  = 0.5)/ 

airfoil/profile  vith  control/'^^^  with  constant  Hach  nunber/l  The 

calculation  was  perforaed  by  V.  I.  Bushuev  eaploying  above  procedure 

presented.  ^ o.z  0,4  0.6  0,8  M 


Pig.  19.34.  Conparison  of  the  calculation  (curves)  vith  experivent 
(point)  for  a rectangular  wing  x » 2.5, 


Fig.  19.35.  The  conparison  of  the  calculation  (is  curve)  with 
experinent  (point)  for  a delta  wing  X » 4 
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Fig.  19.36.  Coaparison  of  the  calculation  (curves)  with  eiperinent 
(point)  for  a delta  wing  X = 2.31. 


Pig.  19.37.  Coaparison  of  the  calculation  (curves)  with  ezperiaent 
(point)  for  a sweptback  wing  x-a, 


Fig.  19.38.  Coaparison  of  the  calculation  (curves)  with  ezperiaent 
(point)  for  rectangular  (unbroken  curve)  and  triangular  (dotted  line) 
wings. 


Page  459. 

Figure  19.39  depicts  to  the  dependence  of  the  total  coefficients  of 
aerodynaaic  derivatives  and  of  Strouhal  nuaber,  while  Pig* 

19.40  shows  the  laws  of  a change  aerodynaaic  derivative  loads  p*p  and  p*i> 
chordwise  of  wing  (?  = z/b)  for  Strouhal  nuaber  p*  = 0.96,  The 
ezperiaental  data,  borrowed  froa  work  [2*54],  are  obtained  by  the 
aethod  of  the  aeasureaent  of  instantaneous  pressures  during  the 
oscillation  of  control  relative  to  the  azis,  passing  through  its 
leading  edge/nose.  Ezperiaents  were  conducted  on  airfoil/profile  MACA 
65A006  by  the  snail  anplitades  of  the  oscillation  of  control  (in  the 
case  dp  =1,71"). 
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Pig.  19.39.  Coaparison  of  noaerical  calcalation  (curves)  with 
experiaent  (point).  Ving  ^ ^ - O-^' 


Fig.  19. *0. 
axperlaant 


CoaparisoB  of  aaaa 
(poiat)  . ling  'X 


'Kical  calculation  (curves)  with 


DOC  = 77154318 


P«GE  .-r'5.5-^ 


Page  460. 


PART  IV 


SUPERSONIC  SPEEDS  (H  > 1) 


INTRODUCTION. 

To  task  of  the  aerodynamic  investigation  of  lifting  surfaces 
during  unsteady  motion  at  supersonic  speeds  devoted  large  number  of 
works  ([1.15],  [1.18],  [1.21],  [1.23],  [1.25],  [1.26],  [1-38], 

[1.49],  [1.50],  [1.59],  [1.63]).  Sufficiently  complete 
survey/coverage  of  the  existing  literature  is  in  monographs  [1.9], 
[1.15],  [1-19],  [1.26],  and  also  in  the  article  [2.53].  Therefore  let 

us  point  out  here  only  the  state  of  question,  let  us  note  the  most 
essential  results  in  this  region,  and  also  briefly  let  us  describe 

the  ideas  of  those  methods,  which  are  set  forth  further  in  the 
present  monograph- 

The  questions  of  unsteady  motions  at  transonic  speed  are 
presented  in  works  [2.46],  [2.50],  [2.53],  there  is  given 
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fhe  coaaon/ganeral/total  ideas  of  approach  to  the  solution  to 
the  supersonic  linear  tasks  were  given  by  Prandtl  [1.10],  [2.8]  and 
by  Ackeret  [2.3],  [2.4],  which  investigated  infinite-span  wing  during 
steady  notion.  To  the  harnonic  oscillations  of  this  wing  is  dedicated 
the  work  of  Borbeli  [2.13].  The  following  space  in  the  solution  of 

t 

connon/general/total  problem  were  Busenann*s  studies  [2.14],  the 
concerning  flow  of  conical  flow  about  the  slender  bodies,  and  also  H. 
I.  Gurevich*  works  [1.43],  [1.^4],  in  which  were  ezanined  swept  and 
delta  wings  in  conical  flow. 


The  large  role  in  setting  and  solution  of  the  problem  of  the 
flow  around  of  the  wing  of  the  final  sptead/scope  at  supersonic 
speeds  it  played  the  scientific  seminar  led  by  I.  I.  Sedov, 
especially  into  period  1942-1950. 


some  of  the  first  works  in  our  country,  dedicated  to  the  studies 
of  the  unsteady  motion  of  wing  at  supersonic  speeds,  were  Te.  A. 
krasil'shchikovoy* 8 works.  At  first  it  solved  the  task  of  the 
harmonic  oscillations  of  wing  with  supersonic  edges  without  end 
effect,  and  then  with  end  effect.  The  results  of  the  investigations 
of  Te.  A.  Kra8il*8hchikovoy  were  generalized  by  it  in  monograph 
[1-15]. 
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Proi  the  foreign  analyses  of  the  analogous  content  one  should 
note  Sard's  work  [2.19]. 

Page  461. 

On  the  basis  of  the  results  [1.15]  with  N.  K.  Pursov  [1.63]  were 
obtained  the  exact  solutions  for  the  rigid  and  deforaing  wings  with 
supersonic  edges.  The  coefficients  of  aerodynaaic  derivatives  are 
deterained  in  this  case  for  very  saall  Strouhal  nuabers  (p*  — --7  0). 

A nuaber  of  the  authors  in  us  in  the  country  and  abroad  obtained 
solutions  for  the  wings  of  siaple  planfora  with  different  Strouhal 
nuabers.  Specif ically,  Ribner»  Hal'vestuto*  etc.  [2.18],  [2.21], 
[2.22],  [2.50]  found  exact  solution  for  a delta  wing  with  subsonic 
leading  edges  with  p*  — 0.  Por  the  wings  of  coaplex  planfora  with 
subsonic,  supersonic,  and  also  aixed  leading  and  trailing  edges  was 
developed  nuaerical  aethod  [1.84]  of  the  calculation  of  aerodynaaic 
characteristics.  The  aethod  indicated  can  be  used  with  the  haraonic 
dependences  of  the  kineaatic  paraaeters  froa  tine.  It  will  be 
described  in  this  part  of  the  aonograph. 


In  recent  years  increased  the  nuaber  of  investigations 
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dedicated  to  the  solutions  o£  the  probleas,  connected  with  the  effect 
of  the  vertical  gust  of  air  and  the  aperiodic  aotions  of  wing.  Froa 
the  works#  which  relate  to  the  notion  of  wing  with  arbitrary  tine 
dependences#  one  should  note  the  transactions  of  Niles  [1.26]#  of  ye. 
A.  Krasil'shchikova  [1.81]#  A.  I.  Golubinskiy  [1.65],  [1.68]#  M.  P. 
Vorobyev  [1.59].  For  infinite-span  wings  were  obtained  the  exact 
solutions  by  the  aethod  of  supersonic  analogy  [1.65]#  [2.23]#  [2.36] 
and  by  the  aethod  of  pulsed  sources  [2.17].  Prcklen  for  delta  wings 
with  supersonic  edges  is  solved  in  works  [1.26]#  [2.26].  In  articles 
[2.26],  [2.36]  are  given  the  solutions  of  problea  for  a rectangular 
wing#  while  in  work  [1.26]  given  approxinate  solution  is  also  for  a 
delta  wing  of  very  small  lengthening.  For  the  wings  of  arbitrary 
planfora  with  the  aixed  or  subsonic  and  supersonic  leading  and 
trailing  edges  are  developed  the  nuaerical  calculation  aethods# 
presented  in  works  [1.34]#  [1.86]. 

The  idea  of  the  nuaerical  calculation  aethods  both  with 
aperiodic  and  haraonic  tine  dependences  is  reduced  to  the  following. 
The  wing  and  the  regions  of  effect  are  divide/narked  off  into  unit 
cells  by  the  lines#  parallel  to  Nach  lines  which  eaerge  froa  the 
apex/vertex  of  wing.  In  this  case  real  wing  approxiaately  is  replaced 
by  wing  with  saw-tooth  sonic  edges.  The  derivative  of  velocity 
potential  along  the  axis  Oy  (downwash)  is  accepted  in  eech  of  the 
cells  constant.  After  deteraining  froa  the  boundary  conditions  of  the 
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value  of  taper  (but  if  it  is  necessary,  then  also  potential)  for  each 
cell  of  wing  and  regions  of  effect,  we  find  aerodynanic  loadings  on 
wing.  They  are  given  below  descriptions  of  the  nunerical  aethods 
indicated. 

Page  462. 

Is  exaained  at  first  the  task  of  the  haraonic  oscillations  of  wing, 
and  then  • a change  in  the  kinematic  paraaeters  of  aotion  along 
stepped  law  and  the  gradual  entrance  of  wing  into  step  gust. 

For  wings  with  supersonic  edges  are  given  also  the  exact 
solutions  for  the  coefficients  aerodynaaic  derivative  and  transient 
functions,  whereupon  for  the  latter  are  utilized  the  obtained  in 
chapter  IV  exact  solutions  at  the  initial  aoaent  (r  -— •>  0). 

Nuaerical  data  are  coapared  with  exact  solutions,  for  exaaple  for  a 
plate  and  the  wings  of  the  final  lengthening  with  supersonic  edges. 
The  results  of  systematic  investigations  show  the  correctness  of  the 
proposed  nuaerical  aethods  and  sufficient  accuracy  obtained  with 
their  aid  of  these  with  comparatively  small  quantities  above  unit 
cells  indicated. 

For  control  and  testing  the  accuracy  of  the  calculations  of  the 
coefficients  of  aerodynaaic  derivatives  are  utilized  the  known 
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consequences  of  reciprocity  tbeoreo.  The  nuaerical  values  of 

transient  functions  are  aonitored  with  r y 0 by  path  coaparison 

with  exact  solutions;  with  t — ■>  - - by  coaparison  with  the  results 
of  the  calculation  of  the  coefficients  of  aerodynaaic  derivatives 
without  points  with  p*  —.7  0,  and  also  with  the  aid  of  the  theorea 

about  aoaentua/iapulse/pulses,  and,  furtheraore,  are  utilized  the 
consequences  of  reciprocity  theorea  for  arbitrary  tiae  dependences, 
as  one  of  the  aethods  of  testing  linear  theory  serves  the  conducted 
in  aonograph  coaparison  of  ezperiaental  and  calculated  data,  which 
aakes  it  possible  also  to  establish/install  the  field  of  application 
of  this  theory. 


i 

j 


I 


i 

1 
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Chapter  XX. 


EOHERICAL  BBTHOD  3F  THE  CALCULATION  OF  AERODYNAHIC  RING 
CHARACTERISTICS  WITH  HARHONIC  TIME  DEPENDENCES. 


§1.  Velocity  potential  of  source  with  hcuraonic  tine  dependences. 


As  the  basis  of  the  solutions  of  linear  unsteady  probleas  at 
supersonic  speeds  let  us  take  the  velocity  potential  of  pulsed 
source.  As  is  known,  at  any  source  strength  the  potential  of  its 

disturbed  speeds  will  satisfy  wave  equation  (3.30)  and  to  conditions 
at  infinity. 

Let  us  derive  expression  for  a velocity  potential  in  the  case, 
when  wing  coapletes  unsteady  notion  along  harionic  laws  or  it  is 
subject  to  the  influence  of  haraonic  gust.  In  this  case  the  kineaatic 
paraaeters  of  the  notion  in  accordance  with  §2  of  chapter  of  V 
without  liaitation  generality  can  be  written  in  the  fora 


<7/  (0  = qy"'. 


(20.!) 


L. 
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In  this  paragraph  i = -1»  j = I#  2,  5o  From  (3.56)  it  follows 

that  the  boundary  conditions  on  wing  in  this  case  also  will  change 
for  haraonic  laws  and  the  derivatives  of  the  unknown  potential  in 
terns  of  coordinates  (downwashes)  can  be  represented  in  the  forn 


<20,2) 


The  potential  of  the  disturbed  speeds  is  connected  with  tapers  by 
fornula  (4.11).  After  deternining  according  to  (4.14),  (4.12)  tines 
t,  and  tg,  let  us  have 


(.ti  - x)  M 


ok* 


= (20.3) 


«/(2 
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By  substituting  these  expressions  in  (4.11),  let  us  find  that  during 
a change  in  the  boundary  conditions  on  wing  for  the  harnonic  laws 


‘P(JC|,  «/i,  2i.  0 J|  [ dtf  a ^ 

0*  (X,.  D,,X|) 


X e 


d\dz.  (20.4) 


Taking  into  account  that 


g W ^ g"  ak>  „ 2 COS  r, 
ak’  ’ 


(20.5) 
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and  by  introducing  the  designations 


. pb  . 


(b  - characteristic  linear  diaension} , Me  uill  obtain  the  resultant 
expression  for  a velocity  potential  during  the  haraonic  oscillations 
of  the  wing: 


<P{v,,  tju  Zu  0 = 


fl»  if  ^ 


■(w') 


dxdz,  (20.7) 


r^V{x-x,Y-k^y]-k^z-z^y. 


Is  expressed  the  potential  of  the  disturbed  speeds  through  the 
coefficients  of  the  aerodynamic  derivatives  of  potential  in  teras  of 
(3.65).  By  taking  into  account  the  haraonic  character  of  a change  in 
the  kinematic  parameters  in  tiae,  let  us  write  (3.65)  in  the  fora 

( V,  y.  2,  t)  = UJ>  Re  e">'  | q]  (x,  y,  z)  + ,»<»/  (x.  y,  ?)].  (20.8) 


by  finding  hence  expressions  for  the  derivatives  of  potential  in 
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teras  of  y and  by  substituting  thea  in  (20.7)  , we  will  obtain  for 
deteraining  the  coefficients  of  the  aerodynamic  derivatives  of 
potential  the  following  relationship/ratios: 


o*  ' * J//-0  “ 

“M'  U'  ^)]  sin  iiiipfl  I cos 

(20.9) 


M-  I ' din"! , 

(/■  2) 


I sin  I cos 

i/-0  " J iM  r 
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$2.  Basic  positions  of  the  nuaerical  calculation  aethod. 


Let  us  exaaine  the  arbitrary  in  plan/layout  wing,  which  along 
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with  forward  aotion  at  supersonic  speed  Og  coapletes  the  haraonics  of 
oscillation  and  undergoes  the  effect  of  haraonic  gust.  The  speeds  of 
the  suppleaentary  aotion  of  wing  we  consider  snail  as  conpared  with 
the  speed  of  the  basic  notion  and  let  us  characterize  their 
diaensionless  hineaatic  paraneters  (2.19)  and  by  their  first  tine 

derivatives  (2.20)  . 

Let  ns  introdbc.3  the  connected  with  wing  systea  of  coordinates 
(Pig.  20.1) » in  which  axis  Ox  is  directed  fron  the  spout  of  root  wing 
chord  to  its  tail.  The  Icinenatic  paraneters,  which  characterize  the 
aotion  of  wing  as  solid  body,  we  take  in  standard  systea  of 
coordinates. 

As  shown  in  chapter  III,  the  potential  of  the  disturbed  speeds 
aust,  taking  into  account  a change  in  the  direction  of  axis  Ox, 
satisfy  wave  equation  (3.30),  boundary  conditions  on  wing  (3.56)  and 
to  conditions  (3.61)  on  vortex  sheet,  in  the  case  of  haraonic  notions 
of  wing  in  question  let  us  introduce  according  to  (3.65)  the 
coefficients  of  the  aerodynaaic  derivatives  of  potential.  For 
deteraining  then  let  us  have  equations  (5.12),  boundary  conditions 
(5.13)  on  wing  and  conditions  -(3»86)  on  vortex  sheet.  Purthernore, 
outside  wing  and  vortex  sheet  velocity  potential  and,  consequently, 
also  its  coefficients  of  aerodynaaic  derivatives  aust  be  equal  to 


1 
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Fig.  20.1.  Adopted  systei  of  coordinates. 

Page  466. 

Rotation  of  condition  on  trailing  edge  in  the  forn  (3.66)  frees 
fron  the  need  for  searching  for  the  value  of  junp  dtp/dx  during 

passage  fron  wing  to  vortex  sheet  for  supersonic  trailing  edges  and 
autoaatically  satisfies  Chaplygina  - Joukowski's  condition 
(continuity  of  potential  * during  passage  fron  trailing  wing  edge  to 
vortex  sheet)  with  subsonic  trailing  edges.  Furthernore,  this  forn  is 
nore  convenient  during  nunerical  calculations. 

Let  us  search  for  the  solution  to  wave  equation  (3.30)  in  the 


PAGE 
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It 


fora  (20.7).  Let  as  consider  that  for  deteraining  aerodynaaic 
loadings  sufficient  to  calculate  the  potential  cn  wing  surface,  for 
which  in  (20.7)  - (20.9)  one  should  place  y = 0. 


(b  - 


Let  us  introduce  the  diaensionless  coordinates 

i-T'  S = T ^20.10) 

root  wing  chord) . 


After  presenting  potential  through  the  diaensionless 
coefficients  of  aerodynaaic  deriratiwes  (5.11): 


T {x,  IJ,  2.  /)  = UJb  I <Pu  (I.  Ti,  C)  + 2 [<?"'  (I.  % S)  <?i  + 'p"'  (I.  Ti,  0 ^,1 1 . 

let  us  write  (20.9)  in  the  fora 


I '<2 

+ NM  “ 


7/ 

a 

r d(p.,  ] 

1 Jn-0 

n J J 
0 

U J, 

dip**' 

‘ 

. dr) 

sinoo 

Jn-o 

(['d.p'’'] 

n J J 

a 

U dr) 

dl  dj 


up  dl  dl 


M-'  I 


**  0)  L 


(?(p^ 


Sin  (0  (1,-5) 


M p 


(20.11) 


I] 


* 


ii 


n 

T1 
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These  foranlas  sake  it  possible  to  solve  the  task  of  the 
deterainat ion  of  potential  at  the  points  of  wing  surface, 
entire  field  of  effect  0 are  known  values 
aiil^_o,  which  subsequently  let  us  call  tapers. 

Page  467. 

However,  the  direct  use  of  foranlas  (20.11)  for  nuaerical 


if  in  an 

and 
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calculations  is  iapeded  by  the  facts  that  with 


1,-1=  ±*(S,-C) 

the  integrand  has  a special  feature/peculiarity  of  order  l/l/p. 

Therefore  we  conwert  thei  tc  convenient  for  nunerical  calculations 
forn. 


First  let  os  transfers  the  systen  of  the  coordinates 


Em  = , Em  = E,  11M  = n- 


(20.12) 


Hing  in  the  converted  coordinate  systea  for  the  cases,  when  lines 
Mach  froa  the  apex/vertex  of  wing  correspond  to  lines  a,  b and  c in 
Pig.  20.2,  it  is  shown  in  Fig.  20.3,  20.4,  20.  5.  Eguations  (20.11)  in 
the  converted  coordinate  systea  take  the  fora 


<Pu(|lM,  0,  Eim)  I J 


0,  Eim)  = — 


''Em 


^ M 


cos  W ("i  /,  — ^m)  + 


^ Pm  ’ (20.13) 


, . • - /»  . \ 1 “Pm  ''Em  ''Em 

^ t 

q>‘’'(EiM,  0,  Eim)  = — — f J I cosw(Iim-Im)- 

I Oqi"'  • - /.  * \ „ “Pm  ''Em  ''Em 

■ I ST-’ 

Pm  “ y/ (|iM  — |m)^  - (Eim  — Cm)^. 


Here 


W “ /to). 


(20.14) 


For  siaplification  in  the  solation  to  the  obtained  equations  during 
nonstssdy  aotioa  let  us  introduce  the  following  replaceseat: 
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PAGE 

f’'  (sM,  0,  Jm)  = p'’‘  cos  (d|M  + p’l^‘  sin  (d‘M, 

0,  Jm)  = F^‘  cos  u|m  — f’^siiialM. 

, Page  468. 

Panctions  and  M just  as  q)*'.  qj'*'. 

(3.30),  of  vhat  it  is  not  difficult  to  be  convinced  by  direct 
substitution.  Finding  fron  (20.15)  the  derivatives  of  potentials  and 
substituting  then  in  equations  (20.13),  we  obtain  integral  equations 
for  the  introduced  functions: 


(20.15) 


satisfy  wave  equation 


f‘'‘  (5im,  0,  $,m)  “ ~ it  J J 

“M 

(liM.  0,  Sim)  ~ J J [ 

' »M  ^ 


df"' 


cos 


^Pm  ^I^Jm  I 


OM-O 


M 


Pm 


cos 


“Pm 


tlM-0 


M 


Pm 


(20.16) 


Let  us  introduce  characteristic  coordinates  pOx  (see  Fig. 
20.3),  after  selecting  their  beginning  in  order  to  have  the  only 
positive  values  of  variables.  These  coordinates  are  connected  with 
the  converted  systea  by  the  relationship/ratios 

P = (|m  — Io(im)  — Sm,  X = (Sm  — Soum)  + Sm-  (20.17) 

Value  SooM  the  displacenent  of  the  beginning  of  the  characteristic 
systen  for  the  ving,  planforn  for  which  is  assigned  in  the  fora 
(1.10),  is  deterained  froa  the  relationship/ratio 


SouM  - min(5oM(SM)-SMj,  (20.18) 


■5i)m(Jm)  ■"  the  equation  of  leading  edge  in  the  converted 

coordinate  systea,  Sm  - aovinq  coordinate. 
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Pig.  20,2.  The  wing  of  complex  planfora  in  the  adopted  systen  of 


Fig.  10.3.  Wing  with  supersonic  leading  and  trailing  edges  in  the 
conwerted  and  characteristic  coordinate  systeas. 


1 
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Fig.  20.4.  Ring  with  that  which  was  aixed  fcont/leading  and 
supersonic  rear  by  edges.  To  the  deterwinat ion  of  tapers  in  the  field 
of  end  effect. 
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For  the  wing,  leading  edge  of  which  is  focned  by  the  cuts  direct 
(20.18)  it  is  possible  to  write  in  the  form 

r "* 

|O0M  = min  2 (SMe-?Me-l)  tg  XoMe-l  (20.19) 

Le-1 

ni=\,2 A/j. 

Here  5 is  the  current  number  of  the  fracture  of  leading  edge, 
counting  from  the  root  section,  in  which  we  set/assume  e = 0;  XyMe-i 
the  sweep  angle  of  leading  edge  in  the  converted  coordinate  system 
between  (g-  1^  - and  breaks,  Aj  - the  total  guantity  of 

fractures  on  one  half  of  wing.  If  the  amount  of  displacement  ^oom. 
determined  by  (20.  18),  (20.  19),  turns  out  to  be  positive,  it  one 

should  accept  egual  to  zero. 

In  the  characteristic  coordinate  system  the  first  eguation  of 
system  (20.13)  and  equations  (20.16)  are  written  in  the  form 
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<Po(Pi.  0.  Xi)  = — • 


F‘’‘i^u  0,  x,)  = - 


P.  X, 

i-  f f r ^<Po  ] rfp  dx 

■"  J J J„„.o  )^(P,-P)  (X,-X)  ■ 

_l_  f f „ (’<■-’<) 


(Pi  -P)  (xi  -x) 


f"  (P.,  0, ^ r £,  dp  rfx, 

,r  ,r  ^ (pi  - P)  (xi  - X) 


(20.20) 


where  markedly 


B =[.^1  F -l-^ 


(20.21) 


For  the  elimination  of  special  feature/peculiarities  in  the  formulas 
written  above  let  us  assume 


(20.22) 


After  this  (20.20)  they  take  the  form 


Tu(Pi.  0,  x,)  = 


' Pi  I Xl 

-IJ  /[ 

It  It  ^ 


i^<Po  (pi  - X|  - v^) 


d\id\, 

■ ilu-O 


V'P,  Vx, 


/••^■(Pi.0,x,)  = -|J  J /J,(P,-^t^x,-v^)cos(^Hv)J^lt/v.  (20.23) 


r'MPi.  0.  Hi)- 


KPi  Kx, 

jj  f -v-)cos(^  (ivji/ni/v. 

0 0 ^ 
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Page  471. 

Integrals  in  the  fora  (20.23)  no  longer  have  special 
feature/peculiarities  (aore  precise  saying,  they  have  the  saae 
special  feature/peculiarities,  as  function  £.),  and  to  then  is 

used  the  law  of  aean. 

''  Let  us  break  range  of  integration  into  cells.  For  this  let 

us  divide  the  spread/scope  of  wing  I into  2ll  parts  and  through 
dividing  points  let  us  conduct  straight  lines,  parallel  to  the  axes 
of  coordinates  fi,y.  (see  Fig.  20.4).  Division  we  continue  until  we 
fill  entire  field  o„.  The  projection  of  the  cut  between  points  n,  n ♦ 
(j*  j > 1)  on  the  axis  of  coordinates  let  us  designate  h.  The 
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coordinates  of  the  fixed/recorded  points,  at  which  searches  for  the 
potential  (or  functions  or  taper,  let  us  designate  by  L 

and  R,  the  coordinates  of  the  current  points,  according  to  which  is 
carried  out  integration  over  n,  j let  us  write  thea  as  follows: 

P,  = /./!,  X,  =/?/),  ^ = nh,  x = jh.  (20.2-1) 

As  is  easy  to  establish/install,  the  diwensionless  value  h is  equal 
to 

(-’0,25) 


He  define  of  fields,  in  particular  leading  (Lq,  Rq)  trailing  (/,„ /?.) 

wing  edges.  Counting  functions  x, -v^).£.(Pi  - u».  x, -v^)  in  each 

of  the  squares  by  variables  (these  functions  subsequently  let  us  also 
call  for  a brevity  tapers),  present  (20.23)  through  the  suws  of 
integrals  in  terns  of  the  cells: 
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Let  us  change  range  of  integration  2 (projection  of  wing  on 
plane  2^  (vortex  sheet)  and  5.^  (disturbed  region 

outside  ^ and  2,')  so  that  they  would  consist  cf  the  whole  cells.  In 
this  case  let  us  consider  that  the  cell  belongs  to  the  appropriate 
region,  if  its  liddle  lie/rests  on  it.  Figures  20.4,  20.5,  show  that 
the  real  wing  will  be  replaced  in  this  case  by  wing  with  the  jagged 
edges. 

Page  472. 

It  is  clear  that  the  to  larger  number  of  cells  is  divided  the  region 


PAGE 
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(^e  less  this  wing  will  differ  froa  the  real.  Since  saall  changes  of 
the  wing  planforn  lead  to  saall  changes  in  its  aerodynaaic 
characteristics,  the  latter  for  a real  wing  and  a wing  with  the 
jagged  edges  will  be  close,  but  with  an  increase  in  the  nuaber  of 
separations  N to  infinity  they  will  coincide. 


Velocity  potential  for  a wing  with  the  jagged  edges  they  will 
deteraine  accurately  by  foraulas  (20.26). 

Let  us  deteraine  velocity  potentials  approximately,  for  which 
accept  tapers  £,  in  each  of  the  cells  as  constants  and  equal 

to  their  values  in  the  middle  of  cell.  Then  instead  of  precise 
relationship/ratios  (20.26)  we  obtain  those  which  were  approxiaated: 


L R 

F^‘(Lh. 

^inl^LnRh 

fi-I  /-t 
L R 

F^<(Lh,  = '^BiatPunR,. 

n-l  /-I 


(20.27) 


where  the  value  of  tapers  are  equal  to 


- a,  [(-  - J-)  A.  (;  - 1) « ] cos  ["  . 

(/-i)‘Jcos[^-[/ 

(20.28) 
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The  function  of  effect  Pinx/  i*  detereined  by  the  foraula 

P LnRi  — ( V L — n->r  \ — y L — n) {V R — i+  1 — \//?  — /)=» 

~ iyL-n+\  + Y L-n)(Y  R-i+\  + Y R-i)  ' 


As  shown  in  chapter  TT,  one  of  the  basic  calculated  cases  is  the 
haraonic  oscillation  of  wing  with  Strouhal  nuaber,  which  wanishes. 
Since  w in  this  case  also  tends  to  zero,  foraulas  (20.15)  with  p*  — ^ 
0 take  the  fora 

q)''  = r'.  (p<»/  = f _ JJl  , (20.30) 

while  the  value  of  tapers,  deterained  by  relationship/ratios  (20.28), 
in  this  case  they  will  be 


= I (20.3,, 


Page  473. 

If  are  known  tapers  Bi„j,  in  an  entire  region  of 

integration,  then  foraula  (20.27),  (20.29)  and  (20.30)  aakes  it 
possible  to  deteraine  the  aerodynaaic  derivatives  of  velocity 
potential  in  any  point  (cell)  of  wing. 


f 


% 


f 

) 
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§3.  Tapers  on  ving. 


As  shown  in  the  preceding/previous  paragraph,  for  detersining 
potentials  on  wing  it  is  necessary  to  know  the  values  of  tapers  in  an 
entire  region  of  integration  «.  Let  us  show,  as  are  deternined  the  | 

tapers  in  the  different  parts  of  this  region.  let  us  begin  fron  the 
case,  when  leading  wing  edge  supersonic  or  arbitrary,  and  rear  - 
supersonic.  Lines  naxa  for  these  cases  are  noted  by  indices  a and  b 
in  Pig.  20.2,  and  wings  itself  in  the  converted  characteristic 
coordinate  systen  - respectively  in  Pig.  20.2,  20.3. 

j 

1 

! 

In  order  that  all  coordinates  of  region  « would  be  positive,  the 
beginning  of  characteristic  systen  of  coordinates  is  displaced  to  ^ 

value  SooM,  determined  by  fornula  (20.19).  The  area  w,  by  which 
occurs  the  integration  during  the  deternination  of  velocity 
potential,  in  this  case  will  consist  of  regions  I,  II,  and  IV  (see 
Pig.  20.3,  20.4).  Let  us  exanine,  how  are  deterained  tapers  in  each 
of  these  regions.  Subsequently  will  be  exanined  only  the  case  p*  — > 

0.  The  affiliation/accessory  of  the  tapers  of  one  region  or  the  other 
let  ns  note  by  the  appropriate  superscript.  Por  exanple,  when  is 
deterained  the  taper  in  region  II,  it  will  have  indices  Bfn,, 
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and  so  forth. 

Let  us  begin  froa  region  IV,  which  is  liaited  by  the  axes  of 
characteristic  systea  of  coordinates,  by  leading  wing  edge  (see  Fig. 
20.3)  and  by  the  characteristics,  which  eaerge  froa  the  apex/vertex 
of  wing  (see  Fig.  20.4).  Since  the  notion  of  wing  occurs  at 
supersonic  speed,  obviously,  the  nediua  in  this  region  is  not 
agitated;  therefore  all  tapers  in  it  will  be  equal  to  zero: 

Bln’/  = £‘A*/^0.  (20.32) 

Region  I lie/rests  wholly  on  wing,  and  the  tapers  on  it  are 
deterained  by  boundary  conditions  (5.13).,  Taking  into  account  that 
with  p*  — 0 are  fulfilled  relat ionship/rat ics  (20.31),  froa  (5.13) 
we  get 


d(I)  ^ I (J/a  l(«  - 1/2)/),  (J-  1/2) /I I 


J 


(20.33) 


Page  474. 

On  rigid  wing  according  to  (5.13)  value  Hence,  by 

utilizing  (20.30),  (20.27)  and  (20.33),  we  will  obtain 
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Foe  the  deforiing  wing  froa  (5*13)  we  have  with  p*  — -7  0 

therefore  in  this  case 

-i)".  (/  T[4t''+/- 

(20.35) 

The  task  of  the  deternination  of  the  aerodynaaic  derivatives  of 
the  wing,  which  affects  harwonic  gust,  with  p*  — 0 is  not 
exaained,  since  they  are  connected  in  this  case  with  the  aerodynaaic 
derivatives  of  rigid  wing  by  relationship/ratios  (5.55),  (5.56). 


§4.  Tapers  in  the  region  of  end  effect. 


Let  as  find  the  expressions,  which  deter aine  tapers 
disturbed  region,  liaited  front/leading  and  lateral  wing 


in  the 

edges  and  by 


r 
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the  surface,  envelope  characteristic  cones  with  apez/vertexes  at  the 
points  of  wing  contour.  The  section  of  the  region  indicated  by  plane 
Oxy  in  Pig.  20.4  and  20.5  is  noted  by  nark  II.  Outside  the  surface  of 
characteristic  cones  the  aediun  rests,  and  velocity  potential  there 
retains  the  constant  value,  which  it  is  accepted  equal  to  zero* 
Therefore  on  Interference  wave  velocity  potential  also  will  be  equal 
to  zero: 

qpU.  i/,  2,  0 = 0.  (20.36) 

The  velocity  potential  everywhere  outside  the  flat/plane  region, 
occupied  with  wing  and  vortex/eddy  after  it,  is  function  continuous 
and  as  it  follows  froa  (3.73),  odd  relative  to  coordinate  y. 

Page  475. 

Consequently  everywhere  in  plane  Oxz,  besides  the  wing  and  vortex 
wake  after  it,  is  aade  the  condition 

(p(.t,  0,  2.  0 = 0.  (20.37) 

which  it  escape/ensues  froa  (3.73)  . 

Let  us  pass  to  characteristic  coordinates  on  (20.17),  and 


velocity  potential  let  us  present  in  the  fora  (20.11)  through  the 
coefficients  of  its  aerodynaaic  derivatives.  By  utilizing  replaceaent 
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(20. 15)«  we  will  obtain  fron  (20.20)  with  p*  -^7  0 condition  in 

region  II: 


Si  Xi 


L r f H n 

231  J J ' /(ft, -x) 


0 0 
p.  Xl 


I r r 

E, 

2ji 

«/  •/ 


0 0 


(Pi  - P)  (X|  - x) 

t/p  i/x 

(Pi  - P)  (xi  - x) 


= 0. 


(20.38) 


let  us  write  these  integrals  as  follows: 


or 


r rfx 

J 


s, 

f Jp 

J Vt.-f 


Xi  Si 


rfp 

=«J 

0 

dx  r 

P dd 

V^p.-p 

Kx,-x  J 

‘ )^P.-P 

dx 

s. 

-o.f 

dd  r 

P dx 

Vx,-x 

l^P.-P  X 

-.r 

V X|  - X 

= 0 


= 0. 


(20.39) 


These  equalities  are  the  equations  of  Abel  with  the  right  sides. 
Identically  equal  to  zero.  Consequently,  internal  integrals  with 

^ Sj 

^ (first  two  equalities)  and  with  ft  f)i  (last/latter  two 
equalities)  are  equal  to  zero.  Hence  we  obtain  the  following 
equations  for  deteraining  tapers  in  region  II: 
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,.U  S 

e,  P.-A 

r d(2)  ''p  _ r D dfi 
L ‘ J ®'7Fr=f 


(20.-I0) 


Accurately  the  saae  equations  let  us  have  for  determining  tapers  £ , - 


Page  476, 


By  applying  substitution  (20.22),  by  considering  tapers  in  cells 


constants  and  by  transfer/converting  from  integrals  to  suns,  ue  will 


obtain  for  determining  taper  at  point  (cell)  with  coordinates  Pi  = 


Lh  , XI  = R/t 


the  following  relationship/ratios:  for  the  points. 


which  lie  to  the  left  of  axis  Im. 


Sr  V /J,  [(„_  (y  - 1)  a]  P,„, 

n - 1 

[(„-!)/, , (/-l)„]p,„  (20.41) 


in 


Vl.-n  + ; 


♦ 
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I; 


i 


for  the  cells,  which  lie  to  the  right  of  axis  Im, 


B?{Lh,  Rh)=-  ^ S,[ 

/-I 

R-l 

(-i) 

\h,  1 

(/-i! 

I/.] 

E?\L.li,  Rh)  = - [ 

("-t) 

\h,  1 

M) 

i‘] 

/-I 


, I 

VR-i+  1 + VW^  ' 


(20.42) 


In  SQch  a way  as  to  calculate  taper  at  the  points  of  region  11, 
necessary  to  sun  up  tapers  according  to  band  n « const  (j  = const), 
on  which  is  located  this  point.  The  calculation  is  perforned 
consecutively,  beginning  froa  the  cell,  which  lies  at  the  apez/vertex 

t 


\ 

1 
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of  wing.  Cell  in  the  apex/vertex  of  wing  always  we  consider  belonging 
to  wing,  therefore,  taper  in  it  is  known  according  to  (20.33)  - 
(20.35).  The  inaccuracy,  introduced  by  the  assumption  that  the  taper 

I 

in  this  cell  is  constant  and  equal  to  its  value  in  aiddle,  decreases 
with  the  renoval/distance  of  the  calculated  cells  froa  the 
apex/vertex  of  wing.  Furthernore,  by  increasing  the  nuaber  of 
separations,  it  is  possible  this  inaccuracy  to  sake  as  saall  as 
desired. 


§5.  Tapers  on  vortex  sheet. 


Let  us  pass  to  the  case  of  the  deter ainaticn  of  tapers  on  vortex 
sheet  (line  Naxa  froa  the  apex/vertex  of  wing  is  noted  by  index  c in 
Pig.  20.2).  The  corresponding  wing  in  the  converted  and 
characteristic  coordinate  systems  is  shown  in  Fig.  20.5,  and  the 
region  of  vortex  sheet  on  it  is  noted  by  mark  ill. 


f 


For  determining  tapers  on  vortex  sheet  during  a change 
kinematic  paraaeters  in  haraonic  laws  we  will  use  condition 
in  the  case  of  p^  ~7  o we  utilize  (3.69) . 


in  the 
(3.68)  a 
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^ /U>-A049  000 

. UNCLASSIFIED 

F0REI6I 
A W1N6 
SEP  77 

i 

^ TECHNOLOGY  DIV  MR] 
IN  AN  UNSTEADY  GAS  f 
S M BEL0TSERK0VSKI1 
■ TD-ID ( RS ) T-1534-77-f 

IGHT-PA 
■LOWt  P 
r»  B K 
>T-2 

TTERbUN  AhB  UHIU 

ART  2»(U) 

SKRIPACH 

t/ia  l/J 

NL 

1 

1 

t^5  OFlJj 

^^>1049000 

a 

1 

i 

1 

1 

1 

1 

1 

i 

L 

_ 1 

■ 

J 

The  last/latter  condition  in  the  converted  systea  of  coordinates 
takes  the  fora 

*P  ‘ (^M'  ?m)  = ‘P'^‘  (|m>  Cm)'  I 

q)''(EM'0.O  = 'P''(C'0.O-A(5„-Q<p*<(t;,,0.O.  ( 

Here  through  Cm>  Cm  designated  the  coordinates  of  trailing  wing 

edge.  Let  us  present  in  right  sides  (20.43)  the  derivatives  of  

^ '-'r  ^ 

potential  in  the  fora  (20.30)  and  pass  to  characteristic  coordinates^ 
on  (20.17).  Then  conditions  (20.43)  are  written  as  follows: 


(p’-Cp,.  0.  = 

<P^'  (Pi,  0.  X,)  = F^i  (llpl . - 

I (Pi  + x,)-(P’  + x‘)  p,  /B*  + X’  x*-p*\ 

2/f  ^ \ ' “2  j 


(20.44) 


Since  conditions  (20.43)  are  satisfied  for  the  points  of  the  vortex 
sheet  whose  coordinate  C,m*=Cm>  conditions  (20.44)  aust  be  aade 
for  the  points,  characteristic  coordinates  of  which  are  connected  by 
the  relationship/ratios 


Hi  - Pi  = X*  - P*.  P|>P*. 


X,  > H*. 


(20.45) 


DOC  * 77154318 


PAGE  4?  ?£|o 
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Here  and  throughout  through  P*.  x*  are  designated  the 
characteristic  coordinates  of  trailing  wing  edge.  They  easily  are 

deternined  for  the  assigned  in  Cartesian  coordinates  equation  of 
trailing  edge  for  (20.17). 


Por  these  points  of  rortex  sheet  from  (20.20)  and  (20.30)  with 
p*  — 7 0 let  us  have 


q>^‘(P,.0.  x,)  = 
0,  x,)  = 


X,  II, 

f f 

2ji  J J V in.  _ H\  /v. 


V(P,  -P)  (x,-x)  ■ 

_ J-  r r F 

2n  J J ''  1^76:'-  Hi  /v. 


0 0 
X,  /J, 


)^(p,  -P)  (X,  -X) 

X,  |1, 


0 0 


(20.46) 


Page  478, 

By  conparing  (20.44)  and  (20.46),  we  will  obtain  the  following 
integral  equations  for  deteraining  tapers  on  the  vortex  sheet: 


< 


i 


Both  equations  (20.47)  are  solved  one  and  the  sane  nethod.  Let 
us  examine  it  in  an  example  of  the  solution  to  the  first  equation, 
let  us  isolate  near  point  with  coordinates  (1,,  xi  a small  cell 

with  the  value  of  sides  h along  both  axes  of  characteristic 
coordinates.  Let  us  present  the  integral,  which  stands  on  the  left 
side  of  equations  (20.47),  in  the  form  of  the  sum  of  four  integrals: 


I 
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During  the  calculation  of  integrals  let  us  use  aethod  described 
above.  Let  us  divide  entire  range  of  integration  to  cells  with  side  h 
and  tapers  in  each  of  the  cells  let  us  accept  constants.  The 
coordinates  of  cells  let  us  characterize  integers  n»  j*  L,  8 
according  to  (20.24),  (20.25).  For  the  purpose  of  the  eliaination  of 

special  feature/peculiarities  in  integrands  let  us  pass  on  (20.22)  to 
variables  fs.  and  V . 

H^  = (L-n)h=^sh,  = (/?-/■)  A = r/i.  (20.49) 

Page  479. 


For  the  first  of  the  given  integrals  we  will  obtain 
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K,-n  ^,-n 

/ 7=/ 

/h  Vn 

= I 2^/v  J ^,(p,-u^x,-v^)2< 


I'  Rh  y Lti 


R-\  £.-!  ^ 

'■“'  ►'(r  + D/i  i-l  K(s+I)A 


R-\  i-l 

V>  VI 


4/1^  2 ^/[(/■-s)/i.(/?-r)A](/s  + i-i/s)(i/rn- 1/7)= 

r— 1 s— I 

R-\  /.-I 

= 4/i]^  \ B,{nh,  jh)Pi_„„,. 


Her* 


the  function  of  effect  - is  detecsined  by  focnula 


(20.29).  Analogously  let  us  have 


?'  P'"*  1-1 

’‘7*  I’'  R-l 

/ KxTTi  J = 4/j  B,  (Z./J,  y/i) 

**  fli  — A ' ' «_! 
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where 

PlnRR  = ( 1 - Vr=^)  = 

= {VL-n+i  - YTzr^)  (Y  R - + 1 - ] 

Puri  = iVR-i+^  - V^i)  = I 

= i\/L-L+\  - /z:^)(//?-/+  1 - VR^i),  I 


Pot  the  last/latter  integral  of  right  side  (20.48)  in  terns  of  is 
shone  brightly 


Page  480. 


/P,-P 


AhBi(Lh,  /?/)).  I 


By  saaaarizing  all  the  obtained  expressions,  we  will  obtain  the 

following  relationship/ratios  for  deternining  tapers  at  point  (cell)  | 

L,  R,  arranged/located  in  range  vortex  sheet:  j 


DCX:  =*  77154318 


P«OE  )<lf 


n-l /-I 

E?\lJi,Rli)=-^[F^i(L,h,  RJi)  + 

/?./»)] -]^  V'  EMh.ili)P, 


h{L  + R-l.,-R.) 
2k 


L R 


LnRI- 


n-1 /-I 


(20.50) 


In  foraulas  (20.50)  the  synbol  indicates  sunnation  over 

all  cells*  included  in  the  ceverse/lnvecse  cone  Raxa*  which  enecges 
fron  point  Lh*  Rh*  eliainating  cell  itself  L*  B*  in  which  is 
deterained  the  taper  (see  Pig.  20.4).  'i.hrough  Lji,  Rji  are 

designated  the  coordinates  of  the  cells*  which  belong  to  trailing 
wing  edge.  The  latter  according  to  (20.45)  will  be  connected  with  the 
coordinates  of  cell  L*  B by  the  relationship/ratios 

R-L  = R,-L„  L>L„  R>R..  (20.51) 

Tapers  on  vortex  sheet  are  calculated  consecutively*  beginning 
with  cell  after  trailing  edge  with  saallest  nuaber  B (for  the  right 
half  of  wing)  or  L (for  the  left  half) . For  this  we  deteraine  the 
value  of  functions  /=“''(/.„/?,),  F^‘{L„R)  appropriate 

cell  on  the  trailing  wing  edge  whose  coordinates  we  find  froa 
(20.51).  Further  we  coapute  the  sua  of  the  products  of  tapers  and  the 


i 


I 

) 

i 

I 

I 

► 

f 

\ 

! I 
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function  of  effect  in  an  entire  range,  liaited  b;  the 
characteristics,  which  eaerge  froa  the  beginning  of  coordinates  and 
point  L,  R except  cell  itself  Lh,  Rh,  and,  after  using  (20.50),  we 
find  the  unknown  tapers  in  cell  Lh,  Rh.  It  is  logical,  tapers  in  all 
reaaining  cells  of  the  range  indicated  aust  be  determined  previously 
froa  the  relationship/ratios  of  the  preceding/previous  paragraphs. 

After  this  I pass  along  band  L = const  (R  = const)  to  the  following 
cell  with  coordinates  Lh,  (R  ♦ 1)  h or,  correspondingly,  (L  » 1)  h, 

Rh  and,  repeating  entire  process  of  calculations,  we  determine  tapers  ( 

I 

in  it.  Consecutively  transfer/converting  froa  one  cell  to  another,  we 

find  tapers  in  an  entire  range  of  vortex  sheet.  Recall  that  for  the  | 

calculation  of  aerodynaaic  loadings  on  wing  there  is  no  need  to  {, 

(i 

search  for  tapers  in  entire  range  III,  and  sufficient  to  find  thea  | 

only  for  part,  which  affects  wing.  I 


§6.  Deteraination  of  distributed  loads  on  wing.  ] 

1. 

After  by  the  methods,  described  in  the  preceding/previous  i 

paragraphs  of  this  chapter,  are  found  the  tapers  in  an  entire  range  | 

of  effect,  not  difficult  by  formulas  (5.11),  (20.15)  (20.23)  to  j 

determine  velocity  potential  in  all  points  (cells),  which  belong  to  j 

wing. 


13 
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Let  us  note  that  the  integrals,  in  which  enter  the  tapers  on  wing. 


can  be  undertaked  accurately,  and  on  ranges  II  and  III,  that  lie 


outside  wing,  obtain  the  approzinate  values  of  integrals,  since 


tapers  in  the  cells  of  these  ranges  were  assuaed  to  be  constants.  It 


is  obvious,  that  the  lesser  part  of  the  entire  range  of  effect  they 


will  to  occupy  the  indicated  ranges,  the  aore  accurately  will  be 


deterained  potentials  on  wing.  It  is  also  obvious  that  the  potentials 


will  be  calculated  with  the  facts  by  larger  accuracy,  the  lesser  will 


be  the  size/diaensi ons  of  cells,  and  in  principle  they  can  be 


deterained  with  any  predeterained  accuracy.  In  this  chapter  for  the 


illustration  of  the  application/use  of  a nuaerical  calculation  aethod 


during  the  determination  of  the  value  of  potentials  on  wing,  as 


earlier,  the  calculation  of  the  corresponding  integrals  in  teras  of 


an  entire  range  of  effect  let  us  produce  nuaerically,  by  replacing 


then  by  suns.  Thus,  velocity  potential  we  represent  through  the 


aerodynanic  derived  in  the  fora  (5.11),  and  values  of  the  latter  at 


the  points  of  wing  with  coordinates  Lh,  Bh  at  p*  — > 0 we  find. 


utilizing  fornulas  (20.27),  (20.30) 


After  the  aade  observations  let  us  pass  to  the  deternination  of 


the  distributed  loads  (pressure  difference  on  the  upper  and  lower 
surfaces)  of  wing.  As  is  known,  loads  can  be  found  on  the  known  value 
of  velocity  potential  with  the  aid  of  the  Cauchy-Lagrange  integral 
<3.17).  Let  us  present  the  diaensionless  aerodynaoic  loading  through 
the  coefficients  of  aerodynaaic  derivatives  in  the  fora  (2.24), 
na aely: 

4 

^ = Ap  = V {pOiq^  + (20.52) 


Pcot^O 


where  the  kineaatic  paraaeters  p.,  are  deterained  by 
relationship/ratios  (2.19),  (2.20).  Using,  taking  into  account  a 
change  in  the  direction  of  axis  Ox,  of  relationship/ratio  (3.21)  and 
the  representation  of  the  aerodynaaic  derivatives  of  potential  in  the 
fora  (20.30),  let  us  have  for  aerodynaaic  derivatives,  the  loads 


Sm) 

M2  at.. 


(20.53) 


Page  482. 


Consequently,  for  deternining  load  at  each  point  of  wing  it  is 


ii 
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necessary  to  know  the  particular  deriwatives  /•'’ 


in  terns  of 


coordinate  |m-  It  is  known  that  in  the  nunerical  calculation  nethods 
the  deteraination  derivative  presents  sizable  difficulties.  Therefore 
let  us  ezanine  two  paths  of  the  nunerical  differentiation:  by  the 
nethod  of  differences  and  by  the  nethod  of  analytical  approxination. 


Nethod  of  differences.  We  consider  that  wing  in  accordance  with 
higher  nunerical  nethod  presented  broken  by  cells  and  in  all  cells  of 


the  value  of  functions  F‘’‘,  F‘’‘ 


are  deternined.  Further, 


approzinately  let  us  assune  that  the  derived  functions  indicated  on 
coordinate  Sm  are  equal  to 

Sm)  + Sm) 

Let  us  pass  to  characteristic  coordinates  (20.  17)  and  to  designations 


(20.24).  If  ■=  const,  ( 

to  adjacent  value  A|m  is 


during  passage  fron  the  cell  in  question 


AU  = + ^ h.  (20.54) 


Then  we  obtain,  for  ezanple. 


= j [F"!  (L  + 1 . R + l)-F‘'‘  {L,  R)].  (20.55) 


Aerodynanic  derivative  of  load  will  be  in  this  case  deternined  fron 


the  fornnlas 
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P‘'‘  = Th  (^  + 1 . /?  + 1)  - (Z..  R)}. 

p‘‘‘il,^)=^{-kF‘'iiL,R)]+ 

+ -^{iSTf^^‘(Z-  + l.  R+l)-F^‘{L,  /?)!- 

+ R + l)-F‘'‘iL,  /?)]}. 


(20.56) 


The  confer aity  of  coordinates  S,  and  Lh,  Bh  easily  is 
establisb/installed  with  the  aid  of  (20.12) « (20.17),  (20.  24); 
diaensionless  quantity  h we  deteraine  froa  (20.25). 

Page  483. 

It  aust  be  noted  that  the  loads  with  use  of  the  aethod  of 

differences  are  deterained  froa  (20.56)  insufficiently  accurately. 

For  an  increase  in  the  accuracy  it  is  desirable  that  the  walues  of 
potentials  or  functions  F^‘,  F'''  would  be  deterained  in  the  larger 

nuaber  of  cells,  than  a quantity  of  cells,  in  which  are  located  the 
loads.  In  this  case  the  interval  in  which  is  deterained  the 

derivative,  can  be  into  the  aultiple  of  tiaes  aore  the  value  of  cell, 
for  exaaple  ah.  Then  derivative  we  define  as  relation 

— i {F  + m.  R + m)-  F”'  (L,  /?)].  (20.57) 
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Fespectively  will  change  in  this  case  formulas  (20.56). 

The  advantage  of  the  method  of  differences  lies  in  the  fact  that 
in  this  case  it  is  not  necessary  to  previously  be  given  the  form  of 
the  dependence  /’"'(I),  which  for  different  wings  and  the  different 
node/conditions  of  flow  (numbers/'^^  has  different  character. 

Deficiency /lack  it  consists  in  the  fact  that  for  obtaining  loads  in  a 
sufficient  guantity  of  points  the  calculation  of  tapers  must  be  given 
in  the  considerably  larger  number  of  cells,  than  a guantity  of  cells, 
in  which  are  determined  the  first.  This  fact  substantially  increases 
time  of  the  calculations. 

Method  of  analytical  approximation.  Aerodynamic  derivative  loads 

(dF^<ldi^:dF^i!di^ 

will  be,  obviously,  determined  more  accurately,  if  derivative?  ^ 
are  be  located  of  analytical  dependences.  It  is  clear  that  for  this 
it  is  necessary  to  preliminarily  find  from  the  results  of  numerical 
calculations  analytical  dependences  for  functions  themselves.  The 
complexity  of  this  method  consists  in  the  fact  that  a change  in  the 
velocity  potential  in  coordinate  has  different  character  for 
different  wings  (see  below  Fig.  24.1).  So,  for  the  root  section, 
which  is  special  (apex/vertex  of  wing  is  point  of  inflection),  of 
wings  both  with  subsonic  and  supersonic  leading  edges  the  derivative 
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<3q'/<?l  = const  f(jr  all  5.  For  a section  with  subsonic  leading  edges 

the  load  and,  consequently,  also  derivatives  d(p/<^|  with 

approach  to  leading  edge  approach  infinity.  Analogously  with 
supersonic  trailing  edge  derivative  d(p/d|  with  approach  to  it 

has  finite  quantity.  But  if  trailing  edge  in  this  section  is 
subsonic,  then  as  already  noted  above,  dcp/d^  with  approach  to 
it  will  vanish.  In  the  general  case  during  the  flow  around  of  the 
wing  of  arbitrary  planforn  in  its  sections  there  can  be  different 
conbination  of  the  character  of  the  flow  about  the  leading  and 
trailing  edges.  Coanon/general/total  for  all  then  will  be  that  that 
on  leading  edge  ((  = €o)  * - i. e. , the  analytical  dependence  aust 
not  contain  absolute  tern. 

Page  4 84. 

let  us  consider  also  that  on  subsonic  leading  edge  load  and, 
consequently,  also  derivative  potential  they  have  a special 
feature/peculiarity  of  the  type  l//7.  Let  us  introduce  the 

dinensionless  coordinate  x for  each  section  throughout  the  fornula 

~ £om 


6m  ~ 6om 


(20.58) 


Here  b*  is  a chord  of  section,  Som>  6m  - the  dinensionless 
coordinates  of  the  leading  and  trailing  edges  of  the  converted  wing. 
Let  os  present  function  F"!,  in  the  forn 


1 


Derivatives  in  terns  of  Im  will  be 

af *'  o'  df"'  (x) 
aj^  “a  ax  “ 

+ 62+  ...  + e2y-,x~^  + ye^yx'^- ' j . 

(20.60) 


af**'  O'  I 

^Im  “ * V 


Task  consists  in  that  in  order  to  fit  coefficients  dsy-i.  diy<  e2y_i,  e^y  in 
such  a way  as  to  approxiaate  in  the  best  way  by  dependence  (20.59) 
the  obtained  by  numerical  method  values  F"',  F^i.  Further,  under 

error  ri.r  let  us  understand  the  difference  between  these  values  in 
the  middles  of  cells,  calculated  by  formulas  (20.59)  and  numerical 
method.  Let  us  use  for  an  approximation  the  method  of  least  squares, 
i.e.,  the  optimum  values  of  coefficients  let  us  count  those,  with 
which  the  sun  of  the  squares  of  all  errors  turns  out  to  be  smallest: 

(20.61) 


t 
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As  a result  we  will  obtain  the  systeas  of  equations  for 
deteraining  the  coefficients  of  series  (20.59),  which  in  designations 

(20.24)  will  take  the  fora 


m Ltff* 


2y-l+n 


V V /f  r (z.  + ^)  — (Lq  + /?o)  1 'I 

V-1  L|«1 

m /-,/?, 

, V V ^ r (i.  + /?)-(^o  + /?o)  1 


+ 


UR 


/ .D. 


LtRi 
m L^R, 


LT 


2V-l+n 


2 


V V o r (L  + R)  — (Lii  + Rq/  I i . 

Zj  Zj  ^2v-i  L (l,  + /?.)-(/.,  + /?„)  J + 

Y-l  L,R, 

tn  /.*/?,  ^ 

, V V /.  r g + /?)  - do  + /?o)  T 

t-Zl  Zu  ^^n(L,  + R,)-(L,  + R,)\ 

V-I  UR, 


LiR^ 


n=  I,  2 2m-  1,  2m; 

Lo  < Z.  < L.,  Z?o<  /?  < /?.,  /?  - A = /?o  - lo  = /?.  - A, 


(JLC’. 


Bare  through  Lq*  Rq  and  /?,  are  designated  the  nuabers  of  the 

cells,  which  correspond  to  leading  and  trailing  wing  edges  in  the 


(20.62) ,  we  find  unknown  coefficients  d2y-\,  e^y-i,  e^y.  Since  for  each 

case  (different  section,  nunber  wings)  it  cannot  be  previously 

deter  lined  which  polynonial  gives  the  best  result,  guantity  of  terns 
in  (20.59)  and  respectively  the  nunber  of  equations  in  systens 

(20.62)  we  increase  consecutively.  Each  tine  we  conpute  the  sun  of 
the  squares  of  errors.  If  additive  tern  increases  this  error,  then  we 
are  stopped  on  the  nunber  of  terns  without  it,  i.e.,  we  select  this 


polynomial,  for  which 


2e2^=min. 

After  this  it  is  not  difficult  by  fornulas  (20.59),  (20.60)  to 
deter nine  in  any  point  of  the  section  of  the  value  of  functions 
/(^nd  their  derivatives  and,  utilizing  (20.53),  to  find  the 
coefficients  of  the  aerodynamic  derivatives  of  load. 

The  results  of  some  calculations  of  load  during  the  use  both  of 
the  method  of  differences  and  approzination  nethod  are  given  below 
(see  Fig.  24.1-24.  3). 

Page  486. 

57.  Calculation  of  total  aerodynamic  wing  characteristics. 
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After  are  deternined  the  load  factors  on  wing,  it  is  possible  to 
find  from  foraalas  (2.25)  the  coefficients  aerodynaaic  derirative 
total  characteristics  of  entire  wing  and  its  sections. 


However,  the  calculation  of  loads  sufficiently  is  laborious,  and 
nuaerical  differentiation  of  velocity  potential  lowers  the  accuracy 
of  the  calculations.  At  the  sane  tiae  in  aany  instances  basic 
interest  are  of  the  only  total  wing  characteristics.  By  taking  into 
account  this,  we  will  obtain  for  the  total  characteristics  such 
foriulas  in  order  that  in  them  would  not  enter  derivative  of  velocity 
potential. 


Let  us  present  the  coefficients  aerodynamic  derivative  total 
characteristics  in  the  form,  analogous  (15.53),  namely: 


'‘‘'1/  % SlM  ^ %2M> 

kni^i  ~ *4- 

"'iM*  "‘i  "*i|M  ^ 

/ = 1 , 3.  4 {q^=  a,  = lo,,  q^  = 6); 


(20.63) 
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By  substituting  (20.53)  in  (2.25),  let  us  hare 


,,  4b‘H 
/a 


1/26  5 M 

.r  I 

-1/26 


Sm) 


c‘>l  = - 
‘•ylM  ;j 


//26 

-'/so  Sqm 


4b»fe»X 
‘'ySM  “ P 


1126  . 

_i.  r * _ 

M»  J J aiM 

-'/2»  Sqm 


1/26  Sm 


f f 5m),  ,, 


-//2»  tiM 


(20.64) 
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_ * 4b^k’\ 

’iM  “ ]i 


m 


r r ..  . 


-‘/■^b  Eom 


-I'^b  5oM 


n,‘>t  j_  r r '(5m.  ?m) 

M^  J J — — 


-mb  £om 


\g»nn»  ptvi;  ^ 


-'/i*  £uM 


'(5m.  5m) 

<55m  ^Sm  ' 


'■=  1.  3.  4; 


'/aft  ■ 

J J w:. — 

-mt>  Com 


(3||^,  tM“sM“fcM> 


ll'ib  ‘M 


J J /=■“- (i„,  c„) Cm  di„ 


^OM 


//26  * M 


^ /*  M^  J J ,^5  .?M  “ 


SoM 


'tw  ^ 

- f f 5m) 

J J 


-//» 


d|„  ^M^M  ^^M  ^Sm  • 


(20.64) 
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Let  us  note  that  on  leading  wing  edge  the  velocity  potential  is  equal 
to  zero,  and  consequently. 


Page  488. 


Therefore 


‘M 

f 

ioM 

S’m 


‘M 

.J 

‘OM 

i 


tM) 

aiM 

?m) 

5Im 

?m) 

^m) 

loM  • low 


■ Wl 

Sum 


•w 

SoM 


‘>Sm 


Im  ~ 


' m 

Sm)-2  I 

Sum 


(20.65) 
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And  it  is  analogous  for  coefficients  with  points. 


Let  us  pass  in  (20.64)  to  characteristic  coordinates  (20.24) 


Page  489. 


Considering  in  each  of  the  cells  potential  to  constants  and  by 


replacing  integrals  by  suns,  we  will  obtain  taking  into  account 


(20.65)  for  the  coefficients  of  the  aerodynaaic  derivatives  of  the 


lift 


(20.66) 


^ym  /2 


+iiyyF^‘{L,  /?)i 


j (20.66) 


/=I.  3.  4; 
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for  the  coefficients  of  the  aerodjnaaic  derivatives  of  the  pitching 
■oaent 


iM 


4,  _ 

"‘im  13 


TT-  A j 2 [(i.  + /?.)!+  lom]  (L..  P..)  - 

P)\. 

/>^II[(P  + P)4  + i^JpV^.  P), 


= 

"V2M 


{ w 2 [tt. + /f.)  4 + 1„„]  (/.., «.)  - 

A, 

^ +2/1^  + 


/=  1.  3,  4; 


(20.67) 


for  the  coefficients  of  the  aerodynanic  derivatives  of  the  rolling 
no  lent 


' ! * 


L 


then  let  us  have 
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1 

ir' 

\ 


vhere 


xlM’ 


(20.69) 


= - 8kK  (1)^  h V [(/?^  _ I] 

/-. 

(^i'fA),  = 16^^  (y)'/!'  2 ^ [(^  - I]  ^). 

i* 

«‘^)2=  - >6a  (D'/i  I A [iR-L,)  I]  f^  (Z...  /?.)- 

I L. 

- [{/?.  - L,)  I]  [{/..  + /?.)  I y ] F^..  j + 

+ y?)j. 


(20.70) 


Let  us  note  that  during  the  calculation  of  all  total  characteristics, 
including  for  sections,  is  taken  the  standard  systei  of  the  axes  of 
Fig.  1.1  with  there  the  rule  of  signs  indicated,  but  geoaetric  values 


4 
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and  l^ds  correspond  to  the  axes  of  Fig.  20.1,  i.  e.,  everywhere 

*T  = 0^ 

A If  the  beginning  of  standard  systea  of  coordinates  is  arranged  in 
the  spout  of  the  aean  aerodynanic  chord  whose  value  is  accepted 
as  characteristic  linear  dinension,  the  appropriate  coefficients  of 
aerodynanic  derivatives  we  will  obtain,  by  recounting  the  values, 
determined  from  (20.66)  - (20.70)  by  formulas  (2.59). 
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For  the  aerodynamic  characteristics  of  sections  S = const  (R-L  = 
const)  by  transforms,  analogous  given,  we  obtain  for  the  coefficients 
of  the  aerodynamic  derivatives  of  section  lift 


L.  R 

= R,)-  f (20.71) 


L.  R •' 


t — 1 ) 3,  4; 
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for  the  coefficients  of  the  aerodynanic  derivatives  of  the  pitching 
nonent  of  the  section 


X R,)-h'^F‘'‘{L,  y?)l 

L.  H } 

= 4 k^h  ^ [(Z.  + R)  4 +£„,„]  f {L,  R). 

L.  R 

= - 4 ^ [(/..  + R,)  4 +Ioom]  ^.)  - 

J^)-[iL.  + R.)Y  + loou<Jf‘'‘iL.,  R.}  + 

L.  R 

+2/!  v[(z.+/?)44-i^jf^/a,  fi)i 

L.  R J 

/=1.  3.  4; 


(20.72) 


for  the  coefficients  of  the  aerodynanic  derivatives  of  the  rolling 
■onent  of  the  section 


i 


a 


r 


i; ! 

I*  I 

w 


i 
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f/'? 


<■  - - ■!  (7/  *■  [<'!.  - i.)  f ] f'  (i..  «.), 

“ (f)’  S [ w - i-)  1 1 (i. «). 

R "* 

Ki= r.)- 

- [(^.  - L.)  4]  [(A. +/?.)!+ r-  (L.,  R,) + 

+ A 2 [(/?-/.)  j]r^(Z..  R)\. 

L.  H j 


(20.73) 
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In  this  case  the  sign  2j  indicates  suanation  over  cells,  that 

R 

lies  at  this  section  from  leading  edge  to  the  rear,  i.e.,  on  the 
fact,  for  which  is  satisfied  the  condition 


Rq  ^ R ^ R,,  R — L ^ Ro  — Lf)  “ /?,  L,. 


The  characteristics  of  sections  are  deterained  froa  the  obtained 
values  with  the  aid  of  (20.63). 
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Chapter  XXI. 


NHHFRICAL  METHOD  DF  THE  CALCULATION  OF  AEPCDYNAPIC  WING 
CHARACTER’!  STICS  WITH  ARBITRARY  TIMF  DEPENDENCES. 


Basic  coT\dition/pnsit  ions  of  the  numerical  calculation  method. 


For  detc>rmining  aerodynamic  wing  characteristics  with  the 
arbitrary  dependences  of  the  kinematic  parameters  of  motion  from  time 
let  us  develop  the  numerical  method,  to  a certain  degree  analogous 
described  in  the  preceding/previous  chapter  for  harmonic  dependences. 

We  consider  that  fine/thin  the  wing-plate  cf  arbitrary  planfori* 
moves  with  the  constant  supersonic  forward  velocity  Uq  and  zero  angle 
of  attack.  From  the  moment  of  time  t = 0 kinematic  parameters  of 
motion  (2.19)  begin  to  change  according  to  arbitrary  from 

time  law,  and  upon  the  gradual  entrance  into  the  arbitrary  gust 


m 
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^ it  chan  ges  only  into  parts  of  the  wing,  which  entered  the  gust. 

It  is  obvious  that  for  the  solution  of  problem  it  is  necessary  in 
each  torque/momeut  t to  find  the  potential  of  the  absolute  disturbed 
velocities  ^ (x,  y,  z,  t) . This  potential  must  satisfy  wave  equation 
(3.30),  boundary  conditions  (3.  *56)  on  wing,  conditions  (3.61)  on 
vortex  she^^t  and  conditions  (3.62)  in  wing  plane,  but  outside  its  and 
vortex  sheet.  Furthermore,  on  subsonic  trailing  edges  must  be 
fulfilled  Chaplygina  - doukcwski’s  hypothesis.  The  latter  will  be 
provided,  if,  as  shown  in  67  of  chapter  III,  there  will  bs  satisfied 
condition  (3.72),  i.e.,  velocity  potential  will  be  continuous  during 
the  passage  through  subsonic  trailing  edges. 


Lot  us  introduce  dimensionless  velocity  potentials  as  functions 
of  the  characteristic  coordinates; 


(P,  X.  -r)  = Uubtpt  (P,  X,  t), 


(21.1). 


whereupon  number  i = 1,  2,  3,  4,  5 are  selected  by  the  same  as  of  the 
kinematic  parameter  f see  (2.19)  ]. 
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For  determining  the  unknown  values  of  potential  we  will  use  integral 
relationship/ratio  (4.11),  which  in  characteristic  coordinates  and 


designations  (21.1)  takes  ^he  form 


<r/(Pi.  »‘i.  t)  = 


4n  J 


Si 


L dll 
1 


MP-  ■'i)] 

I Jn-0 


(/|)  t/x 

Pm 


I r 

An  J . 


dqjj 

L dll 


(P,  H.  T;,) 


) (21.2) 


n-o  I'm 


Pm=V/(P.-P)(x,-4 


Thp  values  of  times  r,  and  we  will  obtain  from  (4.12), 
(4. 1'S)  : 


T,  = T-- 


|-P  + K|-K  Pm 


PmI  + . 

M i 2 ^OuM 


) 


To  = T - ■ 


M* 
*■  L 


|-p  + x,-x  Pm 


fi  f X 


^ M . ( 2 ' ^OuM/ • j 


-l-t  ) I 

I teniiiui  j • 


1 (21.3) 


Factor  c = 0 during  an  instantaneous  change  in  the  kinematic 
parameters,  c = 1 at  the  gradual  entrance  into  gust. 

Drawing  a line,  parallel  to  characteristic  axes,  we  will 
generalize  the  wing  and  the  area  of  effect  on  identical  cells  with 
the  side,  egual  by  h whose  value  is  determined  by  formula  (20.25). 
Range  of  integration  will  consist  of  the  integer  of  cells.  Cell  we 
consider  belonging  to  wing,  if  its  geometric  center  is  located  within 
wing  contour  or  on  it.  Real  wing,  thus,  is  replaced  by  wing  with 
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saw-tooth  edqes  (Fig.  21.1).  It  is  obvious,  that  the  greater  will  be 
urdertaked  the  nunber  N,  that  less  such  wing  will  to  differ  from  the 
real.  We  consider  that  small  changes  of  the  wing  planform  lead  to 
small  changes  in  its  aerodynamic  characteristics  and  that  they  for  a 
real  wing  and  a wing  with  saw-tooth  edges  will  he  close,  but  with  an 
increase  in  number  N a difference  in  the  analogous/similar 
characteristics  will  vanish. 


By  following  the  taken  procedure,  the  continuous  process  of  a 
change  in  the  kinematic  parameters  and  aerodynamic  characteristics  in 
time  let  us  replace  discrete  (see  Fig.  11.2).  The  relative  time, 
which  takes  place  between  the  consecutive  torque/moments  of  a change 
in  the  parameters  (space  of  time),  let  us  designate  Ar.  As  calculated 
let  us  accept  the  torque/moments,  which  directly  precede  a change  in 
the  corresponding  char  act  er  ist  ics.  Let  us  consider  that  the  kinematic 
parameters  are  changed  abruptly  at  the  calculated  torque/moroents,  and 
in  the  spaces  between  them  they  remain  constant/invariable.  The  time, 
which  corresponds  to  calculated  torque/moment,  is  equal 


T,  = r At, 


(21.4) 


where  r is  positive  integer  number;  r = 0 corresponds  t = 0.  We 

consider  also  that  outside  wing  the  taper  at  the  f ixed/rec orded 
moment  of  time  is  constant  within  the  limits  of  cell. 
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By  numerical  method  it  is  possible  to  solve  problems  at  any  laws 
of  a change  in  the  kinematic  parameters  in  time.  However,  without 
disrup*-ing  generality,  in  this  chapter  is  presented  the  solution  only 
of  basic  problems,  i.e.,  such,  when  the  kinematic  parameters  change 
in  time  according  to  single  stepped  law  or  wing  gradually  enters  in 
step  gust.  Aerodynamic  characteristics  for  arbitrary  dependences  are 
obtained  by  the  imposition  of  obtained  solutions  with  the  aid  of 
Duharael  integral  (see  Chapter  VI).  Thus,  we  consider  that  the 
kinematic  parameters  change  according  to  the  law 


h A ft- 


T<0, 

O^T  < OO. 


— “-Wing  is  assigned  by  table  L = fl/h, 
arranqe/located  on  wing  contour,  whereupon  let  Lo»  Ro  l^ee  Fig.  21.1) 
indicates  ♦■ho  affiliation/accessory  of  cells  with  duct  C*D*DC,  i.e., 
leading  wing  edge,  an<(  y?,  - to  duct  C*Q*QC,  i.e.,  to  trailing 

edge,  L,,  P,  - tg  duct  LDC«C*,  L?,  Rj  - to  duct  DQQ*. 
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Fig.  21.1.  To  th3  numerical  calculation  method  with  arbitrary  time 
depen  dences. 
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The  calculation  of  expressions  (21.2)  is  conducted  by  means  of 
the  addition  of  integrals  in  terms  of  the  cells,  which  entered  the 
ranqe  of  integration: 


(p,  (Lh.  -t) = - ^ ^ /?/«  (t,)  - iSr  V (T,). 

/i-l  /-I  n-l  / = ! 

(n+I)/i  (/+!)  A _ . _ 

/?/«(t)=  J J [^(P,X.T)]_ 


dp  rfx 
Jii-o  Pm 


MVi 

\L-n  + R 

^(L-n)[R- 

/)■ 

k 

2 

M 

. 

— ck 

(%*'*  + ! 

OM 

T . 

Wh 

L — n+R 

(L-n)(R- 

J)' 

~‘^~k 

2 

M 

. 

— ck 

OuM 

Pm 

= hV(L- 

n){R-i) 

(21.6) 
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62.  De*pr«ination  of  t-he  potentials  of  the  disturbed  velocities  in 
the  absence  of  end  effect  and  effect  of  vortex  sheet. 
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For  any  point  of  the  wing  plane  of  the  value  of  tapers  they  are 
determined  by  boundary  conditions  (3.56).  Therefore  for  the  points, 
the  area  of  integration  of  which  does  not  exceed  the  limits  of  wing, 
value  of  integrals  they  arc  calculated  accurately  in  each 

cell  and  (2.16)  directly  it  gives  solution  for  a velocity  potential. 

This  is  related,  for  example,  to  wings  with  supersonic  leading  and 
trailing  edges.  Figure  21.2  shows  to  range  of  integration  during  the 
determination  of  velocity  potential  for  an  arbitrary  point  ^(Pi,xi) 

delta  wing  with  supersonic  edges.  In  this  case  the  tapers  outside 
wing  are  equal  to  zero  and  range  of  integration  Si  and  Sj  are  common 
only  for  wing  surface. 

j 

Let  us  substitute  boundary  condition  (3.56)  in  (2.16)  ; we  j 

consider  tha*  the  kinematic  parameters  are  changed  according  to  the  i 

law  (2.15).  By  taking  into  account  the  cnly  range  of  integration,  | 

limited  by  wing  contour,  for  the  basic  problems  we  will  obtain:  | 

J 

j 

for  the  a- problem  j 

I *2  /■  1 

2 (21.7)  j 

ii-i  /-«,  l-Ki  j 
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For  the  A-problem,  in  which 


. %A  iTi.  ,ri, 

^5/«(T)  = y7/«(T)  (21.8. 


In  this  case  in  integrals  in  the  cells  of  wing,  which  did  not 

enter  th^  gust,  the  derivative  [<?<P5/^gl„.u  “ill  according  to 

(2.16)  automatically  turn  zero. 

For  the  problems 


Xt) 

(o: 


" n-l  l-li, 


L*  A 

+ SiT  S {^'iLR  (Ti)  — yJtRlta)].  (21.9) 


n-l  /-«, 


For  0),  the  problems 

[ /.  '*j 


n-i  /-«, 


L ^2 


+ S S[/u«W  + CW  + 21o,.C(^2)1(-  (21-10) 
>1-1  /-«. 


Pig.  21.2.  Pangps  of  integration  for  a wing  without  end  effect, 


^age  498^  Here  P'^  = 9,  if  E < P^,  and  B*  ^ = R,,  if  P > Rj  ; 81  = Lh, 
“ A 4 and  also 


(n+  l)/i  (/  + l)»i  I 

(t)  dp  dy. 


A'/«(t)=  f f . . 

J,  ]' (P.-P)(x,-X) 

(n  + l)ft  (/  + I)A 

/?/r(t)=  f f - 


nh  /h 
{n  + \)h  (/+l)h 


f"/  _ r f l(T)xdMx 


.S  I' IK, -mo. -Hi  ) 


(21.11) 


I IHI ’J| 


1 


DOC  = 771S/4319  PAGE  ^ 

% 

Here  subsequent  dependences  1 (tj)  , 1 (tj)  they  aean  that  the 
corresponding  functions  are  calculated  for  cell  n,>  only  in  such  a 
case,  when  t ^ 5^  0 (t^  0).  Otherwise  we  take,  that  these  expressions 

are  equal  +o  zero,  since  dist u r bance/pert ur tatTon  up  to  torque/io«ent 
T will  not  have  time  to  reach  from  point  nj  into  point  LR. 


Let  us  compute  integrals  (21-11)  and  sinu Itaneousl y examine  the 
possibility  of  the  composition  of  the  tables  of  the  values  of  these 
integrals  for  each  cell.  Let  us  take  in  the  fixed/recorded 
torque/moment  two  arbitrary  points  Ki  and  K3  (Fig.  21.3)  and  compute 
integrals  (21.11)  in  terms  of  the  equidistant  of  these  points  cells  a 
and  b: 


P» + ^ K|  + 


Pi  Kl 
p<4-/l  Xi-hA 


/'■ft's  = r 

■'li«  ^ ^ - J 


P.  Xi 
p.  + h x,  + A 


/"o'a(x)=  [ f 

J J /(p, 


I (t)  rfP  dx 

1 (t)  dp  dx 
)'(P3-P) 

I (T) P dp  (U 


P)  (Xl  -«) 

/'y?(T)=  f (' Lii)i'/P'/x 


tti  X. 

P.  + /J  X,  fA 


P’.  X.  * ~ ('*■>  ~ xj 

P1  + /1  x,3./i 

( f ' (T)xdpdx 

P-  X 


V"(p. -P)(X, -X)  ’ 


P.  + ft  X|  f ft 

yv^T)’  r f -- 

i >^(P3-P)(Hj-xj 


i 
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Fig.  21.3.  To  the  calculation  of  integral 


Page  499. 


Let  us  assume 

V^Pi  -p  =v„  y/pa-p  =\j,  V^x, -X  =n„  VVi 


T H e n 

/X|-Xi-h 

y"“'‘'(T)  = 4 I J l(T)rfv(/u, 

/ft, -Hi  /x,-x, 


/ftj-p.-h  /x.-x,-/i 

(t)  = 4 I I l(T)f/vc/|t, 

/xj-x* 


/ft|-Pl-h  l'x,-X,-/l 

II 

=°5J 

J f U't)(P,  - v2)6/v£fn, 

/ft, -ft.  /x,-X, 

/ft,-ft,-/i  Vx,-X.-(| 

f! 

1 J 1 (t)(Pj- V3)(/V(/U 

V Hj-*x< 


/P,-ft.-h 

/x,-X,-/l 

T-< 

11 

X 

f 

1(t)(X|  • 

— itj)  t/v  d\x, 

/p,-ft. 

/X|-x, 

- 

/ft.-p.-'‘ 

/xi-x,-/i 

II 

f 

1 (t)(X3 

/ft.- ft.' 

/x,-x, 

«^inpniiP*iPiiwp«p 


r 


) 

I 

1 

! f 
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Since  flj  f}^  - p,  _ p^  and  X|  — X2  = X3  — 


= 1 (t) 4/1  [( - i/r=7i) (!/«-/  + 1 - /FT)]. 
Klr  ^ 

X [iVL-n+\  - /IFT) (/TTT+T - /:ft)] - 
- 1 W^((/a  -rt+Tp  - VlL^W)  X 

x(/FT+T - /FT)]. 

f !( /FFTT - /ZF7)  X 

x(/FTTT - /FT)]  - i(t)^x 
X [( /T-«”+  T - /(/.  - «)'“) ( /FT+T  - /FT')]. 

(t)  = 1 (T)  4/^;/i-’  1(  \/L-n+  1 - /Fn)  X 

x(/FTTT  - /FT)]  - Ut)^x 
X [(//.. -n+i  - /IFr)(/(FTTT/ - /(FT/)]. 
T«'’W= 1 (T)4/?3/iM(/FFrr  - k/ftt)  x 

x(//?-/  + 1 - /FT)]-  X 
X [{VL-it+i  - /IFDl/iFT+F  - /(FT)]. 


(21.12) 


r 
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Flerp  L'l  and  L3  is  a quantity  of  cells  from  the  origin  of  coordinates 
to  the  point  being  investigated  along  axis  |3;  R'|  and  P3  - the  saae 
along  axis  x.  Formulas  (21.12)  do  not  depend  on  number  M,  but  the 
expressions,  in  brackets,  are  the  functions  of  the  number  of  cells  to 
the  point  being  investigated  and  can  be  tabulated  or  represented  in 
the  form  of  standard  subroutines  ETsVM  C^digital  computer]. 

After  supplying  (21.12)  in  (21.7)  - (21.10),  we  will  obtain 
rela^ionshi p/ratios  for  the  potentials  of  the  basic  problems  in  the 
form,  convenient  for  the  calculations. 

For  the  a-problem 


n-l  l-H, 

. .f, 

^ ^ ( i/L - rt + 1 - vr - / + 1 - 1 (tj). 

I~X'  (21.13) 
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For  the  A-problem 


d 


771S41iq 
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r 'P(T) 


L “"l/A 


L_ 

--  V V {^/i-n+l  - 2 )(!//?-/+ 1 _ \/R-j)x 

2n  •“  .■“ 


>1-1  /-«. 


X1(t,)-42  S (VL-n+1 

(21.14) 


n-l  /-«, 


r (0^  the  problems 

/. 

^ S (l/Z.-n  + 1 - /.-«)(/ /?-/ + 1-  //?-/)  X 

x{/?-£.-j[2(/?-y-Z.  + ,/)+  \/]^\/R-j+i  _ 

^ 

l/L-rt+ 1 ]|i(T|)  + -^^  ^ (l/z.-n+  1 - V'/.-«)x 

n-l  /-«, 

X (//?-/+  1 - IZ/T^)  x{R-L-j[2{R-i-L  + n)  + 

+ VR  — i VR  — i + I - \/L~n  V^Z.-/j+l]|l  (xj).  (21.15) 


<0, 


the  problems 
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S iVL-n+l  -YL-n)i\/lfqTT-YR-j)x 

I-  -J  ' n-l  /-«, 

X ^ L + R— ■^^2(L  — n + R — j + 1)  + Y L — n — n + l + 

+ YR-i+i  +^^]}i(t,)  + 

t '^'2 

+ -^E  ^ (!//.-«  + 1 ~YL^KYR-i  + i -Yr^)x 

n-l  f-H, 

x|z.  + /?— yj^2(Z.  — « + /?  — /+l)+l/z,— YL  — n + \ + 

‘+\r^  YR-i+\  (21.16) 


Page  ^02. 


LPt  us  examino,  as  are  calculated  the  trarsient  functions  with 
deformations  of  wing.  Since  the  rough  form  of  strain  on  coordinates 
can  be  represented  as  superposition  of  power  laws,  let  us  present 


function  ftiio). 


entering  under  boundary  condition  (J. 56),  in  the 
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f4(lo)  = ‘*0  + «llo  + 


+ «mir  “ ^ =■ 

u 


= 2^(P  + x + 2|,,J". 
0 


(21.17) 


Then 


m 

= fl,  + 2a2lo  + . . . + ma, nlo~'  = S ma„lo~'  = 

"so  n 


= ^-^^^?^S^(P  + >‘  + 2|ooMr’'-  (21-18) 


jm 


We  consider  that  6 (r)  chamjes  accordin'^  to  the  law  (21.5) 

substituting  (21.17)  in  (21.6),  we  will  obtain 


) 


'V  (ti- 


n-1  l-R,  u 


L ''2  m 

1 V V V r' 

- Zj  h L ~W~  ^ i4i.R  (^^/’ 


4n  .1^  .-J  S'" 

n-l  /-Ki  u 


(n  + l)»i  (/  + I)A 


J J ^ 1 K(Pi-P)(’'l  -x) 


fl/l 


(21.19) 


. After 
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Thp  lan+-/latter  integral  at  the  assigned  number  can  be  found,  by 

expanding  integrand  on  Vew+:on*s  binomial  expression.  Lot  us  note  that 
from  the  solution  of  this  problem  it  is  possible  to  obtain  the 
solution  of  the  basic  problems  for  a rigid  (undef ornable)  wing.  So, 
set/assuming  m = 0,  ao  = 1,  we  will  obtain  6*  = — a and, 

therefore,  we  come  to  a-problem.  With  m = 1 , ao  = 0,  a , = 1 , o =i-CO^, 
i.e.  we  will  obtain  solution  m,  of  problem.  Finally,  by  replacing 
series  (21.18)  by  (21.17)  and  6 * on  6 *,  let  us  arrive  at  6-probleii. 

Page  SO 3. 


Lo*-  us  present  now  function  f*(Co) 


in  the  form  of  the 
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series 


lo  (C«)  = da'+  rf.So  + • . . + = X -W  - P)"*' 

0 u 

^/a  (Co)  _ rj 

d|o 


(21.20) 


After  subs^-ituting  (21.20)  in  (21.6),  we  will  obtain 


flilL 

L 6- 


= - — V V rr)  - 

n-l  /-/}i  U 

/,  ^2  m 

- -L  V V V r‘i  ir  ^ 

4„  .-J  ^ .ilj  om  .t>LR\^2h 


4ll  2"* 

rt-l  /“/^t  0 


(n  + I)A  (/+!)/» 


rlA  /A 


(21.21) 


It  is  analogous  with  the  preceding/previous  case  with  m = 1,  do 
= 0,  di  = 1 we  obtain  solution  w,  of  problem  tor  a rigid  wing,  and 
also  WG  complete  passage  to  6-problem. 


>53.  Determination  of  velocity  potential  taking  into  account  end 


effect . 
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Tn  orier  to  ralcula'^e  velocity  potential  in  the  points  of  wing, 
for  which  the  range  of  integration  includes  the  disturbed  range 
outside  wing  and  vortex  sheet,  it  is  necessary  to  find  derivatives 
[(?(p/dT|l^_ij  in  this  range.  For  example,  if  point  P (L,  R)  (see  Fig. 
21.1)  it  includes  the  disturbed  range  outside  wing,  then  in  this  case 
we  deal  with  the  so-called  end  effect.  Let  us  examine  at  first  the 
simplest  case  of  the  manifestation  of  end  effect,  when  range  of 
integration,  for  example,  for  point  M (L,  R) , arrange/located  to  the 
right  outside  vortex  sheet  and  outside  wing,  includes  only  wing 
surface  and  range  outside  wing  to  the  right. 

Let  us  write  expression  for  the  velocity  potential,  which 
corresponds  to  the  parameter  in  point  M (L,  R)  for  a 

torque/moment  t: 


»,(/./,.  s/.. V ^ S 

"“I  n-l  /-«, 

^ R !.  R 

2 V ^ Bni(i2)JVn.  (21.22) 


n-i 


DOC  = 771S4319 


PAGE  ^ 


Paqe  504. 


Here 


(n+DA  (/+! 

«'«=/  J 


Tl-0 

f/p  dx 


/(Pi-P)(x,-X)  ’ 


,n  i^jhicK  rcf^arrt 


Since  times  ani  tj  identically  determine  the  value  of  taper  in 
cell  n,  j,  limits  in  sums  show  only  the  affiliation/accessory  of 
cells  with  wing  or  range  outside  wing. 

rising  condition  (3.62),  we  assume  that  the  tapers  in  all  in 
front  of  the  lying/horirontal  cells  are  known.  Then  taper  at 


i 
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torque/ncMiPnt  r in  cell  Lh,  Rh  is  deternined  froa  the  expression 


bU(t)=- 


16/1 


L Ri 


^ ^ JIlr  (tl)  + S 

n-1  l~R,  "“I  /“«! 


+2  ^ b'/(t,);2US  S 

n-l  /-«.  + ! <»-'  /-«■+' 


; (21.23) 


P*J  = R,  if  n < L;  R*i  = R — 1,  if  n = L. 


If  the 
wing  to  the 
meabers: 


range  of  integration  hits  the  disturbed  range  outside 
left,  then  in  brackets  (21.23)  they  will  be  added  two 


s 2 Bi/(T,)/z{,+i: 


/?,~i 

2 


/-I 


Bi/(T2)  JI'r. 


(21.24) 


So  as  ever  during  the  determination  of  taper,  at  least  in  the  first 
cell  ou*-sidp  wing  to  the  right,  sum  (21.24),  entering  expression 
(21.23),  turns  into  zero,  then  during  the  deteraination  of  tapers 
outside  wing^°  left  the  tapers  outside  the  wing  to  the  right  can 

be  considered^riown.  For  wings  symmetric  relative  to  axis  the  tapers 

outside  the  wing^  to  the  left  to  datermine  (S  ^ot  necessary,  since  ♦■hey 

are  equal  to  tapers  in  the  appropriate  cells  outside  winq  to  the  right. 
Page  505. 


If  are  known  tapers  everywhere  in  the  range  of  integration,  then 
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t 


velocity  potential,  for  example,  in  point  Lh,  Rh  will  be  determined 
from  the  relationship/ratio 


n-1  l-Ri  n-1  l-Ki 

-i-il  il  ^ B‘/ix2)Ll'R- 

n-l  /-«,+  ! n = l /-/?.  + ! 

-it  S S (21.25) 

n-1  1-1  n-l  /-I 


The  determination  of  potential  on  winq  taking  into  account  end 
effect  is  conducted  as  follows-  Are  determined  at  first  the  values  of 
t unknown  tapers  outside  wing  to  the  right  in  the  first  nearest  to  wing 

cell  for  different  values  v The  obtained  dependence  fli/(T)  is 

used  in  (21-23)  for  determining  tapers  as  functions  of  time  in  the 
following  cell,  etc-  After  the  determination  of  all  tapers  outside 
wing  at  all  calculated  torque/moments  interesting  it  is  determined 

from  (21-25)  velocity  potential  in  all  points  of  wing,  at  which 
manifests  i^’self  the  end  effect. 

f 64.  Determination  of  velocity  potential  in  the  range  of  the  effect  of 
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1 


f 

1 


m 


vortGX  sheet. 


If  range  of  integration  seizes  the  range  of  vortex  sheet,  as  for 
instance,  for  a point  P(L„  R,)  (see  Fig.  21.1),  then  for 

determining  the  value  of  velocity  potential  in  it  it  is  necessary  to 
preliminarily  find  unknown  tapers  on  vortex  sheet.  For  the  arbitrary 
point  N (L,  P)  of  vortex  sheet  at  torque/moment  t we  can  write  the 


potential,  which  corresponds  to  the  kinematic  parameter  q 

' t 


I 


^/Ui,Rh,T)=--^ 


L R 

n-l  /-Ri+I 

n“l  /“/Ci  + 1 

^IrI  (t)  = ^ 2 JlU  (ti)  + 2 2 Il'r  (T2)  + 

n-l  /-«,  n-l  l-R, 

+ 2 2'  + 2 2' 

rt-l  /•!  n-l  /—I 


(21.26) 


’’age  506, 


Two  last/latter  sums  of  expression  for 


*bZ«/ (t) 


will  turn  of  zero. 


r 


I 


I 


I 

I *' 
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if  rangf»  outside  wing  does  not  fall  to  the  left  into  range  of 
integration. 

condition  (3.72)  for  a vortex  sheet  and  solving 
(21.26)  relatively  wo  will  obtain 


+ ^ fl/./ (t,) /Z/«  + 

n-l  /-«.+  l 

I + 

^ 

n-l  /-«i+l  ' 


- <P(  (P*.  X’.  t'),  (21.27) 


I 


where 


R 

R- I 


t’  = -t-(lrl.).  P*  = n'/i. 


npH  n>A, 
npii  « = L, 

■x-’  = hi\  j'-n'  = R-L. 


Ln pH  = u:  \ tkj 

Here,  as  earlier  by  asterisk  are  noted  the  coordinates  of  the 
which  belongs  to  trailing  wing  edge. 


point. 


The  determination  of  velocity  potentials  in  the  points  of  wing, 
which  manifests  itself  the  effect  of  vortex  sheet,  is  conducted  as 
follows.  Are  determined  at  first  the  values  of  unknown  tapers  outside 
winq  and  vortex  she«t  at  all  the  calculated  torgue/moments  from  the 
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method,  presented  in  the  preceding/previous  paragraph.  Tha  obtained 
dependences  ^nj(r)  are  used  in  (21.27)  for  determining  the  value 

of  tapers  as  functions  of  time  in  the  nearest  to  trailing  edge  cell 
of  wing.  After  constructing  dependences  ^nj(r)  for  this  cell,  I 

pass  to  the  following  and  so  forth.  After  are  fcund  for  the 
calculated  torgue/moment  the  tapers  in  an  entire  range  of 
integration,  through  formulas  (21. 2h)  are  located  the  velocity 
potentials  in  all  points  (cells)  of  wing. 


•?‘i.  Calculation  of  aerodynamic  loadings,  force  coefficients  and 
torque/moments. 


Af’-er  determining  at  the  calculated  tor } ue/moments  the  value 

of  potentials  on  wing,  it  is  not  difficult,  using  the  Cauc hy-Lagra nge 
integral  (1.19),  to  find  for  these  torg ue/mcmen ts  aerodynamic 
loadings  on  wing  and  from  formulas  (2.5),  (2.7)  to  calculate  the 

force  coefficients  and  torque/moments  of  the  wing  sections  and  wing 
as  a whole. 

Page  507. 


By  transfer/converting  in  (3.19)  to  characteristic  coordinates 
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and  t hr  desianations  of  this  chapter,  by  determining  the  derivatives 
of  potential  in  terms  of  coordinate  5 and  tine  r,  for  example, 
accordina  to  the  method  of  differences,  for  a load  in  cell  Lh,  Rh  to 
torque/moment  r,  let  us  have 


i» 


' Ap  (Lh,  Rh,  X,)  ' 

2(  ' [ 

' <f(L  + \,  R+  \,  Xr) 

[(pd  - 1,  /?-  1,  T,)11 

‘I'l 

V*/!  1 

* 

1 

<?)  J/ 

X^,  R,  Tf.n)  ' 


>(/.,  y?,  T,-i) 

‘i'i 


!)• 


(21.28) 


Let  us  note  that  for  an  increase  in  the  accuracy  of  the  definition  of 
load  can  be  used  the  approximations  of  velocity  potential  on 
coordinate  P and  on  the  time  t,  analogous  that  as  this  was  shown  in 
P6  of  chapter  XX. 

During  the  calculation  of  forces  and  torque/moments  let  us 
integrate  preliminarily  (2.5),  (2.7)  with  respect  to  P in  order  to 

exclude  from  formulas  ^he  derivatives  of  potential  in  terns  of 
coordinate.  As  a result  for  the  force  coefficients  and  tor que/moments 
of  section  «;  = const  let  us  have  with  the  rule  of  the  signs  of  Fig. 
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1 


(21.29) 
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Analogously  for  the  force  coefficients  and  torque/moments  of  entire 
wing  we  will  obtain 


1 
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Recall  ♦-.ha'-  here,  as  earlier,  through  ^o««>  Com 


are  designated  the 


rear . 


coordinates  of  leading  wing  edge,  but  through  < 


Page  *i09. 


By  tran  sf  er/convert  inq  in  relationship/ratios  (21.29),  (21.30) 

to  characteristic  coordinates  (20.17),  to  designations  (20.24)  and  by 
replacing  integrals  by  sums,  we  will  obtain  the  following  expressions 
for  the  calculation  of  forces  and  torque/moments: 


for  wing  sections  C = const,  3 - L = const 

[s(M1  , 


I **  '"'■n  ^v' 

■'  at  I q]  --  q] 


. <//  J 


(R.-i-.)''  r -p  (i,.  R..  \) 


I'L..  R. 

^ Y r«p(^.  R.  Tf)' 

2 q] 

V (/?- jp/i  \q>{L,  R,  T„,)  1 ] I 

.rt.  2 Jlj- 

- kh'y 

i'Tr.  ‘Ii 


'L..  «,'■  ‘ -'L  J 

t,. «.  '•  ' * 


(21.31) 
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Tn  the  obtained  ^expressions  the  sign  y*  indicates  aiiMBat.ion 

i.r«.  ./?g  — Lq  » /?  — Z.  = /?,  — Z., 

over  cells  from  the  front/lead irq  to  trailing  edge  in  section  /v 

y 

sidn  - addition  on  cells,  that  belongs  to  trailing  wing 

edge,  ^i(\^  2 2 - summation  over  all  cells,  that  lie  on  wing.  All  the 

total  a'^rodynamic  characteristics  are  given  in  standard  axes  (Fig. 

1.1)  with  beginning  in  the  leading  edge/nose  of  wing  (x7-  = 0).  For 

significant-  dimension  is  undertaked  the  root  chord  b.  The  values  of 
coordinates  and  load  are  taken  in  the  axes  of  Fig.  20.1. 


Rochall,  that  in  perfect  analogy  outlined  above  can  be  solved 
the  problem  of  the  effect  of  flow  behind  the  shock  wave,  which 
encounters  to  wing  from  any  direction.  In  this  case  will  have  to 
consider  the  speed  of  the  d isplacement/iro vement  of  its  front. 


p» 
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Chapt<»r  XXII. 


SOUP  EXACT  SOLUTIONS  POP  WINGS  WITH  SUPERSONIC  EDGES  WITH  HARMONIC 
TIME  DEPENDENCES. 


El.  Expression  for  a velocity  potential  in  supersonic  edges  and  the 
absence  of  end  effect. 

when  all  wing  edges  supersonic,  but  its  planform  sufficiently 
simple,  for  example  all  edges  are  straight,  there  is  no  need  to 
•<  utilize  for  determining  aerodynamic  cha racteristics  the  numerical 

method,  described  in  chapter  of  XX.  In  this  case  can  be  obtained  the 
exact  solutions  (soe  11.15],  fl.lU],  [1.26],  [1.63]). 

Before  how  to  give  the  results  of  the  calculations  for  some 

I wings,  let  us  give  the  basic  formulas,  with  the  aid  of  which  they 

were  obtained.  Reoall  that  at  harmonic  oscillations  and  the  strains 


T 


DOC 


77154319 


PAGE  qSl 


f 

’ , tintfi  takes  form  (20.1).  The  potential  cf  the  disturbed  velocities  is 

I expressed  (20.8)  through  the  coefficients  of  the  aerodynamic 

derivatives  of  potential,  for  determining  which  we  have  integral 

r-  • 

j equations  (20.11).  As  is  known,  the  derivative  cf  potential  on  wing 

r 

i surface  is  connected  with  the  kinematic  parameters  of  motion  by 

I boundary  conditions  (3.56).  For  the  harmonically  oscillating  and 

deforming  wing  these  conditions  will  be  written  in  the  form 

L.0  “ "t  + """  [ - - “xS  - “IS  + 6*  (-f  - + ip'h)]  • (22.1) 

Here  0.',  (Ojj,  (o^,  6 ai^e  amplitude  values  cf  the  kinematic 

parameters,  fo  (5,  ?)  - the  equation  of  the  strains  on  surface  of 
wing,  time-independent,  ate  an  equation  of  the  additional 

strains,  which  depend  on  time,  1.  q.  C - the  dimensionless 

coordinates,  determined  by  rolationship/ratios  (20.10). 

Page  512. 

For  the  derivatives  of  potential  in  terms  of  coordinate 
(tapers)  of  (20.8),  (22.  1)  let  us  have  (indices  make  the  same  sense, 

as  in  chapter  of  TX). 


I 
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V'  (S.  S) 


= S): 


<3| 


«(!)_  d/o(l.  S) 
^ 


flV 


<?! 


By’=-i, 
fi'’  = £V’  = 0.  £','’  = /.(|.:). 


(22.2) 


Lpt  us  introfluco  functions  HJ*',  O'*',  connected  with  the  aerodynamic 
derivatives  of  potential  by  the  re  la ticnsh ip/ratios 

Jiqpo  = dJo,  nqj"'  = (I)"',  n ' q)'*'  = dJ'''.  (22.3) 


By  substituting  (22.2)  into  the  right  side  of  equation  (20.11),  and 
(22.3)  - into  left,  we  will  obtain  integral  equations  for  the 


introduced  functions: 

‘I’od.,  u — 


Bi"(|.  C)  cos  [o)  (1,-1)]  cos 
(li.  ?,)  = - J|  Bl'*(|.S)cos[co(^,-|)]cos(!^) 


up\  dl  dl 
P ' 


dl  dl 


odhC.) 


= i J|  Bl'’(I.S)sin[a)(|,-‘)]cos(^) 


<J(5i.  C,) 


dld^ 

P ' 


j-1.  2,  3; 

0’*(l„S,)  = - If  [B\"--^<o£i"tg<oa,-t)]x 


0(1,.;,) 


X cos  [(0  (I,  - 1)1  cos  , 

C,)  = i-  If  [fiV’-^co£l'>ctga)(5,-‘)]x 

X sin  [(0  (^1  - 1)1  cos  , 


a((,.  Cl) 


(l>  ’ 


P“  y/(i,- !)*-*»(?. -if. 


(22.4) 
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These  formilas  mahe  it  possible  to  calculate  velocity  potential 

during  the  harmonic  oscillations  of  wing  for  any  value  of  the 
dimensionless  parameter  u,  if  everywhere  in  range  of  integration  are 

known  the  values  of  functions  £,. 

Page  513. 

Specifically,  they  give  the  effective  solution  cf  problem  for  the 
wing,  leading  and  trailing  edges  of  which  supersonic  and  which  has  it 
is  absent-  end  effect  (Fig.  22.1).  Range  of  integration  in  formulas 
(22.4)  is  part  of  the  wing  surface  within  the  reverse/inverse 
characteristic  cone,  carried  out  from  the  point  in  question.  In  Fig. 
22.1  this  areas  is  shaded. 

The  calculation  of  the  potentials  of  the  disturbed  velocities 
and  coefficients  of  aerodynamic  deriva+'ives  at  arbitrary  values  w 
presents  sufficiently  great  difficulties  and  requires  the 
application/use  of  digital  computers.  In  the  case  of  small  Strouhal 
numbers  (more  precise  saying,  with  u ->>  0)  are  obtained  the  exact 

expressions  through  elementary  functions  both  for  the  velocity 
potentials  and  for  the  coefficients  of  aerodynamic  derivatives.  In 
the  case  u 0 formula  (22.4)  they  take  the  form 
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Ui.  £,)  = ■ 


Bo ’(I,  £)~ 


0(5,.  C.) 


£.)=-  Jj  £)-^, 

0 ((i<  Cl) 

£,)=  JJ  B'/’a,  £)[£,-- 11^ 


O (5,.  5,) 


'■=1.2,3; 

a>’'(£,.  £,)  = - JJ  bV’(i.  £)-^, 


0 ('.,.  C|» 


£,)=  JJ  [bV'(|. 


0 (5,.  Ci) 


(22.5) 


Fiq.  22.1.  Wing  with  supersonic  edges  (there  is  no  end  effect). 
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62.  Solutions  for  a rigid  infinite-span  wing. 


Lot  us  use  formulas  (22.  2),  (22.4)  for  an  infinite-span  wing. 

Let  us  introduce  transformed  coordinates  on  (20.12).  Then 

instead  of  (22.4)  we  obtain 


MiM 
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'D 


Sim)=  JJ  COS|Aa)(|,M-|M)]  X 

" (5im.  Cim) 

*“Pm  'l  ‘‘ini 


X cos 


M 


Pm 


'I'*' (Eim,  ^im)  = — ^ J|  sin  1^(0  (liM -Im)]  X 
° (£im.  Cim^ 

/ kapf^  \ (11^ 

I M / Pm 


X cos 

‘I'^MIim.  Sim)  = — J Smcos  [/eco  (Iim -|m)]X 
“ (£im.  Cim) 


X cos 


' *“Pm  ■)  '/Im  </Jm 


‘J’“''(|lM,  Sim)  = ^ JJ  SMSin[Aci)(||M-^M))  X 


Pm 


® (£im.  Cim) 


° (£im.  Cim) 


X cos 


X cos 


(^M,  $Im)  = — — 


“ (CiM'  Cim) 

X cos 

pM  = V (|iM  — ImF  — (Sim  — Cm)*. 


' *“Pm  ' 

, M ; 

' Pm 

- Im)]  X 

' *“Pm  ' 

1 “^‘m  rf^M 

. M ; 

' Pm 

M — |m))  X 

Aiopm  \ 

‘^aM 

M / 

Pm  ’ 

(22.6) 
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Tn  this  case  the  range  of  integration  a(|iM,  ?im)  is  limited  by 

^■he  line  segments  NQ,.  NP,  PQ,  equations  of  which  they  are  (Fig. 

22.2)  ; 


— 0 for  /’Q. 

= ,VQ, 

After  substituting  the  variables 

|iM  - = P,  $iM  — Cm  = (CiM  — |m)  cos  0,  (22.7) 

we  will  obtain  for  velocity  potentials  the  tollcwing  formulas; 


D 


Flero 

[-W-  P]  = i J ['r  P sin  0]  ^/O 

0 

is  a Bessal  function  of  7oro-order,  0<|iM-<l/ft. 


Intpqration  in  focnulas  (22.8)  can  La  carried  out  numerically,  for 
example  according  to  simpson's  method,  with  any  assigned  accuracy. 
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Fio.  22.2.  Range  of  integration  on  infinite-span  wing. 
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The  coefficients  of  the  aerodynamic  derivatives  ot  load  at  the 
points  of  wing  on  the  basis  of  Cauchy-Lagrange»s  integral  (3.21)  are 
determined  by  the  formulas 


P ^ Sm) 


P^'^-Tk 


(22.9) 
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The  coefficients  aerodynamic  derivative  total  characteristics  of 
wing  sections  let  as  find,  by  utilizing  formulas  (2.3): 


c“^  = c'“^  = - 
V y n 


c“^  = = - 


Uk 

(Im)  ~ J (Im)  dlu 
0 

I/ft 

+ ^ f dU 

n,  J 

0 

\lk 

■ m! ^ f K (la  1 .1.*.  (lai + 

1/* 

+ A J ImHJ*  (|m)  rf|M 

0 

Uk 

I/* 


^ ^ 71 


Lo 


m**  = mf  = 


4k^ 

n 


r * 

-jpr  (|M)rf|M  + 


\lk 

d-  J (|m)  </|m 
0 


(22.10) 
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where  the  values  of  functions  cp^i (|m),  U)"*/ (^J,)  they  are  taken  or.  trailing 
wing  edge,  i.e.,  with  ‘ 
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Tn  formulas  (22.10)  are  used  escape/ensue  from  (22.8)  the 
relat ionsh ip/ratio 


/f<D“ 


/eir/ 


ao)"^ 

■ 


(22.11) 


On  the  basis  of  the  given  above  expressions  of  0.  N.  Sokolov,  V. 
G.  Tabachnikov,  K.  Fursov  and  A.  T.  Shevchenkos  conducted 
systematic  calculations  of  the  dis-^ributed  and  total  wing 
characteristics  of  infinite  lengthening  (X  = -)  in  the  range  of  Hach 
numbers  M = 1,1  5,0  and  given  Strouhal  numbers  « = 0 - The 

results  of  the  calculations  of  the  aerodynamic  derivatives  of  lift 
and  pitching  moment  are  given  in  table  22.1,  but  for  numbers  Haxa 
M = 1,4  and  M = 3 ~ Fig*  22,  3-22.6  in  the  function  of 

given  Strouhal  number.  The  points  on  of  the  curved  figures  indicated 
correspond  to  the  results  of  the  calculations  of  the  coefficients  of 
aerodynamic  derivatives  with  the  use  of  transient  functions  and 
Duhamei  integral.  Let  us  note  that  all  results  correspond  to  standard 
system  of  coordinates  wi+-h  beginning  on  the  wing  leading  edge.  In 
formulas  geometric  values  and  potentials  are  taken  from  the 
calculations  in  the  axes  of  Fig.  22.1. 
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Tn  two  limiting  cases,  which  are  of  large  practical  and 
theoretical  interest,  namely  u —<>  0 and  «—?•»,  the  potentials  of 

the  disturbed  velocities  and  the  coefficients  of  aerodynamic 
derivatives  are  expressed  as  elementary  functions. 

Let  us  examine  first  the  case,  when  Strouhal  number  vanishes 
andf  consequ^^ntly,  also  u 0.  Tn  this  case  for  determining 

functions  (b’',  O"'  we  have  integral  equations  (22.5). 

Transfer/converting  to  converted  coordinates,  and  then  producing  the 
replacement  of  variables  according  to  (22.7),  we  obtain 


<b“  (|m,  Sm)  = n|M,  (|m,  Cm)  = — , | 


Cm)  = * (Im,  ?m)  |m  • j 


(22.12) 


Hence,  utilizing  (22.  9),  (22.  10),  easily  we  find  with  u 


a 4 

P -T- 


k' 

a 2 


d 4 ^ 

p - 1,1 1. 

P“’^  = 

-1 1 
k S’ 

A 2 

(i> 

2 

il 

1 

Ly  — 

k ’ 

(•  -1 

u. 

4 

“ 3k‘  ' 

3k 

• (0)  \']\ 

^1/  0^3  t I V--. 


where 


i 
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Tablp  22.1. 


M - 1,1 


u> 

m/ 

, 

0 

8.7286 

-20,7824 

4,36-14 

-6,9273 

-4,3644 

13, “552 

-2,9096 

5,1955 

0,2 

8.6569 

-20,6160 

4,3464 

-6,6924 

-4,3106 

13,7218 

-2,8952 

5.1721 

0.0 

8,1102 

-19.3293 

4,2072 

-6,6274 

-3,9031 

12,6956 

-2,7839 

4,95.38 

1.0 

7,1520 

- 16.9845 

3.9521 

-6,1454 

-3,2001 

10,8383 

-2,5812 

4, .54  94 

1.5 

5,7226 

-13.1822 

3,5332 

-5,3071 

-2,1905 

7.8748 

-2,2501 

3,8603 

2.0 

‘1,4662 

-9,2626 

.3.0893 

-4,3594 

- 1.3777 

4,9013 

-1,9116 

3,0827 

2.5 

3,6803 

-5.9839 

2,7002 

-.3,4392 

-0,9805 

2,5451 

-1,6290 

2,3453 

3.5 

3,-1339 

-2,49,33 

2,2222 

-2,0393 

-1,2123 

0,4519 

-1,3239 

1,2799 

5.0 

3,3771 

-1,549U 

1,9809 

-1,1013 

-1,3981 

0,4492 

-1,2170 

0,6529 

oo 

3.6363 

0 

1,8181 

0 

-1,8181 

0 

-1,2121 

0 

M = 1,15 


U) 

4 

"2 

a 

m/ 

0 

7,0436 

-10.9204 

3,5218 

-3,6401 

-3,5218 

7,2802 

-2,3478 

2,7301 

0.2 

6,9906 

-10,8340 

3,5086 

-3.6170 

-3,4821 

7,21 13 

-2,3372 

2 7246 

0.6 

6,5862 

-10.1668 

3,4059 

-3,4825 

-3,1808 

6,6797 

-2.2.544 

2,6107 

1,0 

5,8745 

-8,9468 

3,2170 

-3,2301 

-2.6.585 

5,7140 

-2,1034 

2,3980 

1.5 

4,8034 

-6.9542 

2,9048 

-2,7951 

-1,9000 

4,15.‘<9 

-1.8.577 

2.0347 

2.0 

3,8176 

-4,8762 

2,5712 

-2,2968 

-1,2773 

2,5803 

-1,6028 

1,6250 

2.5 

3.2358 

-3,1085 

2,27.57 

-l,«0«0 

-0,9604 

1,3010 

- 1,3873 

1,2322 

3.5 

3,0407 

-1,1635 

1,9801 

-1,0.505 

-1,1331 

0.1  115 

-1,1515 

0,6532 

5.0 

3,1085 

-0,6570 

1,7375 

-0,.534l 

-1.3735 

0,1235 

-1,0822 

0,3063 

OO 

3,4782 

0 

1,7391 

0 

-1,7391 

0 

-1,1594 

0 

M - 1.2 


<■> 

‘y 

< 

“2 

0 

6,0302 

-6,8525 

3,0151 

-2.2841 

-3,0151 

4,,568l 

-2.0100 

1,7132 

0,2 

5,9885 

-6,7991 

3,0047 

-2,2722 

-2,9839 

4.5256 

-2,0017 

1,7056 

0.6 

5,6701 

-6,3852 

2.9237 

-2,1887 

-2,7465 

■1,1956 

-1,9370 

1,6358 

1,0 

5.1075 

-5.6263 

2,7746 

-2,0316 

-2,3332 

3,5942 

- 1,8186 

1,5049 

1.5 

4,2544 

—1,3791 

2,5277 

-1,7574 

-1,7283 

2,6224 

- 1,6224 

1,2802 

2.0 

3,4830 

-3,0647 

2,2614 

-1,4446 

-1,2228 

1,6210 

-1,1185 

1,0226 

2,5 

2,9791 

-1,9300 

2.0232 

-1,1349 

-0,9566 

0,7958 

-1,2442 

0,7730 

3.5 

2,8167 

-0,6416 

1,72.38 

-0,6470 

-1,09.34 

-0,0035 

-1,0512 

0,3987 

1 5,0 

2,9.598 

-0,3186 

1,5963 

-0,3088 

- 1 ,3661 

0.0101 

- 1 ,0049 

0,1705 

1 OO 

1 

3,3333 

0 

1,6666 

0 

— 1 ,6666 

0 

-1,1111 

0 

J 
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Table  22.1  (continuation). 

, M-1.3 


0) 

a 

a 

0 

4.8154 

-3,4894 

2.4077 

-1,1631 

-2.4077 

2,3262 

-1  6051 

0,8724 

0,2 

4.7871 

-3,4628 

2,4006 

- 1,1.568 

-2,3865 

2,30.50 

- I.,5995 

0,8686 

0.6 

4,5698 

-3,2563 

2,3455 

-1,1  1,52 

-2,2215 

2,1403 

-1,5553 

0.8.338 

1.0 

4.1837 

-2.8755 

2,24.34 

- 1 ,0366 

-1,9405 

1,8385 

- 1,4741 

0,7682 

1,5 

3.5907 

-2.2430 

2,0735 

-0.8976 

-1,5188 

1,3452 

-1,3388 

0,li548 

2.0 

3,0127 

-1,5647 

1,8878 

-0,7383 

-1,1564 

0,8273 

-1,1960 

0,5231 

2,5 

2,6735 

-0,9645 

1,7190 

-0,.57«1 

-0,9551 

0,.3873 

-1,0718 

0,3934 

3.5 

2,.55I9 

-0,2,504 

1,5010 

-0,3184 

- 1 .0492 

-0,0680 

-0,9315 

0,1929 

5.0 

2,7734 

-0,0749 

1,4620 

-0,1329 

-1,3506 

-0,0575 

-0,91 15 

0,0667 

oo 

3,0769 

0 

1,5384 

0 

-1,5384 

0 

-1,0250 

0 

M = 1,4 


u 

“2 

a 

-2 

"■2" 

1 

W ] 

0 

4,0824 

-2,1262 

2,0412 

-0,7087 

-2,0412 

1,4175 

1 

-1,3008  I 0.5316 

0.2 

4,0612 

-2,1104 

2.0361 

-0,7047 

-2,0257 

1,4048 

-1.3567  1 0..5293 

0.6 

3,9020 

-1,9865 

1.9957 

-0,6798 

-1,9070 

1,3061 

-1,3243  0,5085 

1.0 

3,6184 

-1,7572 

1,9208 

-0,6326 

-1,6979 

1,1243 

-1,2647  1 0,4690 

1.5 

3,1775 

-1,3731 

1,7956 

-0,5481 

- 1 ,3837 

0,8248 

-1,1046-  0,4004 

2.0 

2,7633 

-0.9554 

1,6572 

-0.451 1 

-1,1078 

0,.5(I51 

-1,0578]  0,3200 

2,5 

3,4772 

-0,5784 

1,5298 

-0,3522 

-0,9183 

0,2271 

-0,9037  1 0,2396 

3.5 

2,3819 

-0,1119 

1,3046 

-0,1883 

-1,0174 

-0,0766 

-0,8557  1 0,1123 

5,0 

2,6322 

0,0012 

1,31.55 

-0,0080 

-1,3199 

-0,0089 

-0,8493  1 0,0299 

OO 

2,8571 

0 

1,4300 

0 

-1,4300 

0 

-0,9523  1 0 

1 

M“  1.6 


0) 

‘1 

1 

0 

3,2026 

-1,0264 

1,6013 

-0,3421 

-1.6013 

0,6842 

-1,0675 

0,2566 

0,2 

3,1901 

-1,0190 

1,5982 

-0,3100 

-1,5920 

0,6783 

-1,0651 

0,2556 

0.6 

3,0942 

-0,9605 

1,5729 

-0,3283 

-1.5205 

0,6318 

-1,0156 

0,2157 

1.0 

2,9218 

-0,8519 

1,5287 

-0,3060 

-1,3934 

0,.5150 

- 1 ,0095 

0,2271 

1,5 

2,6504 

-0,6674 

1,4527 

-0,2652 

-1,1996 

0,4021 

-0,9483 

0,1943 

2.0 

2.3892 

-0,4626 

1,3673 

-0,2185 

-1,0238 

0,2448 

-0,8820 

0,1553 

2,5 

2,2026 

-0,2722 

1.2873 

-0,1699 

-0,9165 

0,1033 

-0,8225 

0,1 155 

3,5 

2,1394 

-0,0227 

1,1813 

-0,0866 

-0,9578 

-0,0636 

-0,7526 

0,0502 

5.0 

2,3859 

0,0377 

1,1598 

-0,0228 

-1,2285 

-0,0602 

-0,7578 

0,0060 

00 

2.5000 

0 

1,2500 

0 

-1,2500 

0 

-0,8333 

0 
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Table  22.1.  (continuation). 

M -2.0 


^2 

'"z 

0 

2.3094 

-0,3849 

1.1547 

-0.1283 

-1,1547 

0,2566 

-0,7698 

0,0962 

0,2 

2.3037 

-0,3822 

1,1533 

-0,1273 

-1,1504 

0.2544 

-0,7681 

0.0958 

0.6 

2,2592 

-0.3609 

1,1421 

-0,1230 

-1.1 173 

0,2375 

-0,7596 

0,0923 

1.0 

2,1787 

-0,3210 

1.1211 

-0.1 149 

- 1 .0579 

0,2059 

-0,7428 

0,0854 

1.5 

2,0498 

-0,2523 

1.0859 

-0.0994 

-0,9658 

0,1528 

-0,7140 

0,0733 

2.0 

1.9223 

-0,1740 

1,0454 

-0.0820 

-0,8789 

0.0926 

-0,6823 

0.0586 

2.5 

1,8277 

-0.0987 

1.0006 

-0,0635 

-0,8225 

0,0302 

-0.6530 

0.0433 

3.5 

1.7951 

-0,0068 

0.9538 

-0.0304 

-0.8400 

-0,0366 

-0,6179 

0.0169 

5.0 

1 ,9763 

0,0329 

0,9494 

-0,0035 

-1.0272 

-0.0304 

0,6267 

-0,0020 

oo 

2.0000 

0 

1 

0 

-1 

0 

0,6666 

0 

M -3.0 


‘1 

y 

^2 

^y 

< 

“z 

">z 

"•z 

0 

1,4142 

-0,0834 

0,7071 

-0,0295 

-0,7071 

0.0589 

-0.4714 

0,0221 

0.2 

1,4126 

-0,0878 

0,7067 

-0.0291 

-0,7059 

0,0584 

-0.471 1 

0,0220 

0.6 

1.4005 

-0,0831 

0,7037 

-0,0281 

-0.0969 

-0.0547 

-0,4686 

0,0212 

1.0 

1,3783 

-0,0741 

0,6980 

-0,0263 

-0.6826 

0.0476 

-0,4640 

0.0222 

1.5 

1,3423 

-0,0584 

0.6888 

-0,0225 

-0,6550 

0,0359 

-0.4560 

0.0169 

2.0 

1.3056 

-0,0401 

0.6776 

-0,0186 

-0,6297 

0.0219 

-0,4470 

0,0135 

2,5 

1.2774 

-0,0219 

0.0668 

-0.0144 

-0,6120 

0.0082 

-0,4386 

0.0099 

3.5 

1,2676 

-0,0054 

0,6514 

-0,0065 

-0.0154 

-0,01 12 

-0,4282 

0,0034 

5,0 

1,3403 

0,0125 

0,6516 

0.0004 

-0,6816 

-0,0122 

-0,4328 

-0.0016 

OO 

1,3333 

0 

0,o666 

0 

— 0,6666 

0 

-0,4444 

0 

M-5.0 


‘1 

^2 

^y 

y 

< 

“z 

m/ 

0 

0,8165 

-0.0170 

0,4082 

-0,0057 

-0,4082 

0,0113 

-0,2722 

0,0043 

0,2 

0,8162 

-0,0169 

0,4082 

-0,0057 

-0,4080 

0,0112 

-0,2721 

0,0043 

0,6 

0,8137 

-0.0160 

0,4076 

-0.0059 

-0,4062 

0.0105 

-0,2716 

0,0041 

1.0 

0,8090 

-0,0143 

0,4064 

-0.0051 

-0,4027 

0,0092 

-0,2706 

0,0038 

1.5 

0.8014 

-0,0113 

0,4048 

-0.0045 

-0,3975 

0,0072 

-0,2689 

0.0033 

2.0 

0,7936 

-0,0077 

0.4027 

-0,0037 

-0,3920 

0,0046 

-0,2670 

0,0026 

2.5 

0,7874 

-0,0041 

0,4005 

-0,0028 

-0.3879 

0,0020 

-0,2652 

0,0019 

3,5 

0,7853 

-0,0015 

0,3972 

-0,0028 

-0,3874 

-0,0021 

-0,2630 

0,0006 

5,0 

0.8034 

0,0029 

0.3971 

0,0001 

-0,4039 

-0,0030 

-0.2642 

-0,0004 

OO 

0.8000 

0 

0,4000 

0 

-0,4000 

0 

-0,2666 

0 
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Fiq.  22.3.  Coefficients  of  the  aerodynamic  derivatives  C ‘"u  o 
wing  X = “.  Exact  solutions  are  curves,  the  calculation  according  to 
Duhamel  integral  - point. 

Fiq.  22.4.  Coefficients  of  the  aerodynamic  derivatives  o 
winq  X = •.  exact  solutions  are  curves,  the  calculation  according  to 
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Let  us  examine  now  the  case  w — ^ for  which  present  the 

coefficients  of  the  aerodynamic  derivatives  of  load  p"*/,  p‘>/  as 

functions  directly  cf  coordinate  € = x/b; 

( 

p'>  = [cos  (0)|)  /o  + (0  J sin  (wp)  Jg  (-^)  d?>] , 


= T [-  i -^0  (-If)  + 1 ^ ^ 

0 


+ (0 


r { 


p ' = ¥ 


5 J sin  (wp)  Jg  Cfp  - i P sin  (up)  Jg 

0 

sin  (up)  Jg  [-^]rfp  + 


u 


i i 

+ 1 J cos  (up)  Jg  (-^)  rfp  - J p cos  (up)  Jg  (i^)  dp 


(22.14) 


Let  ns  pass  to  limit  in  (22.14)  with  u — ^ since  in  this  case 

/o(-^)-0  [1.92),  IsinulK  1.  Icosu^Kl, 

the  first  two  terms  in  formulas  milking  pa  and  p<i  vanish.  It  is 
possible  to  show  that 
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lim  I sin  (cop)  Jo  (-^)  rfp  = -^  , 
5 

lim  J cos  (cop)  Jo  = 0, 

£ 

lim  (0  (*  Psin  (cop) /q  </P  = 0, 

ti)->0  J ' ' 

\ 

lim  CO  J P cos  (cop)  = 0- 


(22.15) 


^age  S23j  3y  utilizing  these  rclat  ionsh  ip/ratios,  froi  (22.14)  let 
ha  ve 


us 


p"  = | np'n  1 = 0.  P“  = ^ n^i  5=5^0,  j 

U.  A ^ 6 b>  /\ 

P ' = S.  P =P  ' = 0. 


i 


(22.10) 


Thus,  with  cd  — ^ - we  obtain  for  />“  the  discontinuous  function,  and 
for  })“>  continuous,  linear  on  5.  Factors  of  the  load  p*  and  p'"^ 
vanish. 


Integrating  load  over  the  wing  section  of  infinite  lengthening, 
let  us  find  the  coefficients  of  the  aercdynanic  derivatives  of  lift 
and  pitching  moment  with  w — ^ • (P  * — ^ •)  I 


“ M ’ 
c 


2_ 

M 


m = — 


d w (k  M.  /> 

t’  ' = //I . “ m . * = 0. 


1- (22.17) 


DOC  = 771 54320 


PAGE 


?53.  Effect  of  harmonic  gust 


on  infinite-span 


wing. 


Let  us  examine  now  the  task  of  determining  the  aerodynamic  wing 
characteristics  of  the  infinite  lengthening,  which  affects  harmonic 
gust.  Le'*-  the  wing  move  in  the  medium  whose  particles,  besides  the 
disturbed  speeds  from  wing,  have  the  supplementary  vertical  velocity 


F 


I 
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Fig.  22-7.  To  th9  effect  of  harmonic  gust  on  wing. 


4 


\ 
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The  profile  of  these  supplementary  velocities  to  moving  coordinate 
system  (Fig.  22.7)  let  us  assign  to  constants  on  the  wingspan  by  the 
law 


u\  • * /• 

^ = w .e  ' 

yX 


U, 


(22.18) 


where  1*  - the  wavelength  of  gust,  = ~ dimensionless 

amplitude.  In  the  connected  with  wing  system  of  coordinates  (see  Fig. 
22-7)  speed  distribution  of  signs  the  form 

Wysd.  t)  = e-‘o'i  Mt).  (22.19) 

Here  A (0  = ' the  kinematic  parameter,  which  characterizes  gust, 

p = 2w\}oJl*  - angular  frequency,  p * = pb/Oo  - Strouhal  number;  as  t = 


r 


n is  accepted  tha  torque/moment  of  the  coincidence  of  the  beginnings 
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of  movable  and  fixed  coordinate  systems. 


Let  us  present  velocity  potential,  caused  ty  gust,  through  the 
coefficients  of  the  aerodynamic  derivatives: 


<p.  (I.  Ti.  0 = u,b  [<p ' a.  h.  s)  A (0 + <p ' (I.  5)  A (0], 


^ dt  Ua  ' 


(22.20) 


For  determining  the  aerodynamic  derivatives  of  potential  we  have 
integral  equations  (20.11),  whereupon  from  boundary  condition  (3.56) 


it  follows 


Let  us  introduce  the  converted  coordinates  and  dimensionless 
functions  g).^,  cD'  by  formulas  (20.  12),  (22.3).  Then  instead  of 


equa^'ions  (20.11)  we  are  have 


clj'=  cosUio(|iM--j;;i7)j  J M / Pm  ’ 

(iM  + 

if  r / r 

= J J M / Pm  ' 


(22.22) 


wy  making  the  replacement-  of  variables  for  formulas  (22.7)  and  by 
producing  integration,  we  will  obtain 


o' 

(1)''  = — ^ J sin[u(-j^  ||  + 7^)]-/o(l^) 


J (22.23) 
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I 


whore,  as  earlier. 


- the  function  cf  zero-order  Bessel. 


Pa  qe  5 2 B . 


Lei-  us  present  the  aerodynamic  loading,  caused  by  gust,  in  the 


form 


Ap{|,  c,  n = pHl,  $)A(0  + pM|,  S)A(0.  (22.24) 


Then  front  the  Cauchy  integral  of  - Lagrange  (3.21)  and  of 
relationship/ratios  (22.23),  (22.  3)  we  are  have 

p' =^cos((ol);a  I 

^ \ M ; I (22.25) 


• 4 M'  u| 


“ \ M ;•  j 


By  integrating  by  section,  we  will  obtain  expressions  for  the 


coefficients  of  the  aerodynamic  derivatives  of  lift  and  pitching 


moment  in  standard  system  of  coordinates; 


I 

0 

'j— 

0 

1 

m,"  = --jj’|cos((o|)  yo(-^)  dl, 
0 


(22.26) 


With  p ♦ 


0 (u 


0)  relationship/ratio  they  take  the  form 


= 


'•M'  .4 

t r"  = — 

li>  S.  ^ , 


u ’ 


^ 3*3  • 


) (22.27) 


With  u 


• all  coefficients  of  aerodynamic  derivatives  vanish. 
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0,7204-0,92061  0,0883  0,3552ii  3,5  0,53691-0,7167  0,1579!  0,2035 

0,6823  -0,7256  0,0179  0,2578  4,0  0,1852  -0,5782  0,1059!  0,2020l 

0,, 5866  -0,5640  -0,0213  0,2230  5,0  0,4 120| -0,4322  0,0186|  0,l009j 

0,0942  -0,1638  0,2799  0,0411  10  -0,1260  -0,1110  0,2I70|  0,0189 

0,1139  - 0,0463  0,1617  - 0,0100  15  -0,0630  - 0,0282  0,08741-0,0115 

0,0217  -0,0229  -0,0044  -0,0008'!20  0,0623  -0,0188|-0,0l52'-0,0021 


2,3094 
2,2825 
2,2032 
1,9091 
1,4920 
1,0382 
0,6293 
0,321 1 
0,1319 
0,0449 
0,0181 
-0,0161 
0,0458 
-0,0.158 
0 


l,0176j|  0,25 
0,991  Oil  0,5 
0.8936|i  1,0 
0,7495;  1,5 
0,5829:!  2,0 
0,4185  2,5 
0,2766  3,0 
0,1691  3,5 

0,0985  4,0 
0,0127!'  5,0 
-0,01011;  10 
0,00321  15 
0,0007  20 


0, 530311  0 
0,5265!  0,25 
0,51  soil  0,5 
0,1714:'  1,0 
'0,4054!|  1,5 
0,3258'  2,0 
0,24251  2,5 
0,1646;  3,0 
0,0988,  3,5 
0,0402"  4,0 
-0,0020'  5,0 
-0,0041!!  10 
-0,n006|l  15 
-o,ooo:yil2o 
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Thp  copff icientf:  of  thf»  aerodynamic  derivatives  of  the  lift  and 
the  pitching  moment  of  the  wing  of  infinite  elongation,  caused  by  the 
action  of  gust,  designed  by  0.  N.  Sokolovoy  and  K.  Fursov  for 
centering  = 0,  M = l,l-S.O  and  given  Strouhal  numbers  u = 0--,  are 
giver  in  table  22,2,  and  for  numbers  M=  1.4  and  3.0  are  given  also 
in  Fig.  22.8,  22.9. 


As  earlier,  points  showed  the  values,  obtained  from  transient 
functions  with  the  aid  of  Duhamel  integral. 


Fic. 


Fiq.  22. Coefficients  of  the  aerodynamic  derivatives  c^.  c*  of 
winq  X = ••.  Exact  solutions  arc  curves,  the  calculation  accordinq  to 
Duhamel  integral  - point. 

Fiq.  22.9,  Coefficients  of  the  aerodynamic  derivatives  of 

wing  X = -.  Exact  solutions  are  curves,  the  calculation  according  to 
Duhamel  integral  - point  *t"“- 


54.  Coefficients  aerodynamic  derivative  wings  of  the  final 
lengthening  in  the  absence  of  end  effect. 


I 
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The  calculation  of  the  aerodynamic  characteristics  of  arbitrary 
in  plan/layout  wing  in  the  absence  of  end  effect  one  should  do  as  in 
the  preceding/previous  paragraphs  the  methods  presented.  However,  for 
wings,  whose  leading  edge  is  normal  to  flight  speed,  rear  - 
supersonic  and  end  effect  is  absent,  loads  at  the  points  of  wing  will 
be  equal  to  loads  at  the  appropriate  points  of  infinite-span  wing. 
Therefore,  if  are  known  the  coefficients  of  the  aerodynamic 
derivatives  of  load  for  an  infinite-span  wing,  there  is  no  need  to 
solve  problem  anew. 

Page  529. 


In  order  to  obtain  the  coefficients  aerodynamic  derivative  total 

characteristics  of  such  wings,  it  suffices  to  integrate  the  derived 

loads,  known  from  the  solution  of  problem  for  a wing  X = •,  in  the 

area  (or  section)  of  the  wing  in  guestion.  The  absence  of  end  effect 

superimposes  at  the  given  flight  speed  of  limitation  on  the  geometric 

parameters  of  wings,  since  in  this  case  the  Mach  cone,  carried  out 

from  the  points  of  inflection  of  lateral  wing  edge,  must  not  i 

•< 

intersect  wing  (see  Fig.  22.1).  For  wings  with  the  direct/straight 

1 

edges  of  solution  they  can  be  obtained  from  solutions  for  an 
infinite-span  wing,  in  particular  for  the  reverse/inverse  delta 


k A 
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wings,  when 


T]=oo,  AtgXu  = 0,  k\'^4. 


(22.28) 


0.  N.  Sokolov,  n,  K.  Fursov,  V.  G.  Tabachnikov,  A.  I«  Shevchenkos  on 
the  basis  of  the  calculations  of  loa^s  conducted  for  an  infinite-span 
wing  calculated  the  coefficients  of  the  aerodynamic  derivatives  of 
reverse/inverse  delta  wing.  The  results  of  these  calculations  in  the 
range  of  numbers  M=  1- 1-5.0  and  of  given  Strouhal  numbers  u = 0-" 

are  given  in  table  22.3.  Hith  p * — ^ 0 (u  ^ 0)  the  coefficients 

of  the  aerodynamic  derivatives  of  load  on  reverse/inverse  delta  wing  p'*,  p* 
p“2_  p“i  are  determined  by  expressions  (22.13),  and  the  coefficients  p“j^, 
which  correspond  to  the  rotation  of  wing  arcund  axis  Ox,  are 
equal  to 


U -^n  A -X(!t  - 2z 

P p , p ^ ^ T ^ ' 


(22.29) 


The  coefficients  aerodynamic  derivative  wing  sections  and  entire  wing 
as  a whole  with  u ^ 0 are  determined  by  the  expressions 


u» 

• 0 are 

det 

er 

mined 

by  the 

/O 

4 

a'*  _ 

2(1  - 

Jl 

2(1-2) 

k 

’ 

- ^ “ 

k 

c'“^  = 

- 

2(1-2)’  . 
3*’  ’ 

' = 

2 

k ’ 

u 

l'“2- 

4(1-2) 

„ 

3k^  * 

3*  ’ 

m'  ' = 

11 

— z)'^ 

2*’  ’ 

'“r  = . 
2 

A,2 

2* 

>.2(1-2) 

3fe’ 

a 

4 

d 

4 

■* 

k 

. ^ = - 

3*’  ’ 

c 

y 3k  ' 

= - 

4 d 

2 

2 .0 

Ik  ’ 

“ 3*’ 

t 

m/=  - 

3*  ’ "'2' 

! (22.30) 


'"“i ' -~ih'  ' ~ \5W  • 
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Tablp  22.3.  Total  aerodynamic  characteristics  of  reverse/inverse 
delta  vinq. 

M - l.l 


d 

d 

% 

"'z 

'"z 

0 

8,7286 

-13,8550 

2,9096 

-.3,4984 

-2,9096 

6,9275 

-1,^1548 

2,0875 

-0,7274 

2,7710 

0.2 

8,6921 

-13,7873 

2.9023 

-3,4870 

-2,8811 

6,8734 

-1,4481 

2,0794 

-0,7261 

2,7659 

0.6 

8,41 13 

-13,2584 

2,8451 

-3,3975 

-2,7175 

6,5416 

-1,4102 

2,0128 

-0,7167 

2,71.53 

1.0 

7,8967 

-12,2682 

2,7375 

-3,2274 

-2,4172 

5,8756 

- 1 ,3398 

1,8957 

-0,6985 

2,6175 

1.5 

7,0525 

-10.5775 

2,5412 

-2,9262 

-1,9479 

4,7870 

- 1 ,2202 

1,6909 

-0,6662 

2,4412 

2.0 

6,1920 

-8,6619 

2,3388 

-2,.5659 

-1,4825 

3,5936 

-1,0863 

1,4435 

-0,6270 

2,2219 

2.5 

5.3851 

-6,8272 

2,1270 

-2,2032 

-1,1311 

2,5362 

-0,9594 

1,1966 

-0,5852 

1,9867 

3.5 

4,4342 

-4,0116 

1,7862 

-1,5213 

-0,8609 

1,0308 

-0,7749 

0,7545 

-0,.5079 

1,5103 

5.0 

3.9463 

-2,1376 

1,5119 

-0,9190 

-0,9212 

0,3224 

-0,6607 

0,4034 

-0,428,3 

0,9802 

oo 

3,6364 

0 

. 

1,2121 

0 

-1,2121 

0 

-0,6061 

0 

-0,3030 

0 

(l> 

a 

y 

a 

“z 

m/ 

0) 

(i) 

Xm  ^*-1 
xl 

0 

6,0303 

-4. .5684 

2,0101 

-1,1535 

-2,0101 

2,2842 

- 1 ,0050 

0,6883 

-0,5025 

0,9137 

0.2 

6,0001 

-4,6166 

2,00.58 

-1,1498 

- 1,9948 

2,2668 

-1,0009 

0,6857 

-0,.50I6 

0,9121 

0,6 

5,8455 

-4,3767 

1,9727 

-1,1211 

-1,8921 

2,1544 

-0,9789 

0,6053 

-0,4963 

0,8957 

1.0 

5,5146 

-4,0573 

1,9099 

- 1 ,0662 

- 1 ,7235 

1,94.50 

-0,9378 

0,0275 

-0,4857 

0,8044 
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Table  22.4.  Total  aerodynamic  characteristics  of  direct/straight 
delta  wing. 
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The  obtained  by  this  recalculation  coefficients  aerodynamic 
derivative  direct/straight  of  delta  wings  in  the  range  of  numbers  M = 
1«  1-5.0,  u = 0--  are  given  in  table  22.4  and  are  given  in  Fig. 

22.  10-22.  1 4. 


Formulas,  for  the  coefficients  aerodynamic  derivative  these 


wings  in  the  extreme  case  w 


0 take  the  form 


« 4 A 'I  (i)  ^ **  • 

T < ~ Yli'  ' ~ .'ife  ’ ~ 3*’  ’ 

"Ci"  “ “ i' ' “ IsPrF  ’ 


I (22.32) 


A_1  A= 

^1/  k ’ ' 

For  given  Strouhal  number  w — 


• the  formulas  will  tatie  the  form 


a 4 <i),  n 8 

' ‘^y  ~ yvT  ’ W ’ 

m“i  i= L-- 

M - "^1  3M  ’ 

= m'^/  = /«>'  = c'l;  = c'^  = /«;  = m)  = 0. 


(22.33) 


As  earller.^the  data.pf  tables. and  formula  are  given  in  the , stc^iiv^^rd 
system  of  fhe  axes  with  beginning  on  the  spcut  cf  root  chord  (xt=3J). 


Let  us  give  also  formulas  for  the  coefficients  aerodynamic 
derivative  of  sweptback  wings  in  the  case  u ^ ■ 
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They  take  the  for* 


M • 


c * ■■ 
y 


m,  = - c/, 


I / A tg  Xo  tl  + 2 I 

I 3 ■ T)  ^ 

“rl  _ 3 + ^1 

>'K\  - 3M(1+ti)’ 


4 1 + ti  + ti»  \ . 
3 T1  + T1»  j' 


+ ii^(3  + 2t|  + rf)  + -i^]. 


(22.34) 


Here  X is  lengthening,  ti  is  contraction,  7.0  is  a sweep  angle  on 
lea'll ng  eilge. 


Comparing  the  appropriate  formulas  for  the  cases  u — - and 
0,  given  in  the  preceding/previous  paragraphs,  we  see  that  the 
coefficients  of  aerodynamic  derivatives  in  terms  of  kinematic 
parameters  without  points  with  w — > - are  obtained  from  their 
appropriate  expressions  at  u ■ ^ 0 simple  replacement  of  value 


- — TT" — -iiy  number  M. 


w — ? 


piC..  aa.  IC  . 
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Fig.  22.10.  Delta  wings  with  over  sonic  edges.  Coefficients  of 
aerodynamic  derivatives  ‘I' ‘I- 


Fig.  22.11.  Delta  wings  with  supersonic  edges.  Coefficients  of 
aerodynamic  derivatives  m“.  m*  (i^-o). 


fiG. 


p I c.  . > J / </. 

Fig.  22.12.  Delta  wings  with  supersonic  edges.  Coefficients  of 
aerodynamic  derivatives 

Fig.  22.13.  delta  wings  with  supersonic  edges.  Coefficients  of 
aerodynamic  derivatives  m“*. '"**•(*1“®)' 

Fig.  22.14.  Delta  wings  with  supersonic  edges.  Coefficients  of 
aerodynamic  derivatives  m“f‘. 
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Thus,  for  a limiting  case  w • — ^ - the  coefficients  of 
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aerodynamic  derivatives  with  points  (c**')  turn  into  zero,  and 
coefficients  without  points  approach  the  determined  limits,  by  the 
being  functions  of  number  M and  of  the  gecmetric  parameters  of 
wing. 


Onder  the  influence  on  the  wing  of  harmonic  gust,  all  the 
correspond  ing  coefficients  of  aerodynamic  der  ivatives  (t‘',  c')  with  w 
• vanish. 


S5.  Expressions  for  the  potentials  of  the  disturbed  speeds  taking 
into  account  end  effect. 


The  given  in  the  first  paragraph  formulas  make  it  possible  to 
calculate  the  potential  of  the  disturbed  speeds  only  for  those  points 
of  spaces,  whose  range  of  integration  o does  not  fall  outside  wing 
edges,  where  the  derivatives  g,  = and  £,.=  are  assigned.  In 

order  to  calculate  velocity  potentials  for  points,  whose  range  of 
integration  • falls  outside  edges,  i.e.,  taking  into  account  end 
effect,  it  is  necessary  from  the  boundary  conditions  of  the  task  on 
plane  Of?  to  determine  derivative  dtp/dt]  in  that  part  of  the  range 
of  integration,  where  it  is  unknown. 
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Fig.  22.15.  rang?  of  integration  on  the  wing  of  arbitrary  planforn. 


Let  us  examine  the  wing  of  arbitrary  planfora  (Pig.  22.15)  and 
note  on  its  duct  soae  characteristic  points  D,  C on  right  and  D*,  C* 
on  left  the  halves  of  wing. 

*^e  point  P on  leading  wing  edge  is  deterained  by  the  facts  that  to 


the  left  froa  it  is  satisfied  the  condition 

dxdS 


dx 


^ /M*-  1 ' 


(22.35) 


where  x (z)  - the  equation  of  leading  edge.  To  the  right  froa  point  D 

■< 

this  condition  is  not  observed.  It  is  analogous,  the  point  D*  is 
de<-ermined  by  the  facts  that  to  the  right  froa  it  condition  (22.35)  , 

is  satisfied,  but  to  the  left  - no.  This  aeans  that  at  points  D and 
D*  generatrices  of  characteristic  cones  concern  wing  contour.  As  it  i 

i 

follows  from  condition  (22.  35),  on  arc  DD*  the  velocity  coaponent,  j 


noraal  to  wing  contour,  will  be  supersonic;  therefore  it  they  call  by 
the  supersonic  part  of  leading  edge. 
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Points  C,  C*  correspond  to  extreme  tangent  to  wing  contour, 
parallel  to  speed  Ug.  The  arcs  DC,  D’C*  are  the  subsonic  part  of  the 
leading  edge,  while  arc  CQ,  C*0*  they  correspond  to  the  subsonic 

parts  of  the  trailing  wing  edge.  Arc  QQ*  will  be  the  supersonic  part 
cf  the  trailing  edge. 


Let  certain  point  of  space  p (x,  y,  z)  be  arranged  within 
characteristic  cone  with  apex/vertex  in  pcint  D or  D*  (see  Fig. 

22. IS).  At  this  point  manifests  itself  the  end  effect,  since  for  it 
range  of  integration  a intersects  not  only  with  wing  surface,  but 
also  with  the  range  which  is  arranged  outside  wing  within 

characteristic  cone  with  apex/vertex  in  point  D and  outside 
characteristic  cones  with  apex/vertexes  in  points  D*  and  C.  Let  us 
find  integral  equations  for  determining  the  tapers 

Bi-’ = dcp^'/^T,.  £f’  = dq)‘''/^Ti 

in  range  a g.  (Here  and  throughout  as  in  chapter  of  XX,  the 
superscripts  of  Ei  designate  the  aff iliaticn/accessory  of  the 

functions  of  the  corresponding  range).  Is  expressed  by  formulas 
(20.11)  at  the  arbitrary  point  N (x,  0,  z)  that  which  was 
arrange/located  in  range  #2  (Fig.  22.16),  velocity  potentials  qj’*  and  q)*''. 
let  us  pass  to  dimensionless  coordinates  (20.10)  and  require,  in 


order  to  according  to  condition  (20.37). 

0. a..  0.  Si)=o- 


(22.36) 
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^(1,0,1) 


Piq-  22.16.  To  ths  dPtf?rraination  of  tapers  in  the  range  of  end 
effect. 
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Range  of  integration  c let  us  break  into  two  parts:  that  lies  on 

wing,  and  outside  it  (Fig.  22.16).  In  range  the  derivatives  ^1". 
fi"  are  known  and  arc  determined  by  relationship/ratios  (22.2),  while 
in  range  the  derivatives  are  unknown  values.  In  accordance 

with  condition  (22.36)  it  is  possible  to  write 
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(1.0,5)  + 

Oj 

+ CO  £1"  (5.  0.  5)  tg  [CO  a,  - l)I } cos  fco  (I,  - 5)1  cos  (^)  ^ = 

- -jj{  B'r’(t,o,t)  + 

\ 0i 

+ CO  E'r'  (5.  0.  5)  tg  [CO  (I,  - I)] } cos  [CO  (h  - 5)1  cos  (^)  ^ , 

j I { CO  £['*  (I.  0.  C)  ctg  [co  (I,  - 5)1  - 

- £'/’  (5.  0.  5) } sin  [co  (5,  - 5)1  cos  (^)  ^ = 

- - J j I CO  £(•’  (5.  0.  5)  ctg  [co  (5i  - 5)1  - 

- Bf  (I,  0,  5)}  sin  [co  (I,  - 5)1  cos  (-5^)  , 

p=  V(5i-5)“-*'^(S.-5)'.  fe=|/lvF^:  /=1,2,  3,  4. 

(22.37) 


Thus,  for  determining  function  gf' (|,  0.  5).  £i^ (5.  0.  5)  •*«  hare  a system  of 
two  integral  equations.  Considerable  simplification  is  obtained  in 

the  case  of  small  Strouhal  numbers  (p  ♦ ^ 0).  By  passage  to  the 

limi*-  u ? 0 system  (22.  37)  is  converted  as  fellows: 


J J B?\l,  0. 5)^  = - J|  fl'/>(5,  0. 5)  ^ , 

Oi  a, 

J J [ W «.  0.  t)  - (E,  - E)  B?  (E.  0.  ?)]  ^ - 

O, 

= - J J [w  ^1"  (S-  0.  C)  - (I,  - 1)  (5.  0. 5)]  ^ 


(22.38) 
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Let  us  introduce  characteristic  coordinates  p,  x by  formulas 
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<20.  12),  (20.17).  In  new  coordinates  instead  of  the  first  equation  of 


system  (22.38)  we  have 


f f B«)r6  x)  - - - f f »«) 

J J /(P.-PXx.-^  i-’ 


(/p  dx 

K(pi-P) 


The  solution  to  this  equation  is  given  in  [1.15]  and  equally 


• r 

I I f -ninm.  (22.39) 

where  x = r|)(pi)  - the  equation  of  the  subsonic  part  of  the  leading  edge 
DC,  a x = \))|(pi)--  the  equation  of  the  supersonic  part  of  the  leading 
edge  of  arc  DD*  wing  contour  in  characteristic  coordinates. 


tav  the  second  equation  of  system  (22.  38)  in  new  coordinates  takes 
the  form 

J /p.-p  [ ’* 

♦, (P)  ' * 

■^his  equation  with  the  right  side,  identically  equal  to  zero; 
ther<»fore  with  p = Pj  we  have 

<'(9,)  ■ ■i'l  (Pi) 

t (Pi)  X| 

- f £'"(p„vc)-7i^^--^  f fii^P,.H)V'^i;^dx. 

J.  V I xi  X * J,";.  1 


F 
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By  substituting  the  value  B®(p,,x)  fro*  (22.39)  and  by  calculating 
quadratures,  let  us  arrive  at  the  integral  equation 

Xl 


J h) 


/x,  -X 

_ y 

~ tj  j 


* (»,)  r 


Vi  (Pi) 


(P,.  X) 


^/x, 


solution  of  which  it  takes  for*  r i.63] 

♦ (Pir 


^(•’(Pi.xi)  „ Kx,-n)(p,)^^ 


Hl),«  . 


(Pi,  ^)- 


Xi  — H 


--^fii'’(Pi.  X)  )/t|)(p,)-x]dx.  (22.40) 

Expressions  for  fj’’  show  that  the  disturbed  speed  with 

approach/approximation  to  the  subsonic  parts  of  the  leading  edge  goes 

to  infinity  from  without.  Let  us  determine  velocity  potential 

according  to  formulas  (20.11)  (taking  into  account  u 7*0)  in  the 

points  of  the  lifting  surface  P (f,,  0,  S,),  for  which  the  range  of 

integration  a intersects  with  wing  surface  and  with  range  ag  (or 

ff*  ?) . Formula  for  cp'*'  with  w — ^ 0 in  characteristic  coordinates 


takes  the  form 


(Pi  I Xi)  = 2n 


dtp** 

J 1 

Or] 

n-o 


- (P,  - P + X,  - x)  X 

L Vol»^(Pi-P)<x, -H)’ 

Pange  of  integration  • in  this  foraula  let  us  break  into  three  parts: 
3nd  ^ 2» 


as  shown  in  Fig.  22.17:  then 
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•n 


r 


- ^ J J ' (P,  X)  - (P,  - P + X,  - X)  S'/'  (P.  X)]  X 


s,+s, 
dp  dx 


/(Pi-P)  (x.-x) 


J_ 

2n 


-(p,-P  + x,-x)Bf'(p,  x)] 


dp  dx 


K(P,-P)  (x,-x) 


By  substituting  the  value  Bf*(Pi’<)*  *6  will  obtain 


<P*‘(Pi,  »‘i)“  “ i I Hm*  ^ 


Si  .I  dp  dx 

- (P,  - p + X,  - x)  S'/'  (P.  X)  j ^ (x,_-,0  ■ 


I 


Li 


noc 
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Fig.  22.17.  To  the  calculation  of  potential  on  wing  taking  into 
account  the  effect  of  end  effect. 
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Analogously  we  find 


rfp  </x 

K(p,-P)  (x.-x) 


Thus,  for  the  calculation  of  the  aerodynamic  derivatives  of  potential 
in  the  presence  of  end  effect  let  us  use  the  formula 


Si)  = 


„ J J - D'  - (£i  - 0'  ’ 

- (S|  - 1)  fl)"  (S.  S)  ■ 


(22.41) 
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oxpr«“ssed  by  relationship/ratios  (22.2). 

In  order  to  calculate  velocity  potential  on  wing  surface  in  the 
points,  for  which  the  range  of  integration  a intersects 
simultaneously,  also,  with  range  and  with  the  range  of  *?*,  i.e., 
at  points  on  the  surface  of  the  wing,  where  manifests  itself  the  end 
effect  of  both  subsonic  edges  DC  and  D»C'  wing,  it  suffices  to 
propagate  integration  in  (22.41)  to  range  S = S * ♦ S **,  shaded  in 
Fig.  22.18,  the  integral,  distributed  on  region  S *,  in  (22.41)  one 
should  take  with  opposite  sign. 


DOG  = 771 5U 320 


PAGE 


^a.  (‘ii 

Fig.  22.18.  To  tha  calculation  of  potential  on  wing  taking  into 
account  enfi  effect. 

Fig.  22.19.  Low-aspect-ratio  wing.  To  determination  of  tha  wing-tip 
effect. 

Page  544. 

Tn  the  case  of  low-aspect-ratio  wing  (Fig.  22.19)  for  determining 
potential  in  ranges  Sp,  Sq,  Sc  it  is  necessary  to  determine  the  values 
of  unknown  derivatives  dcp^'/dg,  dcp^^/dx]  in  ranges  ««  and  /s  outside  wing. 
These  functions  are  determined  from  the  integral  equations,  analogous 
to  equations  (22.38). 
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F6.  Kxact  solutions  for  flat/plane  rectangular  wings.  The  limiting 
case  of  very  small  Strouhal  numbers. 


In  the  preced ing/previous  paragraph  are  given  the 
relationship/ratios,  which  make  it  possible  to  obtain  exact  solutions 
taking  into  account  end  effect  for  the  wings  of  the  final 
lengthening.  For  arbitrary  Strouhal  number  the  calculations  are 
obtained  very  laboriously-  Task  considerably  is  simplified  with  u 
0.  For  wings  with  direct/straight  edges  and  the  flank  edges,  parallel 
to  roo*  chord,  N-  A.  Kudryavtseva,  M.  K.  Fursov  and  V.  G.  Tabachnikov 
conducted  systematic  calculations  of  the  coefficients  of  aerodynamic 
derivatives.  Some  results  of  these  calculations  are  used  into  V part 
of  this  monograph.  In  this  paragraph  let  ns  give  only  formulas  for 
determining  the  coefficients  aerodynamic  derivative  of  rectangular 
wings  kX  1,  which  take  following  simple  form  [1.63]: 


“ X A’  ’ 


= 

k 


I 2 


1 + lJL 

“ 4-J- j- 

m/-  - X W ' 
mj'  = - -or  + TfcT  “ 


2 , 1 2(M»+I) 
p-  + T — 3F~ 

. 2 I I M^tl  . 

6*'  ’ 


1 M*+l 


X 2k*  ' 


i,  _ 1 I 2(M»  + 1) 

W X ISA* 

I 


1 


'*1 


3A  Xfc2  3X*A>  12X’A‘  ' 


^ 2 2(M«+n  , 2M»+I  . 3M«+I 

3X5P“'^  eX***  "^  30X-A*  ’ 


(22.42) 


These  formulas  correspond  to  the  standard,  connected  with  wing 
coordinate  system  with  beginning  on  the  leading  edge  of  root  wing 
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chord-  Ar  significant  dimension  (besides  m";")  is  accepted  root 
chord-  From  comparison  with  expressions  (22-13)  it  follows  that  the 
first  term  in  all  formulas  (22-42)  corresponds  to  the  coefficients  of 
the  aerodynamic  derivatives  of  infinite-span  wing.  The  second  term, 
and  in  two  last/latter  formulas  and  the  following  consider  the  effect 
of  lengthening,  i-e-,  end  effect- 
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